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IDEAL AMENABILITY OF VARIOUS CLASSES
OF BANACH ALGEBRAS

A. JABBARI

ABSTRACT. Let A be a Banach algebra. If n € N and Z is a closed two sided
ideal in A, then A is n—Z—weakly amenable if the first cohomology group of A
with coefficients in the n—th dual space Z" is zero, i.e., H'(A,T(™) = {0}.
Further, A is n—ideally amenable (ideally amenable) if A is n — Z—weakly
amenable (1 — Z—weakly amenable) for every closed two sided ideal Z in A.
In this paper we investigate (2m + 1) — Z—weakly amenability of Banach
algebras for m > 1, and ideal amenability of Segal algebras and triangular

A M ] (where A and B are Banach algebras and

Banach algebras T = { B

M is a A, B—module).

1. INTRODUCTION

Let A be a Banach algebra, and suppose that X is a Banach A-bimodule such
that
la.z|| < llal[l|z]| and [[z.al] < {la/]|z]
foralla e Aand z € X.
We can define the right and left actions of A on the dual space X* of X by

(x,A.a) = (a.z, \),
(x,a.\) = (z.a,\),
foralla € A, z € X and A € X*.
Similarly, the second dual X** of X becomes a Banach A-bimodule under the
actions
(A, a.A)y = (Xa,A),
(A, A.a) = (b, A),
forallac A,z € X, A € X* and A € X**.

Suppose that X is a Banach A-bimodule. A derivation D : A — X is a linear
map that satisfies D(ab) = a.D(b) + D(a).b for all a,b € A. A derivation 0 is
said to be inner if there exists x € X such that d(a) = d,(a) = a.x — z.a for
all a € A. Denoting the linear space of bounded derivations from .4 into X by
ZY(A, X) and the linear subspace of inner derivations by N1(A, X), we consider
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the quotient space H'(A, X) = Z'(A4, X)/N'(A, X), called the first Hochschild
cohomology group of A with coefficients in X. A Banach algebra A is said to
be amenable if H!(A, X*) = {0} for all Banach A-bimodules X, and A is called
weakly amenable if H!(A, A*) = {0} (see [12] and [13]). Let n € N. A Banach
algebra A is called n-weakly amenable if H'(A, A™) = {0} (see [2]). A Banach
algebra A is called ideally amenable if H!(A,Z*) = {0} for every closed two sided
ideal Z of A (see [6,8,9,11]). A Banach algebra A is n — Z—weakly amenable if
HY(A,T(M) = {0}, where T is a closed two sided ideal in A, and A is n—ideally
amenable if A is n — ZT—weakly amenable for every closed two sided ideal Z in
A (see [5,7,10,11]). In this paper, for abbreviation we write b.a.i. instead of
bounded approximate identity.

2. 2m+1) — I—WEAK AMENABILITY OF BANACH ALGEBRAS

Lemma 2.1. Suppose that T is a closed two sided ideal in A**. Then, T is a
closed two sided ideal in AP™ for m > 1.

Proof. Let T be a left ideal of A™ for m > 1. By using module direct sum
decomposition we have

A(Zm) _ (A*)J_ + (A**)/\ and A(2m+1) _ (A)J_ + (A*)/\,
where A is the image of A in A®™ under the canonical embedding and AL =
{F e AR+ . F|;z=0}. For F € ACmED) let F = f1 + f5 be such that f; € A+
and fo € A*. Since T is a left ideal in A®™) it then holds af; = 0 for each a € 7.
Thus, we have R
aF = afs = (afs)".
For ¥ € A@™+2) Jet ¥ = ¢ 4+ & be such that ¢ € (A*)+ and ¢ € A™. Since

Y € (A*)1, it then holds ((af2)",v) = 0 for each a € T and f, € A*. Thus, we
have

(F,a) = ((af2)", ¥+ @) = ((af2)", @) = (F, (pa)").
Thus, Ya = (pa)" € Z for a € T and ¥ € A®™+2), Therefore, T is a left ideal of
Am+2) For the other case, the proof is similar.
O

Lemma 2.2. Let A be a Banach algebra with a left (right) b.a.i.. Suppose that
7T is a closed two sided ideal in A and J is a w*—closed ideal of T*. If the left
(right) module action on J is trivial, then H' (A, J) = {0}.

Proof. Suppose that D : A — 7 is a continuous derivation. Let (e;) be a left
b.a.i. of A, and let b € J be a w*—cluster of D(e;). Since AJ = {0} we have

D(a) = lim D(ae;) = ba = ba — ab (a € A).

Hence D is inner and therefore H'(A, J) = {0}.
(]

Theorem 2.3. Suppose that A is T—weakly amenable, has a left (right) b.a.i.
and T is a left ideal in A**. Then, A is (2m+1)—Z—weakly amenable for m > 1.
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Proof. Suppose that A has a left b.a.i.. We have
HY (A, 23y = HY (A, T%) + HY (A, TY).

