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INEQUALITIES FOR DIRICHLET SERIES
WITH POSITIVE TERMS

P. CERONE AND S. S. DRAGOMIR

ABSTRACT. Some fundamental inequalities for Dirichlet series with positive
terms by utilising certain classical results due to Holder, Cebysev, Pélya-Szegd,
Griiss and others are established.

1. INTRODUCTION

In the following we consider Dirichlet series of the form

[e.o]
an

(L1) ¥ (s) =

s
n=1 n
with s > 1 and a, assumed to be nonnegative for n > 1.

In this class of series one can find the celebrated Zeta function defined by

(1.2) C(s):=> ni s> 1

n=1

and the Dirichlet Lambda function given by

1 —S
(1.3) A(s)::;m:(l—Q )¢ (s)

for s > 1.
If A (n) is the von Mangoldt function

logp, n=p" (pprime, k>1)
(1.4) A(n) =
0, otherwise,
then [2, p. 3]
() A
1. — = 1
(1.5) DT 5>
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If d (n) is the number of divisors of n, we have [2, p. 35] the following relationships
with the Zeta function

(16) s =y 4

. G ) _§nde)

48 OOQn
(L5 ¢'(s) _ 5~ &)

((25) = n*
and [2, p. 36]
) g2
(1.9) 4(25)_; — s>1,

where w (n) is the number of distinct prime factors of n.
Further, if ¢ (n) denotes Euler’s function defined by

mm:wglé—%)

where the product is over all prime divisors of n, then

(1.10) (=) _ymel) oy

¢ (s) n®

n=1

04 (n) := Z d*
din

and in particular o (n) = o1 (n) = > 4, d is the sum of the divisors of n, then
these are related to the Zeta function [2, p. 37] by

C(S)C(s—a)zzoan—(sm, s>1, s>a+1;

n=1

For a € R we define

and

¢(s)¢(s—a)¢(s—b)((s—a—b) _ioa(n)ab(n)
((2s—a—0) _n:1 ns ’
where s > max{l,a+1,b+ 1,a+ b+ 1}.

One can prove in various ways that such functions ¢ defined in (1.1) are
monotonic non-increasing on (1,00) and logarithmic convex. This means that
the function log 1 is convex or, alternatively

(L.11) W (usy +vs2) < [ (s1)]" [ (s2)]°

for any s1, so > 1 and w,v > 0 with u +v = 1.
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Since, by the geometric mean — arithmetic mean inequality we have

[¥ (s)]" [¢ (s2)]" S wih (s1) + v (s2)

for s1,80 > 1 and u,v > 1, u+ v = 1, we can also state that these classes of
functions 1 are also convex on (1,00).

The main aim of this paper is to establish a number of fundamental inequalities
for ¥ that can be stated by utilising some classical inequalities for nonnegative real
numbers such as Holder’s inequality, Cebysev’s inequality, Polya-Szegd’s reverse
of Schwarz’s inequality, Griiss’ inequality and others.

2. INEQUALITIES FOR DIRICHLET SERIES WITH POSITIVE TERMS

We consider the Dirichlet series given by (1.1). We assume that the series
which defines 1 is uniformly convergent for s > 1. Then we have the following
result.

Proposition 2.1. Let a,3 > 1 with o™t + 371 = 1. If s,p,q € R are such that
s+p+qg>1,s+pa>1ands+qB>1, then

1 1
(2.1) Y(s+p+aq) <[P(s+pa)le[¢(s+qB)7.
Proof. We use Holder’s inequality to state that
ap, 11
¢(3+p+Q):;F‘E‘E
g gk
= ay, 1\ " | <X ayp 1
n=1 n=1
N ! 3
an, SN a,
= Zl ns-l—ozp) <Z ns-i—ﬂ‘])
1 1
= [ (s +pa)]> [¢ (s +¢B)]7,
which proves the desired inequality (2.1). |

Remark 2.1. We observe that for « = 3 = 2, one obtains from (2.1) the follow-
ing inequality

(2.2) V2 (s+p+q) <Y (s+2p)¢ (s+2q),

provided the real numbers s, p, q satisfy the conditions s+p+q, s+2p, s+2q > 1. In
its turn, the inequality (2.2), and in fact (2.1), is a generalisation of the following
result

(2:3) PP (s+1) <9 ()9 (s +2),
provided s > 1.
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We remark that for ) = ¢ one obtains from (2.3) that
C(s+1) < C(s+2)
¢ls)  ~C(s+1)

This inequality is an improvement of a recent result due to Laforgia and Natalini
[3] who proved that

(2.4) for s > 1.

