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A VANISHING CONJECTURE ON DIFFERENTIAL
OPERATORS WITH CONSTANT COEFFICIENTS

WENHUA ZHAO

ABSTRACT. In the recent progress [4], [17] and [25], the well-known JC (Ja-
cobian conjecture) ([2], [10]) has been reduced to a VC (vanishing conjecture)
on the Laplace operators and HN (Hessian nilpotent) polynomials (the poly-
nomials whose Hessian matrix are nilpotent). In this paper, we first show
that the vanishing conjecture above, hence also the JC, is equivalent to a van-
ishing conjecture for all 2nd order homogeneous differential operators A and
A-nilpotent polynomials P (the polynomials P(z) satisfying A™ P™ = 0 for all
m > 1). We then transform some results in the literature on the JC, HN poly-
nomials and the VC of the Laplace operators to certain results on A-nilpotent
polynomials and the associated VC for 2nd order homogeneous differential
operators A. This part of the paper can also be read as a short survey on HN
polynomials and the associated VC in the more general setting. Finally, we
discuss a still-to-be-understood connection of A-nilpotent polynomials in gen-
eral with the classical orthogonal polynomials in one or more variables. This
connection provides a conceptual understanding for the isotropic properties
of homogeneous A-nilpotent polynomials for 2nd order homogeneous full rank
differential operators A with constant coefficients.

1. INTRODUCTION

Let z = (21,22,-..,2n,-..) be a sequence of free commutative variables and
D = (D1,Dy,...,Dy,...) with D; := O%i (i > 1). For any n > 1, denote

by A, (resp.A,) the algebra of polynomials (resp.formal power series) in z;
(1 <i < n). Furthermore, we denote by D[A,] or D[n| (resp. D[A,] or D[n]) the
algebra of differential operators of the polynomial algebra A,, (resp. with constant
coefficients). Note that, for any k& > n, elements of D[n| are also differential
operators of Ay and Ay. For any d > 0, denote by Dg4[n] the set of homogeneous
differential operators of order d with constants coefficients. We let A (resp.A)
be the union of A,, (resp.A,) (n > 1), D (resp.D) the union of D[n] (resp.D[n])
(n>1), and, for any d > 1, Dy the union of Dy[n] (n > 1).

Recall that JC (the Jacobian conjecture) which was first proposed by Keller
[14] in 1939, claims that, for any polynomial map F of C™ with Jacobian j(F) =1,
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its formal inverse map G must also be a polynomial map. Despite intense study
from mathematicians in more than sixty years, the conjecture is still open even
for the case n = 2. For more history and known results before 2000 on JC, see
[2], [10] and references there.

Based on the remarkable symmetric reduction achieved in [4], [17] and the
classical celebrated homogeneous reduction [2] and [23] on JC, the author in [25]
reduced JC further to the following vanishing conjecture on the Laplace operators
A, := Y, D? of the polynomial algebra A, and HN (Hessian nilpotent) poly-
nomials P(z) € A,, where we say a polynomial or formal power series P(z) € A,
is HN if its Hessian matrix Hes (P):= (%)nxn is nilpotent.

Conjecture 1.1. For any HN (homogeneous) polynomial P(z) € A, (of degree
d = 4), we have AT P™(2) = 0 when m >> 0.

Note that, the following criteria of Hessian nilpotency were also proved in
Theorem 4.3, [25].

Theorem 1.1. For any P(z) € A, with o(P(2)) > 2, the following statements
are equivalent.

(1) P(z) is HN.
(2) A™P™ =0 for any m > 1.
(3) A™P™ =0 for any 1 < m < n.

Through the criteria in the proposition above, Conjecture 1.1 can be general-
ized to other differential operators as follows (see Conjecture 1.2 below).

First let us fix the following notion that will be used throughout the paper.

Definition 1.1. Let A € D[A,] and P(z) € A,. We say P(z) is A-nilpotent if
ATP™ =0 for any m > 1.

Note that, when A is the Laplace operator A,,, by Theorem 1.1, a polynomial
or formal power series P(z) € A,, is A-nilpotent iff it is HN.

With the notion above, Conjecture 1.1 has the following natural generalization
to differential operators with constant coefficients.

Conjecture 1.2. For anyn > 1 and A € D[n], if P(z) € A,, is A-nilpotent, then
AP =0 when m >> 0.

We call the conjecture above the vanishing conjecture for differential operators
with constant coefficients and denote it by VC. The special case of VC with
P(z) homogeneous is called the homogeneous vanishing conjecture and denoted
by HVC. When the number n of variables is fixed, VC (resp. HVC) is called
(resp. homogeneous) vanishing conjecture in n variables and denoted by VCin]
(resp. HVC|n]).

Two remarks on VC are as follows. First, due to a counter-example given
by M. de Bondt (see example 2.1), VC does not hold in general for differential
operators with non-constant coefficients. Secondly, one may also allow P(z) in
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VC to be any A-nilpotent formal power series. No counter-example to this more
general VC is known yet.

In this paper, we first apply certain linear automorphisms and Lefschetz’s
principle to show Conjecture 1.1, hence also JC, is equivalent to VC or HVC for
all 2nd order homogeneous differential operators A € Dy (see Theorem 2.1). We
then in Section 3 transform some results on JC, HN polynomials and Conjecture
1.1 obtained in [22], [5], [6], [25], [26] and [11] to certain results on A-nilpotent
(A € Dy) polynomials and VC for A. Another purpose of this section is to give
a survey on recent study on Conjecture 1.1 and HN polynomials in the more
general setting of A € Dy and A-nilpotent polynomials. This is also why some
results in the general setting, even though their proofs are straightforward, are
also included here.

Even though, due to M. de Bondt’s counter-example (see Example 2.1), VC
does not hold for all differential operators with non-constant coefficients, it is
still interesting to consider whether or not VC holds for higher order differential
operators with constant coefficients; and if it also holds even for certain families of
differential operators with non-constant coefficients. For example, when A = D?
with a € N” and |a| > 2, VCin] for A is equivalent to a conjecture on Laurent
polynomials (see Conjecture 3.1). This conjecture is very similar to a non-trivial
theorem (see Theorem 3.11) on Laurent polynomials, which was first conjectured
by O. Mathieu [16] and later proved by J. Duistermaat and W. van der Kallen
[8].

In general, to consider the questions above, one certainly needs to get better
understandings on the A-nilpotency condition, i.e. A™P™ = 0 for any m > 1.
One natural way to look at this condition is to consider the sequences of the form
{A™P™ |m > 1} for general differential operators A and polynomials P(z) € A.
What special properties do these sequences have so that VC wants them all
vanish? Do they play any important roles in other areas of mathematics?

The answer to the first question above is still not clear. The answer to the later
seems to be "No”. It seems that the sequences of the form {A™P™ | m > 1} do not
appear very often in mathematics. But the answer turns out to be “Yes” if one
considers the question in the setting of some localizations B of A,,. Actually, as we
will discuss in some detail in subsection 4.1, all classical orthogonal polynomials
in one variable have the form {A™P™|m > 1} except there one often chooses
P(z) from some localizations B of A,, and A a differential operators of B. Some
classical polynomials in several variables can also be obtained from sequences of
the form {A™P™ |m > 1} by a slightly modified procedure.

Note that, due to their applications in many different areas of mathematics,
especially in ODE, PDE, the eigenfunction problems and representation theory,
orthogonal polynomials have been under intense study by mathematicians in the
last two centuries. For example, in [18] published in 1940, about 2000 published
articles mostly on one-variable orthogonal polynomials have been included. The
classical reference for one-variable orthogonal polynomials is [20] (see also [1],
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[7], [19]). For multi-variable orthogonal polynomials, see [9], [15] and references
there.

It is hard to believe that the connection discussed above between A-nilpotent
polynomials or formal power series and classical orthogonal polynomials is just
a coincidence. But a precise understanding of this connection still remains mys-
terious. What is clear is that, A-nilpotent polynomials or formal power series
and the polynomials or formal power series P(z) € A, such that the sequence
{A™P™ | m > 1} for some differential operator A provides a sequence of orthogo-
nal polynomials lie in two opposite extreme sides, since, from the same sequence
{A™P™ |m > 1}, the former provides nothing but zero; while the later provides
an orthogonal basis for A,,.