If A is Z—weakly amenable, then H'(A,Z*) = {0}. Z+ is a w*—closed submod-
ule of Z®™+1) | Since 7 is a left ideal in A** it is left ideal in A®™) (Lemma 2.1),
thus the left module action on Z is trivial. Then, H'(A,Z1) = {0} and therefore
HY(A,7(m+1D) = {0} (Lemma 2.2). This prove that A is (2m + 1) — Z—weakly
amenable for m > 1. O

3. RESuLTS FOR SEGAL ALGEBRAS

Let (A, ||-||) be a Banach algebra. Then, (B, ||-||') is an abstract Segal algebra
with respect to (A, || - ) if

(1) B is a dense left ideal in A, and B is a Banach algebra with respect to
A

(2) There exists M > 0 such that ||b]| < M]||b||" for each b € B;

(3) There exists C' > 0 such that ||ab|| < C||al'||b||" for each a,b € B.

Let G be a locally compact group. A linear subspace S!(G) of L'(G) is said
to be a Segal algebra if it satisfies the following conditions:

(i) SY(G) is dense in L'(G);

(ii) If f € SY(G) then L, f € SY(G), i.e. SY(G) is left translation invariant;

(iii) S*(G) is a Banach space under some norm || - ||, and || L. f||s = || f]|s for
all f € SYQ) and x € G;

(iv) The map z +— L, f from G into S'(G) is continuous.

Theorem 3.1. Let A be a commutative ideally amenable Banach algebra. Then,
any abstract Segal subalgebra of A having an approximate identity is ideally
amenable.

Proof. Let B be an abstract Segal subalgebra of A satisfying the hypothesis of

the theorem, with (e,) an approximate identity of 8. Let D be a continuous

derivation from ‘B into Z*, where Z* is an arbitrary two sided closed ideal of 3.

We define the maps D, : A — Z* by Dy(a) = D(eq.a) — D(eq).a for a € A.
Now, for all a,b € A we have

Dafa.b) = D(eq.a.b) — D(eq)(a-b)
= norm — hm(D eq-a.e3.b) — D(eq)(a.b))

(

= norm — hm(D(ea a).e5.b+ eq.a.D(es.b) — D(eq)(a.b))

= D(ea.a).b—D(ea)(a.) +w” ~lim(eq.a.D(es.b))

(D(ea.a) — D(eq).a).b +w* — hén(ea.a.p(eﬁ.b))

= (D(¢a.a) = D(ea).2)-b + " ~lim(a.D(ea.c5.b) ~ a.D(ea) (e5.b)
(

D(eq.a) — D(eq).a).b+ a.D(eq.b) —a.D(ey).b
= Dg(a).b+ a.Dy(b).
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Therefore, each D, is a derivation. Since Z* is a symmetric A—bimodule, it
follows that D, = 0 (see [15]). Hence D = 0. O

Corollary 3.2. FEvery Segal algebra on an abelian locally compact group is ideally
amenable.

4. RESULTS FOR TRIANGULAR BANACH ALGEBRAS

Let A and B be unital Banach algebras and suppose that M is a Banach
A, B-module. We define a triangular Banach algebra
A M
=[]

with sum and product being given by the usual 2 x 2 matrix operations and
internal module actions. The norm on T is

a m
17 = el Tl + Dol

As a Banach space, T is isomorphic to the ¢!'—direct sum of A, B and M,
so we have T(2m=1) ~ A@Cm=1) g, ApMCm=1) g, BEmM=1) gpnd TEM) ~ A(2m) Poo
M) ¢ o BEM) for each m > 1. We identify T** with [ A /\;** ], and the
module action of T on T™* coincides with the restriction of the (first or second)
Arens product on T** to image of T' in T™* under the canonical embedding. The
module action of T on T®) coincides with the restriction of the dual action of T**
on T® to the image of T in T** under the canonical embedding and we define
the product o of action of T on T) by:

[oz 7}O[a m}_[aoa 70@]
I3 b | yom+4 fBof

a m a v | | aoca+moy bovy
N R N bo s
”HeTand[o‘ ; eT®).

It is clear that if J is a closed two sided ideal of T', then there exist closed
ideals Z of A and J of B and a closed A, B—submodule M’ of M such that
J=ZaM ®&J and IMUMZT C M'. In this paper we identify every closed
M

J
and J is a closed two sided ideal of B. The following theorem is proved in [1].

and

for each

two sided ideal J of T with [ , where 7 is a closed two sided ideal of A

Theorem 4.1. Let A and B be unital Banach algebras, let M be a unital Banach
A, B—module, and let I, T and J be closed two sided ideals of T', A and B,
respectively. Then,

HYT,5*) ~ HY (A, T%) ® H (B, J).
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Corollary 4.2. Let A and B be unital Banach algebras and M be a unital Banach
A, B—module. Then T is ideally amenable if and only if both A and B are ideally
amenable.