C(s+1) o s+1 ¢(s+2)
C(s) — s ((s+1)
Their arguments make use of an integral representation of the Zeta function and
Turan-type inequalities.
It should be further noted that, if s = 2n, n € N, then (2.4) shows that

¢(2n+1) < /¢ (2n) ¢ (2n+2),

demonstrating that the value of Zeta at the odd integers is bounded above by
the geometric mean of its immediate even Zeta values.

for s > 1.

We also have the following result.

Proposition 2.2. If a > 1, b,c € R such that bc > (<)0 and a + b, a + c,
a+b+c>1, then

(2.5) Y(a)y(at+b+ec) > ()Y(a+b)Y(ate).
Proof. Consider the sequence oy, := n®, n > 1, b € R. It is clear that o, is
increasing if b > 0 and decreasing if b < 0. Therefore, the sequences #, # are

synchronous if bec > 0 and asynchronous when bc < 0.

Utilising Cebysev’s inequality for synchronous (asynchronous) sequences, we
have

a a 1 1
Y(a)ga+bte)=) — il
n=1 n=1
(o] (o]
> (g) @ . i . a_" . i
na nb na nc
n=1 n=1
=¢(a+b)y(a+to),
and the inequality (2.5) is proved. |

Remark 2.2. Utilising Inequality (2.5) (for ¢ = b) we can state the following
result

(2.6) ¥ (a+b) < (a)y(a+2b),

provided the real numbers a, b are such that a,a + b,a + 2b > 1. We also remark
that the choice b = 1 will produce Inequality (2.3).

From a different perspective, we can state the following result as well.
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Proposition 2.3. Assume that m > 2 and ki, ..., ky > % Then

(27) S vtk < TS S p k).

1<i<j<m j=1

Proof. By Schwarz’s inequality

j=1 =1
we have
(2:8) mz 2k; Z Z T Z Z Ry
j=1 j=1 i=1 j=1
- 2k, ki+k
j=1 e 1<i<j<m " !
giving
59 m—1w= 1 - 1
( : ) 2 Z n2k]‘ = Z nki+kj .
j=1 1<i<j<m

If we multiply (2.9) by a,, > 0 and sum up over n > 1, we get

m— 1 . a >~ a

- n n

"AE(Sa) T (S
n=

j=1 \n=1 1<i<j<m

which gives the desired inequality (2.7). |

Remark 2.3. If a,b,c > 1 then from (2.7) applied for m = 3 we deduce the
following inequality

a+b b+c c+a
2100 o (S re (B +o (S co@+ v+ 000,
In particular, the choice a = z,b = ¢ + 2, ¢ = = + 4 will produces the inequality

(2.11) Ye+1l)+¢(@+3)<y(x)+v(z+4),

for each z > 1.

If more information about the size of k;, j = 1,...,m is known, then the
following reverse of (2.7) may be stated as well.

Proposition 2.4. Assume that m > 2 and % <v<ki,....,kmm <T' <o00. Then

TSN vk - Y pkitky)

j=1 1<i<j<m

(2.12) (0<)

<™ D)+ (2) ~ 20 (v + ).
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Proof. We use the following Griiss type inequality
2

1 — i 1
Ezz sz <7@- 7,
7=1 _] 1

provided v < z; < T for each j € {1,...,m}.
Since v < k;j <T for j € {1,...,m}, then
2
1§: 1 1 i 1 1/1  1)\?
m 1n2ka m?2 _1nkj 4 \nv nl
j= j=

for n > 1, which gives

1. 1
E;W sz“ > k+k

1<'L<]<m

<1 1 1 2
S1\ T T T

forn > 1. Multlplylng with m? and rearranging the terms, we get

m— 1 m2 [ 1 1 2
(2.13) 2 z; n%j > R SR (W T T n7+F>
]:

1<i<j<m
for any n > 1.
Finally, if we multiply (2.13) by a,, > 0 and sum up over n > 1, we get the
desired inequality (2.12). O

Remark 2.4. If R > a,b,c > r > 1 then from (2.12) applied for m = 3 we
deduce the following result

(2.14) 0<¢(a)+¢(b)+¢(c)_w<a;b>_w(b;c>_¢(c;a)
<9.D¢(r)+w() ¢(T+R)].

4 2

We have the following result as well.

Proposition 2.5. Assume that m > 1 cmd <v<Lkl,. ..,k <IT'<o0. Then

(2.15) Z ¥ (kj +7) + 1 (kj +T)] Z¢ (2k;) +map (y +T).

Jj=1 Jj=1

Proof. We have
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for each j € {1,...,m} and n > 1. This is clearly equivalent to

1 1 S 1 1
n’Y+kj + nr+k]‘ = n2kj n’Y+F

for je{l,...,m} and n > 1.
Summing up over j from 1 to m, we get

m m

1
(2.16) ank Z F+k /Z 2k; n’Y+F

=1 n

for each n > 1.

Multiplying (2.16) with a, > 0 and summing up over n > 1, we deduce the
desired inequality (2.15). O

We have the following result as well.

Proposition 2.6. Assume that m > 1 and <v<Lky,....km <T <o00. Then
(2.17)

(m‘%)iwzk Z w2 e —Fm}

n Z 1/)(]{,’ + kj —F+’7)21,b(k‘i+kj—’y+r):|

1<i<j<m

+ > kit k)

1<i<j<m

Proof. We apply Polya-Szegd’s inequality

m¥jz T+’
(Z;’nzl Zj)2 R

provided v < z; < T, je€{1,...,m}.
Observe that

(2.18) 1<)

1 1

1
T k;

S
2

Hence, by (2.18) we have
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1| & 1 >
1 Z n2k; F+W+Z 2k; 7+r Z
=" J=1 =
1 5 1
+ 9 Z itk —T+y +k Ty T Z nkitk;—y+T +kJ —T T Z nkitk;
1<i<j<m 1<z<]<m 1<i<js<m
which is clearly equivalent to
N 1 1 |&E - 1
219) (m-3) Y = <1 | e + 3 e
7j=1 J=1 7j=1
1
+§ Z k—l—k I“erJr Z k+k3 y+T
1<i<j<m 1<i<js<m
+ Y o
1<z<]<m

for any n > 1.

Multiplying (2.19) by a, > 0 and summing up over n, we deduce the desired
result (2.17). O

3. REPRESENTATIONS AS DOUBLE SUMS

Consider the sequences

ko k 2
1 P + mpP)
(3.1) Ii (p,s) := 3 E E (n? £ m ——apam,, k=1
n=1m=1

where a, > 0, n > 1 and s,p € R. We have the following representation.
Proposition 3.1. If s > 1 and p € R such that s —1 > 2p and s — 1 > p, then
(32) I (ps):=lim L (ps) = v (s = 2) ¥ () £ [ (s - p)I* (> 0).

Proof. We observe that

k k 9 9
1 n*P + 2nPmP + m*P
Iki (p’ S) :E Z Z ( nsms ) anGm

n=1m=1
k k k k
=5 | s
- s—2p s 5—p s—p
2 nzln m=1 n:ln m:lm
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Since, for s > 1, s—1>2p,s—1>p,

k k

Qan . Qap
Jm ) =), lz%oznsp—ws—p%hm e =)

k—o0 ns
n=1

limg_seo Ik (p, s) exists and the relation (3.2) is proved. O
Remark 3.1. We observe that for s > 1 and p = —1, one has

2
(33) Y (s+2)¢(s)—[p(s+1))* == L i Z Z ns+2ms+2anam > 0.