Therefore, one naturally expects that A-nilpotent polynomials P(z)€ A,, should
be isotropic with respect to a certain C-bilinear form of A,. It turns out that, as
we will show in Theorem 4.1 and Corollary 4.1, it is indeed the case when P(z)
is homogeneous and A € Dy[n] is of full rank. Actually, in this case A™P™+!
(m > 0) are all isotropic with respect to same properly defined C-bilinear form.
Note that, Theorem 4.1 and Corollary 4.1 are just transformations of the isotropic
properties of HN nilpotent polynomials, which were first proved in [25]. But the
proof in [25] is very technical and lacks any convincing interpretations. From the
“formal” connection of A-nilpotent polynomials and orthogonal polynomials dis-
cussed above, the isotropic properties of homogeneous A-nilpotent polynomials
with A € Da[n] of full rank become much more natural.

The arrangement of the paper is as follows. In Section 2, we mainly show that
Conjecture 1.1, hence also JC, is equivalent to VC or HVC for all A € D, (see
Theorem 2.1). One consequence of this equivalence is that, to prove or disprove
VC or JC, the Laplace operators are not the only choices, even though they are
the best in many situations. Instead, one can choose any sequence A, € Dy with
strictly increasing ranks (see Proposition 2.3). For example, one can choose the
“Laplace operators” with respect to the Minkowski metric or symplectic metric, or
simply choose A to be the complex d-Laplace operator Agy (k=1)in Eq. (2.11).

In Section 3, we transform some results on JC, HN polynomials and Conjecture
1.1 in the literature to certain results on A-nilpotent (A € D) polynomials P(z)
and VC for A. In subsection 3.1, we discuss some results on the polynomial maps
and PDEs associated with A-nilpotent polynomials for A € Dy[n] of full rank (see
Theorems 3.1-3.3). The results in this subsection are transformations of those
in [24] and [25] on HN polynomials and their associated symmetric polynomial
maps.

In subsection 3.2, we give four criteria of A-nilpotency (A € D) (see Propo-
sitions 3.1, 3.2, 3.3 and 3.4). The criteria in this subsection are transformations
of the criteria of Hessian nilpotency derived in [25] and [26]. In subsection 3.3,
we transform some results in [2], [22] and [23] on JC; [5] and [6] on symmetric
polynomial maps; [25], [26] and [11] on HN polynomials to certain results on VC
for A € Dy. Finally, we recall a result in [26] which says, VC over fields k of char-
acteristic p > 0, even under some conditions weaker than A-nilpotency, actually
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holds for any differential operators A of k[z] (see Proposition 3.6 and Corollary
3.5).

In subsection 3.4, we consider VC for high order differential operators with
constant coefficients. In particular, we show in Proposition 3.5 VC holds for
A = 6% (k > 1), where 0 is a derivation of A. In particular, VC holds for any
A € D (see Corollary 3.4). We also show that, when A = D?® with a € N" and
la] > 2, VC is equivalent to a conjecture, Conjecture 3.1, on Laurent polynomials.
This conjecture is very similar to a non-trivial theorem (see Theorem 3.11) first
conjectured by O. Mathieu [16] and later proved by J. Duistermaat and W. van
der Kallen [8].

In subsection 4.1, by using Rodrigues’ formulas Eq.(4.1), we show that all
classical orthogonal polynomials in one variable have the form {A™P™|m > 1}
for some P(z) in certain localizations B of A,, and A a differential operators of
B. We also show that some classical polynomials in several variables can also be
obtained from sequences of the form {A™P™ | m > 1} with a slight modification.
Some of the most classical orthogonal polynomials in one or more variables are
briefly discussed in Examples 4.1-4.4, 4.5 and 4.6. In subsection 4.2, we transform
the isotropic properties of homogeneous HN homogeneous polynomials derived
in [25] to homogeneous A-nilpotent polynomials for A € Dy[n| of full rank (see
Theorem 4.1 and Corollary 4.1).

Acknowledgment: The author is very grateful to Michiel de Bondt for shar-
ing his counterexample (see Example 2.1) with the author, and to Arno van den
Essen for inspiring personal communications. The author would also like to thank
the referee very much for many valuable suggestions to improve the first version
of the paper.

2. THE VANISHING CONJECTURE FOR THE 2ND ORDER HOMOGENEOUS
DIFFERENTIAL OPERATORS WITH CONSTANT COEFFICIENTS

In this section, we apply certain linear automorphisms and Lefschetz’s principle
to show Conjecture 1.1, hence also JC, is equivalent to VC or HVC for all
A € Dy (see Theorem 2.1). In subsection 2.1, we fix some notation and recall
some lemmas that will be needed throughout this paper. In subsection 2.2, we
prove the main results of this section, Theorem 2.1 and Proposition 2.3.

2.1. Notation and Preliminaries. Throughout this paper, unless stated other-
wise, we will keep using the notations and terminology introduced in the previous
section and also the ones fixed as below.

1. For any P(z) € A,, we denote by VP the gradient of P(z), i.e. we set
(2.1) VP(z):= (D1P, DsP, ..., D,P).

2. For any n > 1, we let SM(n,C) (resp. SGL(n,C)) denote the symmetric
complex n X n (resp. invertible) matrices.



264 WENHUA ZHAO
3. For any A = (a;5) € SM(n,C), we set

(2.2) Ap:i= ) ai;DiD; € Dan).
ij=1
Note that, for any A € Dy[n], there exists a unique A € SM(n,C) such

that A = A 4. We define the rank of A = A4 simply to be the rank of the
matrix A.

4. For any n > 1, A € Dy[n] is said to be full rank if A has rank n. The set of
full rank elements of Dy[n] will be denoted by D$[n].

5. For any r > 1, we set

(2.3) A= ET:DZ?.
i=1

Note that A, is a full rank element in Dy[r| but not in Dy[n] for any n > r.

For U € GL(n,C), we define

(2.4) Oy A, — A,
P(z) — P(U'2)

and

(2.5) Uy:D[n] —  Dln

A —><I>Uvo<I>l}1.

It is easy to see that, @y (resp. Uy) is an algebra automorphism of A,, (resp. D[n]).
Moreover, the following standard facts are also easy to check directly.

Lemma 2.1. (a) For any U = (u;;) € GL(n,C), P(z) € A, and A € D[n], we
have

(2.6) Py (AP) = Uy (A)Py(P).

(b) For any 1 <i<n and f(z) € A, we have
\IJU(DZ) = ZujiDja
j=1

Yy (f(D))= f(U'D).
In particular, for any A € SM(n,C), we have
(2.7) Uy (Aa) = Ayav-.

The following lemma will play a crucial role in our later arguments. Actually
the lemma can be stated in a stronger form (see [13], for example) which we do
not need here.
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Lemma 2.2. For any A € SM(n,C) of rank r > 0, there exists U € GL(n,C)
such that

_ Lisr O 07
(2.8) A_U<0 0>U.

Combining Lemmas 2.1 and 2.2, it is easy to see we have the following corollary.

Corollary 2.1. For any n > 1 and A,Z € Dy[n] of same rank, there exists
U € GL(n,C) such that Yy (A) =E.

2.2. The vanishing conjecture for the 2nd order homogeneous differen-
tial operators with constant coefficients. In this subsection, we show that
Conjecture 1.1, hence also JC, is actually equivalent to VC or HVC for all 2nd
order homogeneous differential operators A € Dy (see Theorem 2.1). We also
show that the Laplace operators are not the only choices in the study of VC or
JC (see Proposition 2.3 and Example 2.2).

First, let us point out that VC fails badly for differential operators with non-
constant coefficients. The following counter-example was given by M. de Bondt
[3].

Example 2.1. Let z be a free variable and A = ZE%. Let P(z) = z. Then one
can check inductively that P(z) is A-nilpotent, but AP+ £ 0 for any m > 1.

Lemma 2.3. For any A € Dn], U € GL(n,C), A € SM(n,C) and P(z) € A,,
we have

(a) P(z) is A-nilpotent iff ®y(P) is Uy (A)-nilpotent. In particular, P(z) is
A p-nilpotent iff @y (P) = P(Ut2) is Ay ayr-nilpotent.

(b) VCin] (resp. HVCn]) holds for A iff it holds for Yy (A). In particular,
VCin| (resp. HVCIn]) holds for A4 iff it holds for Ay ay-.

Proof. Note first that, for any m, k > 1, we have
Oy (AmPk> = (ByA™ ;Y By P
= (D)™ (PyP)
= [Wu (A)]"™(PuP)*.