Corollary 4.3. Let A and B be unital Banach algebras and let M = 0. Then,
A @ B is ideally amenable if and only if both A and B are ideally amenable.

By repeating the same calculations as for derivations D from T into J*, we
have

HYT,3®)) ~ HY (A, %)) & H (B, T79).
So, T is 3—ideally amenable if and only if A and B are 3—ideally amenable, and
we have the following theorem:

Theorem 4.4. Let A and B be unital Banach algebras and let M be a unital
Banach A, B—module. Then, for each n > 1 it holds

HI(T, fJ(Qn—l)) ~ HI(A7I(2n—1)) D HI(B, j(2n—1)).
So, T is (2n — 1)—ideally amenable if and only if A and B are (2n — 1)—ideally

amenable.

Corollary 4.5. Let A and B be unital Banach algebras and M = 0. Then, A®B
is (2n — 1)—ideally amenable if and only if both A and B are (2n — 1)—ideally
amenable.

Derivations from T into 32" are different from those into 3@~V for n > 1.
Therefore, we have different results in this case.

Lemma 4.6. Let 6 : T — 3@ be a continuous derivation. Then, there exist
V5 € M@ continuous derivations §; 1 A — @) 5, B = T and a
continuous map p : M — M @) such that

(i)é[a 8]:[51(@ “'78] Jor all ac A,
(ii)é[o H:[O ;Zfb’)’] for all a € B,
(iii)d[o ”ﬂ:[o p(m())} for all m e M.

(v) p(m.b) = p(m).b+m.d4(b),
(vi) if 64 : A =T and 65 : B — TP are continuous derivations and py :
M — M@ s a continuous map that satisfies (iv) and (v), then D : T — 327

defined by [ @ nz } — [ 04(a) p/\g;?z; 18 a continuous derivation.
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In [4] the following sets are defined. For every n > 1 we denote the centralizer
of Ain ZC" by Z4(2?™) = {z € T®Y : z.a = a.x for all a € A}, and similarly
Zp(TP) = {2 € J® : 2.b = b.z for all b € B}. The set

ZRAs(M, M) = {p,.: M — MYz e Zu (), 2 € Zg(T*)}
is called the set of central Rosenblum operators on M with coefficients in M @)
and pg ,(m) = z.m —m.z (M is unital). We also have

Homag(M, M) = {o: M= M plam) = a.p(m),
w(m.b) = ¢(m).b, foralla € A,m e M,be B}.

Theorem 4.7. Let A and B be unital Banach algebras and let M be a unital
Banach A, B—module. Then, we have

(i) ZRag(M, M ®")) C Hom 4 5(M, M ).

(ii) If ¢ € Homs(M, M M) then

o [* 5[0 7 e

and A, is inner if and only if ¢ is a central Rosenblum operator on M with
coefficients in M'2").
(iii) If A and B are (2n)—ideally amenable, then

1 (1, 52y o HomasM M)
’ ZRAp(M, M @)

Proof. The proof of statements (i) and (ii) is clear. For (iii), let the linear map
f: Homap(M, M) = HY(T,32%) be defined by ¢ A, where A, denotes
the equivalence class of A, in H(T, 3(27)). Then § is surjective, so we have

N Hom 4 (M, M/(Q")).
N ker f

If ¢ € kerf then, by statement (ii), f(¢) is inner and, again by (ii), ¢ €
ZRu (M, M ). Hence,

HY(T,33)

HY(T, 3% ~ H OmAyB(MaM/@”)),
’ ZR A p(M, M @)

O

Theorem 4.8. Let T be a triangular Banach algebra and let T be a two sided
closed ideal of T. If D : T — T is a continuous derivation, then D** : T** — J**
18 a continuous derivation.

Proof. It is clear that D** is a continuous linear operator. Let ai,as € A*,
B1,B2 € B* and 71,72 € M**. Then, there are nets (a;),(a;) in A, (b;), (b;)
in B and (m;),(m;) in M such that a10cy = w* — lim; lim; a;a;, S1062 =
w* —lim; lim; b;b;, 71Uy = w* —lim; lim; m;m;, a10ye = w* —lim, lim; a;m; and
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OBy = w* — lim; lim; a;b;. Let & = [ a ] and U = [ a2 ] e T*.

b1 B2

Then, we have

D** (d0T) = D**([ @ m } O

Qg Y2 ])
B1 B2
= o

arbag a0y + 7100

)

B1852
= D" (w* —limlim | %% %" +mib;
7 7 blb]
— o' —limlimD (| %% @M mab;
7 7 bibj

= ®.D™(V)+ D™ (V). V.
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