2 k—oo
n=1m=1

We have the following result.

Proposition 3.2. Let o, 3 > 1 witha ' +371 =1. If s,p,q,7 € R are such that
s+q+r>1,s+q+r—1>2p, s+q+r—1>pands+aqg>1,s+aqg—1> 2p,
stag—1>p,s+pPr>1,s+0r—1>2p, s+ Pr—1>p, then

(3.4) I (p,s+q+7) < [I (p,s + ag)]® [I* (p,s + Br)] 7

Proof. Using the representation (3.1), (3.2) and Holder’s inequality for double
sums, we have

k k 2
1 (nP £ mP)
+ . .
I (p,s—i—q—i—r)—ikILm ZZWGHQWL
=1 m=

1
k k 2 ala
(nP £ mP) 1
g o 1 n“m
[2 kgrolonglmzzl n® - ms “ ng - md
k k 2 B|#
1 (nP £ mP) 1
-1 ntm
x [2/&5207;7; ns - ms (n’" m’") ]
1 1
= [I* (p.s + aq)] [I* (p,s + Or)]7
and Inequality (3.4) follows. O
Remark 3.2. In particular, if we define
(3.5) I(s):=2(s+2)¢(s)— [ (s+ 1) for s>1,
then we have
1
(3.6) I(s+q+7) <[L(s+aq)= [I(s+Br)7,

where a, 8 > 1, é-i-%:land s,q,r € Rwith s+q¢+r, s+ aqand s+ Gr > 1.

We have the following log-convexity property.
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Proposition 3.3. Letp € R and so :== max{1,p+ 1,2p + 1}. Then the function
S Iki (p, s) is log-convex on the interval (sg, +00) .

Proof. Let s1, s2 € (sg, +00) . Then for o, 8 > 0, o+ 3 = 1 by Holder’s inequality
for double sums we have

k k 2
1 (nP £ mP)
+ —
Ik (p’ asy + ﬁSQ) B 5 Z Z nasitBs2masi+Bs2 Anlm

for any k£ > 1.

Taking the limit over & — oo, and using the representation (3.2) we deduce
the desired result. a

Corollary 3.1. The function I (s) := ¢ (s 4 2) 1 (s) — [t (s 4+ 1)]? is log-convex
on (1,00).

For given s,p € Rand k € N, k > 1, we consider the sequence

1 11 1
Ak (S,p) = 5 Z Z (an - am) (% - E) PP’

n=1m=1

where a,, is also a sequence of real numbers.

The following representation result may be stated:

Proposition 3.4. Ifa, >0, neN,n>1andp>1, s € R such that s+p > 1,
then we have the representation

(3.7) Jm Ag (s,p) =9 (p) (s +p) = C ()¢ (s +p),

where ( is the Zeta function, i.e.,

(e o]

(W)=Y = p>1

n=1

Proof. Observe that, by Korkine’s identity

Zpi szﬂibz’ - Zpiai Zpibi = % Z Zpipj (ai — a;) (bi — b;),
=1 =1 =1 =1

i=1 j=1
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we have
P11 1 K1 1o
R SR D R J
n=1 n=1 n=1 n=1
e - 1 11
=323 o o0 —am) (55~ e
i=1 j=1
= _Ak (Sap)
for each £ > 1 and p, s as above.
Since
b 1 b a
kgr.goz::np ¢(p) an k;l{go;np Y (p),
limg_00 Ak (p, ) exists and the identity (3.7) holds true. O

Corollary 3.2. If the sequence (an), oy %5 decreasing (increasing) then

(3.8) C(s+p)(p) <(Z)C(P)¥(s+p)
forp>1 and s € R such that s +p > 1.

The following result concerning some bounds for the quantity

C(s+p)v(p)—C(PY(s+p)

in the case when the sequences (an), oy satisfy some Lipschitz type conditions
may be stated as well.