When A = A4, by Eq. (2.7), we further have

oy (Afg ’f) = ATy (D P,

Since @y (resp. ¥yy) is an automorphism of A, (resp. D[n]), it is easy to check
directly that both (a) and (b) follow from the equations above. O

Combining the lemma above with Corollary 2.1, we immediately have the
following corollary.
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Corollary 2.2. Suppose HVCin| (resp. VC[n]) holds for a differential operator
A € Da[n] of rank r = 1. Then HVC[n] (resp. VC[n|) holds for all differential
operators = € Da[n] of rank r.

Actually we can derive much more (as follows) from the conditions in the
corollary above.

Proposition 2.1. (a) Suppose HVCin| holds for a full rank A € DS[n|. Then,
for any k < n, HVCIk| holds for all full rank E € D§[k].

(b) Suppose VCin| holds for a full rank A € D$[n]. Then, for any m > n,
VC[m]| holds for all 2 € Dy[m] of rank n.

Proof. Note first that, the cases k = n in (a) and m = n in (b) follow directly
from Corollary 2.2. So we may assume k < n in (a) and m > n in (b). Secondly,
by Corollary 2.2, it will be enough to show HVCIk| (k < n) holds for Ay for (a)
and VC[m] (m > n) holds for A, for (b).

(a) Let P € Ay a homogeneous Ag-nilpotent polynomial. We view Ay and
P as elements of Dy[n] and A, respectively. Since P does not depend on z;
(k+1<i<n), for any m,¢ > 0, we have

AP = AT PE
Hence, P is also A, -nilpotent. Since HVC[n| holds for A,, (as pointed out at

the beginning of the proof), we have AP*P™ 1 = Ampmtl — () when m >> 0.
Therefore, HVC[k] holds for A.

(b) Let K be the rational function field C(zy11,...,2,). We view A, as a
subalgebra of the polynomial algebra K|z1,..., 2,] in the standard way. Note
that the differential operator A, = Y7, D? of A,, extends canonically to a
differential operator of K|[z1,..., z,] with constant coefficients.

Since VCin] holds for A,, over the complex field (as pointed out at the begin-
ning of the proof), by Lefschetz’s principle, we know that VC|n| also holds for
A, over the field K. Therefore, for any A,-nilpotent P(z) € A,,, by viewing A,

as an element of Do (K [21, ..., 2,]) and P(z) an element of K[z1, ..., z,| (which is
still A,,-nilpotent in the new setting), we have AF P¥+1 = 0 when k >> 0. Hence
VC[m)] holds for P(z) € A,, and A,, € Dy[m)]. O

Proposition 2.2. Suppose HVC|n| holds for a differential operator A € Dsy[n]
with rank v < n. Then, for any k > r, VCIk] holds for all = € Dy]k] of rank r.

Proof. First, by Corollary 2.2, we know HVC|n| holds for A,. To show Proposi-
tion 2.2, by Proposition 2.1, (b), it will be enough to show that VC|r| holds for
A,

Let P € A, C A, be a A,-nilpotent polynomial. If P is homogeneous, there is
nothing to prove since, as pointed out above, HVC[n] holds for A,. Otherwise,
we homogenize P(z) to Pc Arr1 € Ay,. Since A, is a homogeneous differential
operator, it is easy to see that, for any m,k > 1, AmPF = 0 iff Aﬁ”ﬁk = 0.
Therefore, P € A, is also A,-nilpotent when we view A, as a differential operator
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of Ay. Since HVC|n] holds for A,, we have that A™P™+ = 0 when m >> 0.
Then, by the observation above again, we also have A" P+ = ( when m >> 0.
Therefore, VC[r] holds for A,. O

Now we are ready to prove our main result of this section.

Theorem 2.1. The following statements are equivalent to each other.

1. JC holds.

HVCin] (n > 1) hold for the Laplace operator A,,.
VCin] (n > 1) hold for the Laplace operator A,,.
HVCin] (n > 1) hold for all A € Da[n].

VCin] (n > 1) hold for all A € Dy[n].

G

Proof. First, the equivalences of (1), (2) and (3) have been established in Theorem
7.2 in [25]. While (4) = (2), (5) = (3) and (5) = (4) are trivial. Therefore, it
will be enough to show (3) = (5).

To show (3) = (5), we fix any n > 1. By Corollary 2.2, it will be enough to
show VCin| holds for A, (1 < r < n). But under the assumption of (3) (with
n = r), we know that VC|r| holds for A,. Then, by Proposition 2.1, (b), we
know VC[n] also holds for A,. O

Next, we show that, to study HVC, equivalently VC or JC, the Laplace oper-
ators are not the only choices, even though they are the best in many situations.

Proposition 2.3. Let {ni|k > 1} be a strictly increasing sequence of posi-
tive integers and {Ay, |k > 1} a sequence of differential operators in Dy with
rank (Ay,) = ng (k > 1). Suppose that, for any k > 1, HVC[Ny] holds for A,
for some N > ny. Then, the equivalent statements in Theorem 2.1 hold.

Proof. We show, under the assumption in the proposition, the statement (2) in
Theorem 2.1 holds, i.e. for any n > 1, HVCJn] (n > 1) holds for the Laplace
operator A,, € Dy[n].

For any fixed n > 1, let £ > 1 such that ngy > n. If Ny = ng, then, by
Proposition 2.1, (a), we have HVC|n| (n > 1) holds for the Laplace operator
A, € Do[n]. If N > ny, then, by Proposition 2.2, we know VC|ny| (hence also
HVC[n]) holds for A, . Since nj > n, by Proposition 2.1, (a) again, we know
HVC[n| does hold for the Laplace operator A,,. O

Example 2.2. Besides the Laplace operators, by Proposition 2.3, the following
sequences of differential operators are also among the most natural choices.

1. Let ng = k (k > 2) (or any other strictly increasing sequence of positive
integers). Let A,, be the “Laplace operator” with respect to the standard
Minkowski metric of R™. Namely, choose

k
(2.9) Ay=D}-> Dj.
=2
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2. Choose ny = 2k (k > 1) (or any other strictly increasing sequence of positive
even numbers). Let Ay be the “Laplace operator” with respect to the
standard symplectic metric on R?*, i.e. choose

k
(2.10) Ay =) DiDiw.
=1

3. We may also choose the complex Laplace operators Ay instead of the real
Laplace operator A. More precisely, we choose n = 2k for any k£ > 1 and
view the polynomial algebra of w; (1 < ¢ < 2k) over C as the polynomial
algebra C[z;, z; | 1 < < k| by setting z; = w; ++v/—1w;y, for any 1 < i < k.
Then, for any k£ > 1, we set

k 62
(2.11) Ap=Dgp=> 5o
=1

4. More generally, we may also choose Ay = A Ay, » where ni, € N and Ay, €

S M (ng, C) (not necessarily invertible) (k > 1) with strictly increasing ranks.

3. SOME PROPERTIES OF AA-NILPOTENT POLYNOMIALS

As pointed earlier in Section 1 (see page 260), for the Laplace operators A,
(n > 1), the notion A,-nilpotency coincides with the notion of Hessian nilpo-
tency. HN (Hessian nilpotent) polynomials or formal power series, their associ-
ated symmetric polynomial maps and Conjecture 1.1 have been studied in [5], [6],
[24]-[26] and [11]. In this section, we apply Corollary 2.1, Lemma 2.3 and also
Lefschetz’s principle to transform some results obtained in the references above
to certain results on A-nilpotent (A € Dy) polynomials or formal power series,
VC for A and also associated polynomial maps. Another purpose of this section
is to give a short survey on some results on HN polynomials and Conjecture 1.1
in the more general setting of A-nilpotent polynomials and VC for differential
operators A € Ds.

In subsection 3.1, we transform some results in [24] and [25] to the setting of
A-nilpotent polynomials for A € Dg[n| of full rank (see Theorems 3.1-3.3). In
subsection 3.2, we derive four criteria for A-nilpotency (A € Dg) (see Propositions
3.1, 3.2, 3.3 and 3.4). The criteria in this subsection are transformations of the
criteria of Hessian nilpotency derived in [25] and [26].

