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SOME PROPERTIES OF GROWTH FOR COMPOSITE
ENTIRE FUNCTIONS WITH DEFICIENT FUNCTION

JIANWU SUN

ABSTRACT. In this paper, we solve a problem of C. T. Chuang and C. C. Yang
concerning the characteristic function of the composite function.

1. INTRODUCTION

Chuang Chitai and Yang Chungchun [1] proposed the following problem:

Let f,g1 and go be entire functions. What conditions can assure that if
T(r,g1) = o(T(r,g2)) (r — c0), then
(1.1) T(r, f(g1)) = o(T(r, f(g2))) (r — 00)?

In this work, we give some conditions such that (1.1) holds.
Theorem 1.1. Let fi, fo and g1, g2 be non-constant entire functions with T'(r, f1)
= O*((logr)Pee)™)(0 < a < 1,8 > 0) (i.e., there exist two positive constants
Ki and Ky such that K1 < U%ggn% < K>3) and the order of g2 be pg, (< 00),
let a;(z)(i = 1,2,--- ,n,n < o0) be entire functions which satisfy T'(r,a;(z)) =
o(T(r,g2)) with > i, d(ai(2),92) =1 and 6(a;(2), g2) > 0, (ai(z) # o).

If T(r, f1) ~ T(r, f2) and T(r,g1) = o(T'(r, g2)) (r — 00), then

T(r, fi(91)) = o(T(r, f2(g2)))  (r = oo,r & E),

where E is a set of finite logarithmic measure.
Remark 1.1. If we take f1(z) = f2(z) = f(z) in Theorem 1.1, then we obtain
T(r,f(91)) = o(T(r, f(g2)))  (r— o0).
This solves the problem of C. T. Chuang and C. C. Yang.

2. LEMMAS

Lemma 2.1. Let g be an entire function of order py and lower order A\g(Ag <
+00), let a;(z)(1 = 1,2,---n, n < 00) be entire functions, which satisfy T (r, a;(2))
=o(T(r,g)). If 11 d(ai(z),9) = 1 with 6(ai(z),g) > 0, ai(z) # oo, then
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(1) [2]: g(z) is of regqular growth and pg = Ay is a positive integer

(2) 3]
lim 7(r, g)/logM (r, g) = 1/.
(3) For arbitrarily small 1 > 0, there ezist a1(z),az2(z),- - ,ar(z) such that
k
- _a
(2.1) ;;a%@ym_1>1 >
Let a1(2),a2(z), -+ ,an(z)(h < k) be a maximal linearly independent subset
of al(z)a a2(2)5 t ’a’k(z)'
Put
9(z)  a(z) aa(2) - an(2)
1 1 1
= | W O w
9 dVe) @) 6l
Then

(i) [4] the order of L(g) is equal to the lower order of L(g) and L(g), g(z) have the
same order.
(if) [5]

_ 7 N(r L(g)) + N(r,1/L(g))
K[L(g)] = lim 76 L9)

=0.

Lemma 2.2 ([6]). Let f(z) be a meromorphic function of lower order \ and
order p, let P be the integer defined by P > 1, P — % <A< P+ %, p< P+1.If
for Ag > 0,0 < e <1, we have

N+ N 1/f) ‘

K(f) = lim ——= AP+ 1)
then for 1 < o < 36, when r > rg, we have
(22) T(O-Ta f) = O-PT(Ta f)(l + 77(73 O-))v |77(Ta U)| <e

Lemma 2.3 ([7]). Let f(z) be a meromorphic function, a;(z) (i = 1,2,

be distinct meromorphic functions which satisfy T(r,a;(z)) = o(T(r, f)). Let
{a;(2)P_1} be a maximal linearly independent subset of {ai(2)5_;}(h < k).

Put

K
Ay = aj’(z) ay’(2) ap, (2) = A(a1(z),a2(2),- - ,an(2)),
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thus
Y
(2:3) L(f)Z% (f, a1, a2, ah):f(h)—f—j_(l)f(h—l)_’_” +i_l;f
Then
h 1 1
(2.4) z‘zlm(r’ f——ai(z)) < m(r, L(f)) +o(T(r, £)),

outside a set E of a finite linear measure except in positive real number axis (mes
E < +0).