Proposition 3.5. Assume that for (an),cy there exist constants v,I' € R such
that

(3.9) 7<M<F

n—m
for any n,m € N, n # m. Then for p > 2 and s € R such that, p+ s > 2
(3.10) YCP-1)C(p+s)—¢p)Cp+s—1)]

C(s+p)v(p)—C(p)¢(s+p)
FiCp-1)C+s) ¢ p+s—1)].

Proof. With the assumption (3.9) we have

<
<

foreach k e N, k > 1.
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Further, utilising Korkine’s identity produces

k k
1 1 1 1
- Z np—1 npts o Z ﬁ Z npts—1
n=1 n=1 n=1 n=1

foreach k € N, k> 1 and so, for p > 2, s € R with p+ s,p+ s —1 > 1, we have

lim Iy =C(p-1)¢(p+s)—Cp)C(p+s—1).

k—oc0
Taking the limit in (3.11) we deduce the desired inequality (3.10). O

The following simple result also holds.
Proposition 3.6. Leta, >0, neN, n>1 and s > 1.
(i) If ay, is increasing and
=g { Z } ’
k>1
then

(3.12) B(s) < M-C(s).
(ii) If ay, is decreasing and
m := inf
;QN{ Zan}
k>1
then

(3.13) (s)>m-C(s).
Proof. Utilising Korkine’s identity we have for each k > 1 that
UL U | 11
n
R NI i 8 DI C 3 F
n=1 n=1 n=1 n=1m=1

(i) If ay, is increasing, then by (3.14) we deduce that

k 1 "1
n= 1 n=1 =

n=1
Taking the limit over k — oo in (3.15) we deduce (3.12).
(ii) is treated similarly and we omit the details.
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4. INEQUALITIES IN TERMS OF THE FIRST AND SECOND DERIVATIVES

We consider the sequence

1oL & (Inn —Inm) 2
(41) 2 Z Z nsms T nlm, $>1,
n=1m=1
where k € N, k£ > 1. The following representation holds.

Proposition 4.1. Consider the Dirichlet series 1 (s) := Y 02, % with ap, > 0
and assume it to be uniformly convergent on (1,00). Then

(4.2) S (s) = lim Sy (s) = 4" (s) ¥ (s) = [ (s)]* (=0,
for s € (1,00).

Proof. 1t is obvious that

/ an
= — — .1
CRRW-RT
and
" - an 2
= — (1
¢ =33 )
for s > 1.

WV
—_

Now, observe that for k

k k 2
122 (Inn)*> + (Inm)? — 2lnn - Inm
S 5 [ nsms ] Antm

n=1m=1
2
an, 2 an an
-3 3 (35
n=1 n=1 n=1

and since

ko © .

. n 2 " : n !
kl;rrgo i (Inn)” =4¢"(s) and kl;ngo vl Inn=1"(s),

=1 n=1

(4.2) holds true. O

We have the following result concerning the convexity property of S (s).

Proposition 4.2. The function S (s) = " (s) ¢ (s) — [’ (s)]* is log-convez on
(1,00).

The proof follows by making use of the representation (4.2) and utilising the
Holder inequality for double sums. The details are omitted.
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Theorem 4.1. The inequality
(4.3) 09" (5)¢(s) = [/ ()] <9 (s = D (s+1) = [1 ()],

holds true for any s > 2.

Proof. We use the following inequality between the geometric mean and the log-
arithmic mean of two positive numbers a, b, a # b,

b—a
Inb—1Ina >\/_
to state that
Inn —Inm < 1
n—m  y/nm

This obviously implies that

for n,m > 1, n # m.

o 2
(Inn —Inm)? < (n=m)”
nm

for each n,m > 1 and then from (4.1)

k k
oL (n—
(4'4) 5 Z Z nstlm s+1 sl st dntm

n=1m=1
k B, ko 2
n n
- ke Yo (D)
n=1 n=1 n=1
foreach keN, k>1
Since
Fa
li dn _
2 s =V )
for s > 1, by (4.4) we deduce the desired inequality (4.3). O

In [4], F. Topsge obtained among other results, the following inequality for the
logarithmic function
1

(4.5) IInz| < 5

1
:IT——‘ for = > 0.
T

We can state the following result based on (4.5).