In subsection 3.3, we transform some results in [2], [22] and [23] on JC; [5]
and [6] on symmetric polynomial maps; [25], [26] and [11] on HN polynomials to
certain results on VC for A € Dy. In subsection 3.4, we consider VC for high
order differential operators with constant coefficients. We mainly focus on the
differential operators A = D? (a € N™). Surprisingly, VC for these operators is
equivalent to a conjecture (see Conjecture 3.1) on Laurent polynomials, which
is similar to a non-trivial theorem (see Theorem 3.11) first conjectured by O.
Mathieu [16] and later proved by J. Duistermaat and W. van der Kallen [8].
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3.1. Associated polynomial maps and PDEs. Once and for all in this sec-
tion, we fix any n > 1 and A € SM(n,C) of rank 1 <7 < n. We use z and D,
unlike we did before, to denote the n-tuples (z1, 22, . . ., z,) and (D1, Da, . .., Dy,),
respectively. We define a C-bilinear form (-, )4 by setting (u,v)4:= u” Av for
any u, v € C™. Note that, when A = [,,«,, the bilinear form defined above is just
the standard C-bilinear form of C", which we also denote by (-, -).

By Lemma 2.2, we may write A as in Eq. (2.8). For any P(z) € A,, we set
(3.1) P(2) = ®,'P(2) = P(Uz).
Note that, by Lemma 2.1, (b), we have \Ifl}l (Ag) = A,. By Lemma 2.3, (a),
P(z) is A 4-nilpotent iff P(z) is A,-nilpotent.
Theorem 3.1. Lett be a central parameter. For any P(z) € A,, with o(P(z)) >
2 and A € SGL(n,C), set Fa4(z):=2z—tAVP(z). Then
(a) there exists a unique Qa+(z) € C[t][[2]] such that the formal inverse map
Ga(z) of Fat(z) is given by
(3.2) Gar(z) =24+ tAVQa+(2).
(b) The Qax+(z) € C[t][[2]] in (a) is the unique formal power series solution of
the following Cauchy problem:
0Qa,
(3.3) 5(2) = 5 (VQar, VQa)a,
Qa=0(z) = P(2).

Proof. Let P as given in Eq. (3.1) and set
(3.4) Fau(z) =z — tVP(z).

By Theorem 3.6 in [24], we know the formal inverse map C~¥A7t(z) of ﬁAﬂg(Z) is
given by

(3.5) Ga(z) =24+ 1VQau(2),

where Q At(z) € C[t][[z]] is the unique formal power series solution of the following
Cauchy problem:

(36) {8@% 2) = 1 (V00 VL),
Qaj—o(z) = P(2).

From the fact that VP(z) = (UTVP)(Uz), it is easy to check that

(3.7) (D0 Fay o ®pt)(2) = 2 — tAVP(2) = Fay(2),

which is the formal inverse map of

(3.8) (B0 Gayo®pt)(2) = 2+ H{UVQa) (U L2).
Set

(3.9) Qai(2):=Qa(U™'2).
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Then we have
VQau(z) = (UT)HVQar) (U 2),
(3.10) U™VQau(z) = (VQay) (U '2),

Multiplying U to the both sides of the equation above and noticing that A = UU”
by Eq. (2.8) since A is of full rank, we get

(3.11) AVQa4(2) = (UVQa) (U 12).

Then, combining Eq.(3.8) and the equation above, we see the formal inverse
Ga(z) of Fa(z) is given by

(3.12) Gap(2) = (PyoGaro®p)(z) = 2 + tAVQau(2).
Applying &1 to Eq. (3.6) and by Egs. (3.9), (3.10), we see that Q4.(2) is the
unique formal power series solution of the Cauchy problem Eq. (3.3). O

By applying the linear automorphism ®y of C[[z]] and employing a similar
argument as in the proof of Theorem 3.1 above, we can generalize Theorems 3.1
and 3.4 in [25] to the following theorem on A 4-nilpotent (A € SGL(n, C)) formal
power series.

Theorem 3.2. Let A, P(z) and Qa.(z) be as in Theorem 3.1. We further as-
sume P(z) is Ax-nilpotent. Then,

(a) Qax(z) is the unique formal power series solution of the following Cauchy

problem:

0Qat
(313) af’ (Z) = %AAQ?&LIH

Qa=0(2) = P(z)
(b) For any k > 1, we have

75m—1
k _ m pm-+1

(3.14) Qi) = X gty MRP ).

m>

Applying the same strategy to Theorem 3.2 in [25], we get the following theo-
rem.

Theorem 3.3. Let A, P(z) and Qa+(z) be as in Theorem 3.2. For any non-zero
se€C, set

> Sk k z
Visl) = exp(su(z)) = Y S EL
k=0

Then, Vi s(z) is the unique formal power series solution of the following Cauchy
problem of the heat-like equation:

WVis 1
- (Z) =3 AA‘/t,s(z)a
(3.15) {Ut:07s(z) = exp(sP(2)).
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3.2. Some criteria of A 4-nilpotency. In this subsection, with the notation
and remarks fixed in the previous subsection in mind, we apply the linear au-
tomorphism ®; to transform some criteria of Hessian nilpotency derived in [25]
and [26] to criteria of A 4-nilpotency (A € SM(n,C)) (see the Propositions 3.1,
3.2, 3.3 and 3.4 below).

Proposition 3.1. Let A be given as in Eq.(2.8). Then, for any P(z) € Ay, it is
A g-nilpotent iff the submatriz of UT(Hes P) U consisting of the first r rows and
r columns is nilpotent.

In particular, when r = n, i.e. Ay is full rank, any P(z) € Dyln] is Aa-
nilpotent iff U™ (Hes P) U is nilpotent.

Proof. Let P(z) be as in Eq. (3.1). Then, as pointed earlier, P(z) is A 4-nilpotent
iff P(z) is A,-nilpotent.

If r = n, then by Theorem 1.1 | ﬁ(z) is A,-nilpotent iff Hes ﬁ(z) is nilpotent.
But note that in general we have

(3.16) Hes P(z) = Hes P(Uz) = U™ [(Hes P)(Uz)] U.

Therefore, Hes P(z) is nilpotent iff UT[(Hes P)(Uz)] U is nilpotent iff, with z
replaced by U1z, U[(Hes P)(2)] U is nilpotent. Hence the proposition follows
in this case.

Assume r < n. We view A, as a subalgebra of the polynomial algebra
K|z1,..., 2], where K is the rational field C(z,41,.. ., 2,). By Theorem 1.1 and

Lefschetz’s principle, we know that Pis A,-nilpotent iff the matrix ( a?jaij

> 1<i,j<r
is nilpotent.

Note that the matrix ( a?j{ij

> is the submatrix of Hes P(z) consisting
1<i,j<r

of the first r rows and r columns. By Eq.(3.16), it is also the submatrix of
UT[Hes P(Uz)| U consisting of the first » rows and r columns. Replacing z by

. . 2p
U~'%z in the submatrix above, we see ( Bi {ij

> is nilpotent iff the submatrix
I<igsr

of U™ [Hes P(z)] U consisting of the first r rows and r columns is nilpotent. Hence
the proposition follows. O

Note that, for any homogeneous quadratic polynomial P(z) = 27 Bz with B €
SM(n,C), we have Hes P(z) = 2B. Then, by Proposition 3.1, we immediately
have the following corollary.

Corollary 3.1. For any homogeneous quadratic polynomial P(z) = 2" Bz with
B € SM(n,C), it is A g-nilpotent iff the submatriz of UTBU consisting of the
first r rows and r columns is nilpotent.

Proposition 3.2. Let A be given as in Eq.(2.8). Then, for any P(z) € A, with
o(P(z)) = 2, P(z) is Aa-nilpotent iff AHP™ =0 for any 1 <m < r.
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Proof. Again, we let P(z) be as in Eq. (3.1) and note that P(z) is A 4-nilpotent
iff P(z)is A,-nilpotent.

Since r < n, we view A, as a subalgebra of the polynomial algebra K|z, ..., 2],
where K is the rational field C(zy41,...,2,). By Theorem 1.1 and Lefschetz’s
principle (if r < n), we have P(z) is A,-nilpotent iff Agnlgm =0forany 1 <m <
r. On the other hand, by Egs. (2.6) and (2.7), we have @ (Aﬁnlgm> = A P™

for any m > 1. Since @y is an automorphism of A,,, we have that, Ai”]gm = 0 for
any 1 <m < riff A'P™ =0 for any 1 < m < r. Therefore, P(z) is A 4-nilpotent
ift A P™ =0 for any 1 < m < r. Hence the proposition follows. ]

Proposition 3.3. For any A € SGL(n,C) and any homogeneous P(z) € A,, of
degree d > 2, we have, P(z) is Aa-nilpotent iff, for any 8 € C, (Bp)*2P(z) is
A-nilpotent, where Bp:= (3, D).