Lemma 2.4. Let g be an entire function of order p and lower order A(A < +00),
let ai(z)(1 = 1,2,--- ;n,n < o0) be entire functions, which satisfy T(r,a;(z)) =

o(T(r,g)). If i1 d(ai(z),9) = 1 with 6(ai(z),g) > 0,a;(z) # oo, then
T(or,g) ~ a”T(r,g), (r — 00,1 <0 < 36).

Proof. Step 1: Since a;(z) # oo and d(ai(z),g) > 0, we may assume that aj(z) #
oo and d(ai(z),g) > 0.

By (2.3) we have
Zm —) ST L) +oTg). (¢ E).

So

T ( ’%)
lim, , ——— T ) thr—wo (gr gz)( ) > d(a1(z),g9) > 0.

Thus, there exists A > 1, such that when r > A, we obtain

(2.5) T(r,g) < cl—lT(nL(g)),
where ¢; = %5( 1(2), 9).
By (2.3) and (2.4) we get
th = aZ(Z)) <46(0,L(g)).

T

Since

N(r,L(g)) < ZN(T, %;) + ZN(T, 9%) +o(T(r,9)) = o(T(r,9)),
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SO

(26) T Lg) = mirL(g)+N(rL()
< m(r,g) + mr, %) T o(T(rg))

= T(r,9) +o(T(r,g)) = (14 0(1))T(r, 9)-

Step 2: By [8, (1.5.8)], we have

h h
1 1
m(r, ———) < m(r, — ) + o(T'(r,
Dol o) S i D ) el )
1
< T(T7L(g)) —N(T, L(g))+O(T(T79))
Hence, by (3) in [5] we obtain
€1 -
-3 < LdwlEho
' n(r, )
< lim, ' 9-ail2)
- ; T(r,9)
1
< tm, (L L) N(T,L—g)))
ST T(rg) T(r,g) ~
Thus, for any € > 0(e > §), we have
TG L) e
(2.7) lim, . T(rg) > 1 5 >1—e

Step 3: Since g(z) is an entire function which satisfies Y ;- ; 6(ai(2),9) = 1,
with d(a;(2),g9) > 0, (ai(z) # o), so, by Lemma 2.1(1), we see that g(z) is of

regular growth and p = A is a positive integer.

By Lemma 2.1(3): (i), we know that L(g) is of regular growth and the order of
L(g) is equal to the lower order of L(g) and L(g), g(z) have the same order. Put
P = p in Lemma 2.2, by Lemma 2.1(3):(ii), we see that L(g) satisfies condition
of Lemma 2.2, hence, for 0 < ¢ < 1, when 1 < o < 36 and r > rg, by (2.2), we

get

(2.8) T(or, L(g)) = o”T(r, L(g))(1 +1(r,0)), |n(r,0)| <e.



SOME PROPERTIES OF GROWTH FOR COMPOSITE ENTIRE FUNCTIONS 49

So, by (2.6), (2.7), (2.8) we obtain
HT(UT, 9)
r—00 T(r, g)
< Tm T(or,g) 'KT(UTvL(g)) .ET(TvL(Q))
= roeT(or, Lg)) oo T(r, L(g)) r—ee T(r,g)

T(or.g) |y ——T(or,L(g) +—(1+0()T(r,9)

S (U, oo - lim
W Tlor 1(g) AT L) % T(rg)
1 1+e€
CoP — p
T o?(1+¢) T
Letting € — 0, we have
-_T(O-T’g)
. <o
(2.9) rlggo T(r,g)
. T(or,9) : T(or,9) . T(or, L(g))
hmr T 2 h—mr oo—'h—mr 00 T T (A
—T* T(ryg) T®T(or, L(g)) T T(r,L(g))
: T(r,L(g))
lim. ,
7% T(r,g)
1
. e L (07 L(g)) = T(r, L(g)) 11— g
" T(or, L(g)) r—coT'(or, L(g))
T~ 1 1
— 1—
T T L
1
> (lim 1.1-¢c”
S I L
> (1-—e)%0”.
Letting € — 0, we get
, T(or,9)
2.10 lim, , —— > o”.
(210 BT )

So, by (2.9), (2.10), we have
T(or,g) ~ ofT(r,9), (r — 00,1 < o < 36). 0

Lemma 2.5 ([8]). Let f and g be entire functions and g(0) = 0. Then for all
r > 0, we have

T(r,f(9)) < T(M(r,9), f)-
Lemma 2.6 ([9]). Let f be a transcendental entire function with
T(r, f) = O*((logr)?e8M%) (0 < a < 1,8 > 0).