Theorem 4.2. We have the inequality

2

(46)  (0<)Y" ()¢ (s) = [ (9)]" <

for any s > 3.

[Vs+2v(s—2) - 6P,

N | —
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Proof. Making use of (4.5), we have

1 2
(lnn—lnm)2<§<£—m> for nnmeN, n£m;n,m>1
m n

which together with (4.1) give

E k4 2 2 4
1 n* —2n“m* +m
Sk (S) < Z Z Z ns+2ms+2 Onlm

n=1m=1
1| a "a "la i
—— n _n"__ -
D) Z ns—2 nst+2 <Z ns)
n=1 n=1 n=1
This implies the desired inequality (4.6). O

Remark 4.1. From (4.3) and (4.6), a computer comparison of the bounds
Bi(s) =% (s— 1) (s+1) [ (s), s>2
and
By(s) =5 [0 (s +2)0(s—2) ~ W], s>3
for s > 3 and ¢ = ( (Zeta function) shows that
By (s) < By (s) for all s > 3.
However, we do not have an analytic proof for this inequality.
We have the following result as well.

Theorem 4.3. The inequality

(4.7) 0 W (s +2) % (s) = [ (s + 1) <" () () = [ (s)]
holds true for any s > 1.

2

Proof. We use the following elementary inequality for the logarithmic mean

b—a < a—}—b’
Inb—1Ina 2

a,b>0 (a#b)

which implies

Inn—Inm 2
>

> for n,meN, n£m;n,m > 1.
n—m n+m

This obviously implies
4(n—m)?

Inn —lnm)? >
( ) (n 4 m)?

forany n,m e N, n,m > 1.
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Consequently, with the above notation, we have from (4.1)

k 2
—m) 1
(48) 22 ; Tnzl n + m)? nSms anQm
P& (n —m)? 1
- 22 Z l + L)2 ' ns+2ms+2 anQm
n=1m= 1 n m
k 2
1 (n—m)
232 2 e
n=1m=—
= Lk (8) s

where we have used the fact that % + % < 2forn,m>1.
Observe that

1 n‘ —2nm+m

(4.9) Ly (s) = B Z Z T2 Gndm
n=1m=1

& 2

an
= Mk( )-

Then, using (4.8) and (4.9) we deduce

(4.10) Sk (s) = My (s) for k>1ands > 1.

Further, since
2

lim S (s) =" (s)9 (s) — [¢' (s)]

k—o00
and
Tim My (s) = (54 26 (5) = [ s + 1)
uniformly for s > 1, (4.7) follows from (4.10). O

Remark 4.2. Theorem 4.3 provides a lower bound for 1" (s)t (s) — [¢' (s)]?
whereas Theorems 4.1 and 4.2 give upper bounds.

5. OTHER INEQUALITIES FOR THE FIRST DERIVATIVE

In this section we establish some bounds for the quantity

¢'(s) _¢'(s)

5.1 Q(s) = 2 s>1
> B =t v
provided % is defined by the Dirichlet series
(5.2) b (s) = Z—Z s>1

n=1

and ( is the Zeta function.
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We observe that if (an),,cy is nonnegative and monotonic nondecreasing (non-
increasing) then (see [1])

C©) o V6
) 7 YY)

We have the following result as well.

(5.3) s> 1.

> (<)

Theorem 5.1. If (an),cy i nonnegative and nondecreasing, then we have the
reverse inequality

S W) _ v+ v+

1
2
G4 ODF5 5 S C(5) 4 (s) |

3
for any s > 5.

Proof. Consider the sequence
b aal k1 ko an kool
Ou (5) = Zonmt S5 Mo g — S B S B
C(s)¥(s)

for k > 1. We observe that for s > 1 the sequence @, (s) is uniformly convergent
and

lim Qn (s) = Q(s) = % - Ifb/((ss))’

Utilising Korkine’s identity, we also have

1 ZZ: an: (an — am) (Inn —Inm) n#ns
(5.5) Qi(s) =5 === —,
Donel 75 Danel 2

s> 1.

fork>1 s> 1.
Utilising the fact that (ay) is monotonic nondecreasing and the elementary

inequality
Inn —Inm < 1

n—m  /nm

n,m>=1, n#m,

we get

k k 1
1 ) Zn:l Zm:l (an - am) (n - m) n5+gms+§
k k
anl # ’ anl %
k . k 1 k k
Zn:l ::+_7%L . Zn:l ns+%_ - Zn:l nsa-:% . Zn:l ns’r-::%

k 1 k
anl ns ' Zn:l %%
= Vi(s), s>1.