Proof. Let A be given as in Eq.(2.8) and Ig(z) as in Eq.(3.1). Note that,
\IJI_JI(AA) = A, (for Ay is of full rank), and P(z) is Aa-nilpotent iff P(z) is
A,-nilpotent.

Since P is also homogeneous of degree d > 2, by Theorem 1.1 in [26], we know
that, P(z) is A,-nilpotent iff, for any g € C", ﬁ%_zP is Ap-nilpotent. Note that,
from Lemma 2.1, (b), we have

Yy (Bp) = (B, U™ D)

= (Uﬁ)Dv
and
(3.17) By (352 P) = Wy (8p)120y (B) = (UG)2P.

Therefore, by Lemma 2.3, (a), ﬁ%_zP is Ap-nilpotent iff (Uﬁ)%_zP is Ag-
nilpotent since Uy (A,,) = A 4. Combining all equivalences above, we have P(z) is
A -nilpotent iff, for any g € C", (U ﬁ)%_zP is A g-nilpotent. Since U is invertible,
when [ runs over C" so does U3. Therefore the proposition follows. O

Let {e;|1 < i < n} be the standard basis of C". Applying the proposition
above to = ¢; (1 <1i < n), we have the following corollary.

Corollary 3.2. For any homogeneous A 4-nilpotent polynomial P(z) € A, of
degree d > 2, DI72P(2) (1 <i < n) are also A a-nilpotent.

We think that Proposition 3.3 and Corollary 3.2 are interesting because, due to
Corollary 3.1, it is much easier to decide whether a quadratic form is A 4-nilpotent
or not.

To state the next criterion, we need to fix the following notation.
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For any A € SGL(n,C), we let X 4(C™) be the set of isotropic vectors u € C"
with respect to the C-bilinear form (-,-)4. When A = I,,, we also denote
X 4(C™) simply by of X (C").

For any (8 € C", we set hq(2):= («, z). Then, by applying ®y to a well-known
theorem on classical harmonic polynomials, which is the following theorem for
A = IL,xn (see, for example, [12] and [21]), we have the following result on
homogeneous A 4-nilpotent polynomials.

Theorem 3.4. Let P be any homogeneous polynomial of degree d > 2 such that
A P =0. We have

k
(3.18) P(z) =Y h.(2)
=1

for some k> 1 and a; € X4(C") (1 <i< k).

Next, for any homogeneous polynomial P(z) of degree d > 2, we introduce the
following matrices:

(3.19) EP::(<aivO‘j>A)k><k J

(3.20) Qp:= <<Oéi, aj>A hi;z(z)>ka .

Then, by applying @ to Proposition 5.3 in [25] (the details will be omitted
here), we have the following criterion of A 4-nilpotency for homogeneous polyno-
mials.

Proposition 3.4. Let P(z) be as given in Eq.(3.18). Then P(z) is A z-nilpotent
iff the matriz Qp is nilpotent.

One simple remark on the criterion above is as follows.

Let B be the k x k diagonal matrix with h, (2) (1 <4 < k) as the ' diagonal
entry. For any 1 < j < k, set

(3.21) Qpj:= BEpBT27 = (), (i, aj)hi 7).
Then, by repeatedly applying the fact that, for any C, D € M(k,C), CD is

nilpotent iff so is DC, it is easy to see that Proposition 3.4 can also be re-stated
as follows.

Corollary 3.3. Let P(z) be given by Eq.(3.18) with d > 2. Then, for any 1 <
Jj<d—2andm =1, P(z) is Aa-nilpotent iff the matriz Qp,; is nilpotent.

Note that, when d is even, we may choose j = (d —2)/2. So P is A g-nilpotent
iff the symmetric matrix

(3.22) Qpia-2)2 = (hgi_z)m(ai, O‘j>Ah£f§»_2)/2)

is nilpotent.
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3.3. Some results on the vanishing conjecture of the 2nd order homo-
geneous differential operators with constants coefficients. In this sub-
section, we transform some known results of VC for the Laplace operators A,
(n > 1) to certain results on VC for Ay (A € SGL(n,C)).

First, by Wang’s theorem [22], we know that JC holds for any polynomial
maps F(z) with deg FF < 2. Hence, JC also holds for symmetric polynomials
F(z) = z — VP(z) with P(z) € C|z] of degree d < 3. By the equivalence of
JC and VC for the Laplace operators established in [25], we know VC holds if
A = A, and P(z) is a HN polynomials of degree d < 3. Then, applying the linear
automorphism ®¢;, we have the following proposition.

Theorem 3.5. For any A € SGL(n,C) and A s-nilpotent P(z) € A, (not nec-
essarily homogeneous) of degree d < 3, we have AP =0 when m >> 0, i.e.
VCin| holds for A and P(z).

Applying the classical homogeneous reduction on JC (see [2], [23]) to asso-
ciated symmetric maps, we know that, to show VC for A,, (n > 1), it will be
enough to consider only homogeneous HN polynomials of degree 4. Therefore,
by applying the linear automorphism ®y of A,,, we have the same reduction for
HVC too.

Theorem 3.6. To study HVC in general, it will be enough to consider only
homogeneous P(z) € A of degree 4.

In [5] and [6] it has been shown that JC holds for symmetric maps F(z) =
z—VP(z) (P(z) € Ay) if the number of variables n is less or equal to 4, or n = 5
and P(z) is homogeneous. By the equivalence of JC for symmetric polynomial
maps and VC for the Laplace operators established in [25], and Proposition 2.2
and Corollary 2.2, we have the following results on VC and HVC.

Theorem 3.7. (a) For any n > 1, VCIn] holds for any A € Dy of rank 1 <r <
4.

(b) HVC[5] holds for any A € Dy[5].

Note that the following vanishing properties of HN formal power series have
been proved in Theorem 6.2 in [25] for the Laplace operators A,, (n > 1). By
applying the linear automorphism ®y, one can show it also holds for any A-
nilpotent (A € Dg) formal power series.

Theorem 3.8. Let A € Dy[n] and P(z) € A,, be A-nilpotent with o(P) > 2. The
following statements are equivalent.

(1) APt =0 when m >> 0.
(2) There exists ko > 1 such that A™P™%0 = 0 when m >> 0.
(3) For any fived k > 1, A™P™* =0 when m >> 0.

By applying the linear automorphism ®¢;, one can transform Theorem 1.5 in
[11] on VC of the Laplace operators to the following result on VC of A € Ds.
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Theorem 3.9. Let A € Dy[n] and P(z) € A, be any A-nilpotent polynomial
with o(P) = 2. Then VC holds for A and P(z) iff, for any g(z) € A, we have
A™(g(z)P™) =0 when m >> 0.

In [11], the following theorem has also been proved for A = A,,. Next we show
it is also true in general.

Theorem 3.10. Let A € SGL(n,C) and P(z) € A, be a homogeneous A 4-
nilpotent polynomial with deg P > 2. Assume that o4-1(z) := 2" A7'z and
the partial derivatives g—Z (1 < i < n) have no non-zero common zeros. Then
HVC[n| holds for As and P(z).

In particular, if the projective subvariety determined by the ideal (P(z)) of Ay
is reqular, HVC[n] holds for Aa and P(z).

Proof. Let P be as given in Eq. (3.1). By Theorem 1.2 in [11], we know that,

when o9(z):= Y., 22 and the partial derivatives g—Z (1 <4 < n) have no non-

zero common zeros, HVC|n| holds for A, and P. Then, by Lemma 2.3, (b),
HVCin| also holds for A4 and P.

But, on the other hand, since U is invertible and, for any 1 < ¢ < n,
Z uﬂ U 2)

o2(z) and 3_5 (1 < i < n) have no non-zero common zeros iff o2(z) and g—Z(Uz)
(1 < i < n) have no non-zero common zeros, and iff, with z replaced by U~!z,
02(Ut2) = 04-1(2) and %(z) (1 < 7 < n) have no non-zero common zeros.