(i.e., there exist two positive constants K1 and Ko such that

T0f) e

< —_
K1 < (log r)Pellogr)

Then
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1. T'(r, f) ~log M (r, f) (r —oo,r ¢ E);
2. T(or, f) ~T(r, f) (r—-o00,022,1r¢FE),
where E is a set of finite logarithmic measure .
Lemma 2.7 ([10]). Let f and g be entire functions. Then
M(r, f(g)) = M(M(r/6,9), f)-
3. PROOF OF THE THEOREM 1.1

Step 1: Since Y., d(ai(2),92) = 1 and §(a;(2), g2) > 0, ai(z) # oo, by Lemma
2.1 and Lemma 2.4, we have

T(r,g2) ~ (1/m)log M(r,g2)  (r— o0),

and

(3.1) T(or,g2) ~ oP2T(r, g2) (r — o0).
So

(82)  logM(r,g2) = nT(r,g2)(1 +o(1)) = 5=T'(2r, g2)(1 + o(1).
Since

(3.3) logM(r,g1) <3T(2r,g1) =3-0o(T(2r,g2)) = o(T(2r, g2)) (r — o),
by (3.1) and (3.2) we get

log M(r,91) _ o(T'(2r,92))
log M(r,g2) ~ (m/2r92) - T(2r, ga)(1 4 o(1))

—0 (r — 00),

and so
(3.4) log M(r,g1) = o(log M (r, g2)) (r — c0).
Step 2: We may assume ¢1(0) = 0. Otherwise, we only need to make a

transformation: G(z) = g1(z) — ¢1(0).
By Lemma 2.5, Lemma 2.1, (3.4) and (3.2), we have
(3.5) T(r, f1(g1))
T(M(Ta 91)7 f)
O ((log M (r, g1)) ellos M(ra0)?)
Ky(log M(r, g1)) el M(ro)”
= Ky(o(log M(r, g3))Pelolos M(r.g2)))*
(
(

N

N

=

2 (o(mT(r, g2) (1 + o(1))))Pelo(rT(rg2) (1teo(1)))"
— Ka(o(T(r o)1 + o(1)))P TN (1, o).

On the other hand, since T'(r, f1) ~ T'(r, f2) (r — 00), one gets
T(r, f2) = T(r, f1)(1 + o(1)) = O*((log r)"e8 V") (1 + o(1)).
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and so, by Lemma 2.6, we obtain

log M(r, f2) = T(r, f2) (1 + o(1)) = T(r, f1)(1 + o(1))

(3.6) = 0*((logr)?e®5"%) (1 + o(1)).
Thus, by Lemma 2.7, Lemma 2.1 and (3.1), (3.6), we obtain
3.7 T(r, f2(g2))

2310gM( s fa(g92)) = glogM(M( ,92), f2)

1 r
= 20" ((log M (5, 92)) € M) (1 + o(1))?

1 r a
K1<logM<1 192))P 1o MR (1 4 o(1))?

3 2
é (T (35 ,gz)(1+o(1)))ﬁ (7T (75,92)(1+0(1))
éK( (%)png(r gz)(1+o(1)))ﬁe( 7(15)P92 T (r,g2)(140(1))* (1+O(1)))2

(r — o0).

Thus, by (3.5) and (3.7), we have
T(r, fi(91))
T(r, f2(g2))

Ko (o(T(r, g2)(1 + 0(1)))),86(0(T(T ,92)(1+0(1))))*
LR ()P T(r, g2) (1 + o(1)))Be(m(33) 2 T(rg2) (1+o(1)) (1 4 o(1))2
_ 3K s e(r g2)(d +0o(1)))° 1
= g L) e O T S TS Ry P T o)

T(r, 1 1))
o (T(rg2) (o (1) [ ST IR CE = — (r(75)792)°]

3Ky (o(T(r,92)(1 +0(1))))" 1 ]
Ki " (T(r,g2)(1+0(1))7  (m(55)Po2)8(1 4 o(1))?
P 108(T(r,92) (140(1))) +(T(r,g2) (1-+0(1))) [ LEIT — (n(F5)792)°]

N

—0 (r — 00, pg, > 0).
So

T(r, fi(g1)) = o(T(r, f2(g2)))  (r — o0).
This completes the proof of Theorem 1.1. O
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