(5.6) Qr (s) <

[\

Since

- _$(s=35)C(s+3) ¥ (s+3) (s —3)
e ) = 9 G)
for s > 2, we deduce by (5.6) the desired result (5.4). O
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The following upper bound for @ (s), s > 1, can be established as well.

Theorem 5.2. With the assumptions of Theorem 5.1, we have
() _¥s) 1 DD+ —d(s+1)C(s—1)
C(s)  w(s) 2 C(s)¥(s)

6.7 (05
for any s > 2.

Proof. From Inequality (4.9) we have

Inn—Inm n4+m
< , forany n,m>1 n#m.
n—m 2nm

Therefore (5.5) implies that

k k
1 . ZnZI ZmZI (an - am) (7’L B m) nsffrrzr;""l

(5.8) Qr (s) <

k 1 k
4 Zn:l ns Zn:l %%
k ~ 2 k k . & )
_ 1 . Znil ansfl' . anl # — anl # . anl #
B k 1 k
2 Zn:l F ' Zn:l %%
= Wi(s), s>1

Since

| 1 g- D) s+ (s~ ]
J (9 =35 (@0 0)
for s > 1, inequality (5.8) implies the desired result (5.7).

Finally, we have the following refinement of the inequality (5.3).

Theorem 5.3. With the assumptions of Theorem 5.1, we have the inequality
s+ 9@+l () ¢(s)

(5.9) ISTH T e S de)

for s > 1.

Proof. Utilising the inequality

Inn—Inm 2
< , fornmeN n#m, nm=>=1,
n—m n+m

we have

k k
) Zn:l Zm:l (a’n - a’m) (TL - m) ’ nJEm : W

k k
anl # ’ Zn:l %%

N | —

(5.10) Qr (s) >

L et Yo (a0 — ) (2= ) - e
2 22:1 # ’ 22:1 ?T’sl
= Zj (s)
since for n,m > 1,
2 2 1
= 2 -
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Observe that

k ann k 1 k an k n
anl nstL " Zun=1 ps+1 — Zn:1 nstl anl nstL

S S
_ Zﬁ_l =2 Zfz:l nsl+1 - ﬁ:l T Zfz:l T
R Yo ae Yo 5
for k > 1, and
: _ s+ DY (s) —v(s+1)¢(s)
o, 2 5) = B0
_ ((s+1) (s+1)
¢(s) P(s)
Hence by (5.10) we deduce the desired result (5.9). O

Remark 5.1. Inequalities (5.4), (5.7) and (5.9) are obviously equivalent to
(5.11) (0<)¢ ()¢ (s) =" (s)C (s)

(o Deled) el o3

(5.12) 0 <) ()¢ (s) =" (s)C(s)
<SG -DC+D) Y+ ¢ -1, 5>2
and
(5.13) 0<)C(s+ D)9 (s) =P (s +1)C(s)
<Y () =¥ (s)C(s), s> 1,

respectively.

Now, consider 9 (s) := > -7 lfl—f, s > 1. We observe that this Dirichlet se-
ries satisfies the assumptions of Theorem 5.1. Further, ¢ (s) = —(¢'(s), s > 1.

Therefore, by (5.11), (5.12) and (5.13) we have the inequalities
(5.14) (0" (5)C(s) = [¢(s))]

(
(el e (e
(

(5.15)  (0<)¢"(5)¢(s) — [¢' ()]

<SG+~ Cs-DCs+D)], 5>
and
(5.16) (0<)¢ (s +1)¢(s) = ¢ (s +1) ¢ (s)

respectively.
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