Therefore, the theorem holds. O

3.4. The vanishing conjecture for higher order differential operators
with constant coefficients. Even though the most interesting case of VC is for
A € Dy, at least when JC is concerned, the case of VC for higher order differential
operators with constant coefficients is also interesting and non-trivial. In this
subsection, we mainly discuss VC for the differential operators D* (a € N").
At the end of this subsection, we also recall a result proved in [26] which says
that, when the base field has characteristic p > 0, VC, even under a weaker
condition, actually holds for any differential operator A (not necessarily with
constant coefficients).

Let ﬁj € C" (1 < j < ¥) be linearly independent and set ¢; := (8, D). Let
A= Hj 15;“ witha; > 1 (1< j<Y0).

When £ =1, VC for A can be proved easily as follows.
Proposition 3.5. Let § € Dy[z] and A = 6% for some k > 1. Then

(a) A polynomial P(z) is A-nilpotent if (and only if) AP = 0.
(b) VC holds for A.
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Proof. Applying a change of variables, if necessary, we may assume § = D; and
A = D}

Let P(z) € C[2] such that AP(z) = D¥P(z) = 0. Let d be the degree of P(z)
in z;. From the equation above, we have k > d. Therefore, for any m > 1, we
have km > dm which implies A™P(z)™ = D¥™P™(z) = 0. Hence, we have (a).

To show (b), let P(z) be a A-nilpotent polynomial. By the same notation and
argument above, we have k£ > d. Choose a positive integer N > ﬁ. Then, for

any m > N, we have m > ﬁ, which is equivalent to (m + 1)d < km. Hence we
have A™P(z)™+ = DFmpm+l(z) = 0. O

In particular, when k£ = 1 in the proposition above, we have the following
corollary.

Corollary 3.4. VC holds for any differential operator A € Dy.

Next we consider the case £ > 2. Note that, when £ = 2 and a1 = ao = 1.
A € Dy and has rank 2. Then, by Theorem 3.7, we know VC holds for A.

Beside the case above, VC for A = ngl 5;” with ¢ > 2 seems to be non-
trivial at all. Actually, we will show below, it is equivalent to a conjecture (see
Conjecture 3.1) on Laurent polynomials.

First, by applying a change of variables, if necessary, we may (and will) assume
A = D2 with a € (NT)f. Secondly, note that, for any b € N” and h(z) € C[z],
DPh(z) = 0 iff the holomorphic part of the Laurent polynomial zPh(z) is zero.

Now we fix a P(z) € Clz] and set f(z):= z72P(z). With the observation
above, it is easy to see that, P(z) is D?*-nilpotent iff the holomorphic parts of the
Laurent polynomials f™(z) (m > 1) are all zero; and VC holds for A and P(z)
iff the holomorphic part of P(z)f"(z) is zero when m >> 0. Therefore, VC for
D? can be restated as follows:

Re-stated VC for A = D?: Let P(z) € A, and f(z) be as above. Suppose
that, for any m > 1, the holomorphic part of the Laurent polynomial f™(z) is
zero, then the holomorphic part of P(z)f™(z) equals to zero when m >> 0.

Note that the re-stated VC above is very similar to the following non-trivial
theorem which was first conjectured by O. Mathieu [16] and later proved by J.
Duistermaat and W. van der Kallen [§].

Theorem 3.11. Let f and g be Laurent polynomials in z. Assume that, for any
m > 1, the constant term of f™ is zero. Then the constant term gf™ equals zero
when m >> 0.

Note that, Mathieu’s conjecture [16] is a conjecture on all real compact Lie
groups G, which is also mainly motivated by JC. The theorem above is the
special case of Mathieu’s conjecture when G the n-dimensional real torus. For
other compact real Lie groups, Mathieu’s conjecture seems to be still wide open.
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Motivated by Theorem 3.11, the above re-stated VC for A = D? and also the
result on VC in Theorem 3.9, we would like to propose the following conjecture
on Laurent polynomials.

Conjecture 3.1. Let f and g be Laurent polynomials in z. Assume that, for
any m = 1, the holomorphic part of f™ is zero. Then the holomorphic part g f™
equals zero when m >> 0.

Note that, a positive answer to the conjecture above will imply VC for A = D?
(a € N™) by simply choosing g(z) to be P(z).

Finally let us to point out that, it is well-known that JC does not hold over
fields of finite characteristic (see [2], for example), but, by Proposition 5.3 in [26],
the situation for VC over fields of finite characteristic is dramatically different
even though it is equivalent to JC over the complex field C.

Proposition 3.6. Let k be a field of char.p > 0 and A any differential operator
of k[z]. Let f € k[[z]]. Assume that, for any 1 < m < p — 1, there exists N, > 0
such that ANm f™ = 0. Then, A f™+1 =0 when m >> 0.

From the proposition above, we immediately have the following corollary.

Corollary 3.5. Let k be a field of char.p > 0. Then
(a) VC holds for any differential operator A of k[z].

(b) If A strictly decreases the degree of polynomials, then, for any polynomial
f € k[2] (not necessarily A-nilpotent), we have A™f™ = 0 when m >> 0.

4. A REMARK ON A-NILPOTENT POLYNOMIALS AND CLASSICAL
ORTHOGONAL POLYNOMIALS

In this section, we first in subsection 4.1 consider the “formal” connection
between A-nilpotent polynomials or formal power series and classical orthog-
onal polynomials, which has been discussed in Section 1 (see page 261). We
then in subsection 4.2 transform the isotropic properties of homogeneous HN
polynomials proved in [25] to isotropic properties of homogeneous A 4-nilpotent
(A € SGL(n,C)) polynomials (see Theorem 4.1 and Corollary 4.1). Note that,
as pointed in Section 1, the isotropic results in subsection 4.2 can be understood
as some natural consequences of the connection of A-nilpotent polynomials and
classical orthogonal polynomials discussed in subsection 4.1.

4.1. Some classical orthogonal polynomials. First, let us recall the def-
inition of classical orthogonal polynomials. Note that, to be consistent with
the tradition for orthogonal polynomials, we will in this subsection use x =
(z1,22,...,xy,) instead of z = (21, 22, ..., 2,) to denote free commutative vari-
ables.

Definition 4.1. Let B be an open set of R” and w(x) a real valued function
defined over B such that w(z) > 0 for any € B and 0 < [pw(zr)dz < co. A
sequence of polynomials { f,,,(z) | m > 0} is said to be orthogonal over B if
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(a) deg fr, = m for any m > 0.
(b) [5 fm(z) fe(z)w(x) dx = 0 for any m # k.

The function w(z) is called the weight function. When the open set B C R"
and w(z) are clear in the context, we simply call the polynomials f,,(x) (m > 0)
in the definition above orthogonal polynomials. If the orthogonal polynomials
fm(z) (m > 0) also satisfy [ f2(z)w(z)dz =1 for any m > 0, we call fn, ()
(m > 0) orthonormal polynomials. Note that, in the one dimensional case w(z)
determines orthogonal polynomials over B up to multiplicative constants, i.e. if
fm(z) (m > 0) are orthogonal polynomials as in Definition 4.1, then, for any
am € R* (m > 0), ap fm (m > 0) are also orthogonal over B with respect to the
weight function w(x).

The most natural way to construct orthogonal or orthonormal sequences is:
first to list all monomials in an order such that the degrees of monomials are
non-decreasing; and then to apply Gram-Schmidt procedure to orthogonalize or
orthonormalize the sequence of monomials. But, surprisingly, most of classical
orthogonal polynomials can also be obtained by the so-called Rodrigues’ formulas.

We first consider orthogonal polynomials in one variable.

Rodrigues’ formula. Let f,,(z) (m > 0) be the orthogonal polynomials as
in Definition 4.1. Then, there exist a function g(x) defined over B and non-zero
constants ¢, € R (m > 0) such that

_dm

(4.1) fm(x) = emw(x)™ ——(w(z)g™ (z)).

dx™

Let P(z):= g(z) and A:= w(z)~! (%) w(x), where, throughout this paper any
polynomial or function appearing in a (differential) operator always means the
multiplication operator by the polynomial or function itself. Then, by Rodrigues’
formula above, we see that the orthogonal polynomials { f,,,(x) | m > 0} have the
form

(4.2) fm(x) = e A" P (),

for any m > 0.

In other words, all orthogonal polynomials in one variable, up to multiplicative
constants, has the form {A™P™ |m > 0} for a single differential operator A and
a single function P(z).

Next we consider some of the most well-known classical orthonormal polyno-
mials in one variable. For more details on these orthogonal polynomials, see [20],

1], 9.

Example 4.1. (Hermite polynomials)
2

(a) B =R and the weight function w(x) =e™".
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(b) Rodrigues’ formula:
2, d m 2
(%) (& .

(c) Differential operator A and polynomial P(z):

A= emz(%)e”ﬂ2 =4 _9g,
P(z) =1,
(d) Hermite polynomials in terms of A and P(z):
Hp(xz) = (=1)" A" P™(x).
Example 4.2. (Laguerre polynomials)
(a) B=R" and w(z) = 2% (a > —1).
(b) Rodrigues’ formula:
« 1 -, T d m(, m+a —x
Ly (x) = e (%) (2T %e").
(c) Differential operator A and polynomial P(z):
Ao =z7%"(L)(e7"2%) = L 4 (az~! - 1),
P(r) =z,

(d) Laguerre polynomials in terms of A and P(x):

Lin(x) = — A™P™ (z).
m!
Example 4.3. (Jacobi polynomials)
(a) B=(-1,1) and w(z) = (1 — )*(1 + z)?, where o, § > —1.
(b) Rodrigues’ formula:
Py = S - e ) (1 - ) )
m 2mm] dx

(c) Differential operator A and polynomial P(z):

A=(—2)"0 +m)—ﬁ(%)(1 —2)°(1 +2)°
=L a(l-a) )

and
P(z) =1— 22

(d) Laguerre polynomials in terms of A and P(x):

PB(z) = % A™P™(z).
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A very important special family of Jacobi polynomials are the Gegenbauer
polynomials which are obtained by setting o« = f = A — 1/2 for some A >
—1/2. Gegenbauer polynomials are also called ultraspherical polynomials in the
literature.

Example 4.4. (Gegenbauer polynomials)
(a) B=(—1,1) and w(z) = (1 — 2%)*~'/2, where A > —1/2.
(b) Rodrigues’ formula:

1™ d
P () — ( 1= 2122 Lymq _ 2 miA-1/2.
A = g (- - )
where, forany ce Rand k € N, (¢)y =c(c+1)---(c+k—1).
(c) Differential operator A and polynomial P(z):

d

(4.3) A=(1- :,32)1/2—/\(5)(1 _ g2
4@
dz (1—22) "’
and
P(z)=1- 22

(d) Laguerre polynomials in terms of A and P(x):

o (_1)m mpm
Pg‘@(:ﬂ)—m/\ P™(x).

Note that, for the special cases with A = 0, 1, 1/2, the Gegenbauer polynomials
P2 () are called the Chebyshev polynomial of the first kind, the second kind and
Legendre polynomials, respectively. Hence all these classical orthogonal polyno-
mials also have the form of A™P™ (m > 0) up to some scalar multiple constants
¢m with P(z) = 1 — 22 and the corresponding special forms of the differential
operator A in Eq. (4.3).

Remark 1. Actually, the Gegenbauer polynomials are more closely and directly
related with VC in some different ways. See [27] for more discussions on connec-
tions of the Gegenbauer polynomials with VC.

Next, we consider some classical orthogonal polynomials in several variables.
We will see that they can also be obtained from certain sequences of the form
{A™P™ |m > 0} in a slightly modified way. One remark is that, unlike the one-
variable case, orthogonal polynomials in several variables up to multiplicative
constants are not uniquely determined by weight functions.

The first family of classical orthogonal polynomials in several variables can
be constructed by taking Cartesian products of orthogonal polynomials in one
variable as follows.
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Suppose {fn, | m > 0} is a sequence of orthogonal polynomials in one variable,
say as given in Definition 4.1. We fix any n > 2 and set

(4.4) W (x) ::Hw(:ni),

(4.5) fm(z) :=Hfmi(:ci>,

for any x € B*"™ and m € N",

Then it is easy to see that the sequence {fm(z)|m € N"} are orthogonal
polynomials over B*™ with respect to the weight function W (z) defined above.

Note that, by applying the construction above to the classical one-variable
orthogonal polynomials discussed in the previous examples, one gets the classi-
cal multiple Hermite polynomials, multiple Laguerre polynomials, multiple Jacobi
polynomials and multiple Gegenbauer polynomials, respectively.

To see that the multi-variable orthogonal polynomials constructed above can
be obtained from a sequence of the form {A™P™(x)|m > 0}, we suppose fp,
(m > 0) have Rodrigues’ formula Eq.(4.1). Let s = (s1,...,5,) be n central
formal parameters and set

(4.6) Ag:=W(x)™? (Z 31%> W(x),
(4.7) P(x) ::Hg(:ni).

Let Vin(x) (m € N") be the coefficient of s™ in A'Sm|P|m|(:E). Then, from
Eqs. (4.1), (4.4)—(4.7), it is easy to check that, for any m € N, we have

(4.8) fun(2) = m%, Vin(),

where ¢m = [ ¢m, -
Therefore, we see that any multi-variable orthogonal polynomials constructed
as above from Cartesian products of one-variable orthogonal polynomials can also

be obtained from a single differential operator As and a single function P(x) via
the sequence {AT*P™ |m > 0}.

Remark 2. Note that, one can also take Cartesian products of different kinds
of one-variable orthogonal polynomials to create more orthogonal polynomials in
several variables. By a similar argument as above, we see that all these multi-
variable orthogonal polynomials can also be obtained similarly from a single se-
quence {AT'P™|m > 0}.

Next, we consider the following two examples of classical multi-variable orthog-
onal polynomials which are not Cartesian products of one-variable orthogonal
polynomials.
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Example 4.5. (Classical orthogonal polynomials over unit balls)
(a) Choose B to be the open unit ball B™ of R™ and the weight function

W(a) = (1= ||lz|?)~172,

where ||z]| = Y7 2? and p > 1/2.
(b) Rodrigues’ formula: For any m € N set

()™ o _—
m = 1— m|+-p /2'
Unm() 2|m|m!(#+1/2)|m| 6:1:1”1---8:::&””( l|z[]%)

Then, by Proposition 2.2.5 in [9], {Um(z) | m € N"} are orthonormal over B"
with respect to the weight function W, (x).

(c) Differential operator As and polynomial P(z): Let s = (s1,...,5,) be n
central formal parameters and set

A ::WH(:E)_I (Z 31%) Wy(x),
i=1 v
P(a):=1 — [[z]|*

Let Vin(x) (m € N™) be the coefficient of s™ in A|Sm|P|m|(:E). Then from the
Rodrigues type formula above, we have, for any m € N”,

(—1)ImI(20) )y

Um(z) = 20l m|! (40 + 1/2) m|

Vin(z).

Therefore, the classical orthonormal polynomials {Up(z) |m € N"} over B”
can be obtained from a single differential operator A; and P(x) via the sequence
{A™P™ | m > 0}.

Example 4.6. (Classical orthogonal polynomials over simplices)

(a) Choose B to be the simplex

n
T" = {z € R"| Z:EZ <1; x1,...,xy > 0}
i=1

in R™ and the weight function
(49) WH(;L') = ;U"fl . ':Ufln(l _ |$|1)Hn+1_1/2’

where k; > —1/2 (1<i<n+1)and |z); = ;.
(b) Rodrigues’ formula: For any m € N set

Hlm|

U (@) i= W)
1 n

(W)@ = Jal)™).

Then, {Um(z)|m € N"} are orthonormal over 7" with respect to the weight
function Wy (x). See Section 2.3.3 of [9] for a proof of this claim.
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(c) Differential operator A and polynomial P(x): Let s = (s1,...,8,) be n
central formal parameters and set

Let Vin(x) (m € N™) be the coefficient of s™ in A|Sm|P|m|(:E). Then from the
Rodrigues type formula in (b), we have, for any m € N",

m!
Therefore, the classical orthonormal polynomials {Um(z)|m € N} over 7™
can be obtained from a single differential operator Ay and a function P(x) via
the sequence {AT"P™ | m > 0}.

4.2. The isotropic property of A s-nilpotent polynomials. As discussed
in Section 1, the “formal” connection of A-nilpotent polynomials with classical
orthogonal polynomials predicts that A-nilpotent polynomials should be isotropic
with respect to a certain C-bilinear form of A,,. In this subsection, we show that,
for differential operators A = Ay (A € SGL(n,C)), this is indeed the case for
any homogeneous A-nilpotent polynomials (see Theorem 4.1 and Corollary 4.1).

We fix any n > 1 and let z and D denote the n-tuples (zi,...,z2,) and
(D1, Do, ..., D,), respectively. Let A € SGL(n,C) and define the C-bilinear
map

(4.10) (A A X Ap — A
(f;9) — f(AD)g(»),

Furthermore, we also define a C-bilinear form
(4.11) (v )a: Ay x A, — C
(fv g) _){fvg}A|z=07

It is straightforward to check that the C-bilinear form defined above is sym-
metric and its restriction on the subspace of homogeneous polynomials of any
fixed degree is non-singular. Note also that, for any homogeneous polynomials
fyg € A, of the same degree, we have {f,g}a = (f,9)a-

The main result of this subsection is the following theorem.
Theorem 4.1. Let A € SGL(n,C) and P(z) € A, be a homogeneous A4-
nilpotent polynomial of degree d > 3. Let IJ(P) be the ideal of A, generated
by o4-1(2) = 2TA712 and g—Z (1 < i< n). Then, for any f(z) € I(P) and
m > 0, we have

(4.12) {f, AP 4 = F(AD) AP = 0,
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Note that, by Theorem 6.3 in [25], we know that the theorem does hold when
A=1,and Ay = A,,.

Proof. Note first that, elements of A, satisfying Eq.(4.12) do form an ideal.
Therefore, it will be enough to show o 4-1(z) and g—fi (1 < i < n)satisfy Eq. (4.12).
But Eq. (4.12) for o 4-1(2) simply follows from the facts that o4-1(Az) = 2" Az
and o4-1(AD) = A4.

Secondly, by Lemma 2.2, we can write A = UU” for some U = (u;;) €
GL(n,C). Then, by Eq. (2.7), we have Uy;(A,) = Ay or U1 (A4) = A, Let
P(z2) = ®,'(P) = P(Uz). Then by Lemma 2.3, (a), P is a homogenecous A,,-
nilpotent polynomial, and by Eq. (2.6), we also have

(4.13) O (AT P = AT P
By Theorem 6.3 in [25], for any 1 < ¢ < n and m > 0, we have

opr

o-(D) (A;ﬂﬁmH) ~0

Since

we further have
- oP ~
> ki —(UD) (AZP™H) =0,
— 0z

Since U is invertible, for any 1 < i < n, we have
oP

(4.14) ——(UD) (A;ﬂﬁmH) = 0.

Combining the equation above with Eq. (4.13), we get

aP — m m

a—Zi(UD)<I>U1 (AR P™) =0,
— aP — m m

<I>U1(<I>Ua—%(UD)<I>U1) (AR P™) =0,

aP D q>—1 Aum-I-l _
(4.15) (205 (UD)2;") (AFP™) = 0.
By Lemma 2.1, (b), Eq. (4.15) and the fact that A = UUT, we get
P
%(UUTD) (AP = %(AD) (AP =0,

which is Eq. (4.12) for g—Z (I1<i<n). O
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Corollary 4.1. Let A be as in Theorem 4.1 and P(z) be a homogeneous A 4-
nilpotent polynomial of degree d > 3. Then, for any m > 1, AZLP”””'1 18 isotropic
with respect to the C-bilinear form (-,-) 4, i.e.

(4.16) (APt AT PTTL) = 0.

In particular, we have (P, P)4 = 0.

Proof. By the definition Eq. (4.11) of the C-bilinear form (-,-)4 and Theorem
4.1, it will be enough to show that P and AFP™"! (m > 1) belong to the ideal
generated by the polynomials g—Z (1 <i < n) (here we do not need to consider
the polynomial o 4-1(2)). But this statement has been proved in the proof of

Corollary 6.7 in [25]. So we refer the reader to [25] for a proof of the statement
above. O

Theorem 4.1 and Corollary 4.1 do not hold for homogeneous HN polynomials
P(z) of degree d = 2. But, by applying similar arguments as in the proof of
Theorem 4.1 above to Proposition 6.8 in [25], one can show that the following
proposition holds.

Proposition 4.1. Let A be as in Theorem 4.1 and P(z) a homogeneous A 4-
nilpotent polynomial of degree d = 2. Let J(P) the ideal of C[z] generated by
P(z) and 0 4-1(2). Then, for any f(z) € 3(P) and m > 0, we have

(4.17) {f, ARP™ '} 4 = f(AD) AL P = 0.
In particular, we still have (P, P)4 = 0.

REFERENCES

[1] Handbook of mathematical functions with formulas, graphs, and mathematical tables,
Edited by Milton Abramowitz and Irene A. Stegun. Reprint of the 1972 edition. Dover
Publications, Inc., New York, 1992.

[2] H. Bass, E. Connell, D. Wright, The Jacobian conjecture, reduction of degree and formal
ezpansion of the inverse. Bull. Amer. Math. Soc. 7, (1982), 287-330.

[3] M. de Bondt, Personal Communications.

[4] M. de Bondt and A. van den Essen, A Reduction of the Jacobian Conjecture to the Sym-
metric Case, Proc. Amer. Math. Soc. 133 (8) (2005), 2201-2205 (electronic).

[5] M. de Bondt and A. van den Essen, Nilpotent Symmetric Jacobian Matrices and the
Jacobian Conjecture, J. Pure Appl. Algebra 193 (1-3) (2004), 61-70.

[6] M. de Bondt and A. van den Essen, Nilpotent Symmetric Jacobian Matrices and the
Jacobian Conjecture II, J. Pure Appl. Algebra 196 (2-3) (2005), 135-148.

[7] T. S. Chihara, An introduction to orthogonal polynomials. Mathematics and its Applica-
tions, Vol. 13, Gordon and Breach Science Publishers, New York-London-Paris, 1978.

[8] J. J. Duistermaat and W. van der Kallen, Constant terms in powers of a Laurent polyno-
mial. Indag. Math. (N.S.) 9 (2) (1998), 221-231.

[9] C. Dunkl and Y. Xu, Orthogonal polynomials of several variables. Encyclopedia of Math-
ematics and its Applications, 81. Cambridge University Press, Cambridge, 2001.

[10] A. van den Essen, Polynomial automorphisms and the Jacobian conjecture, Progress in
Mathematics, 190. Birkhduser Verlag, Basel, 2000.

[11] A. van den Essen and W. Zhao, Two results on Hessian nilpotent polynomials, Preprint,
arXiv:0704.1690v1 [math.AG].



286

(12]
(13]
(14]

(15]

(16]

(17]

(18]

(19]

20]
(21]

(22]
23]

(24]
(25]
(26]

27]

WENHUA ZHAO

H. Henryk, Topics in classical automorphic forms, Graduate Studies in Mathematics, 17.
American Mathematical Society, Providence, RI, 1997.

L. K. Hua, On the theory of automorphic functions of a matriz level. I. Geometrical basis,
Amer. J. Math. 66 (1944), 470-488.

O. H. Keller, Ganze Gremona-Transformation, Monats. Math. Physik 47 (1) (1939), 299-
306.

T. H. Koornwinder, Two-variable analogues of the classical orthogonal polynomials, Theory
and application of special functions (Proc. Advanced Sem., Math. Res. Center, Univ.
Wisconsin, Madison, Wis., 1975), pp. 435-495. Math. Res. Center, Univ. Wisconsin, Publ.
No. 35, Academic Press, New York, 1975.

O. Mathieu, Some conjectures about invariant theory and their applications. Algébre non
commutative, groupes quantiques et invariants (Reims, 1995), 263-279, Sémin. Congr., 2,
Soc. Math. France, Paris, 1997.

G. Meng, Legendre transform, Hessian conjecture and tree formula. Appl. Math. Lett. 19
(9) (2006), 503-510.

J. A. Shohat; E. Hille and J. L. Walsh, A Bibliography on Orthogonal Polynomials. Bull.
Nat. Research Council, No. 103. National Research Council of the National Academy of
Sciences, Washington, D. C., 1940.

B. Simon, Orthogonal polynomials on the unit circle. Part 1. Classical theory. American
Mathematical Society Colloquium Publications, 54, Part 1. American Mathematical So-
ciety, Providence, RI, 2005.

G. Szegd, Orthogonal Polynomials. 4th edition. American Mathematical Society, Collo-
quium Publications, Vol. XXIII. American Mathematical Society, Providence, R.I., 1975.
M. Takeuchi, Modern spherical functions, Translations of Mathematical Monographs, 135.
American Mathematical Society, Providence, RI, 1994.

S. Wang, A Jacobian Criterion for Separability, J. Algebra 65 (1980), 453-494.

A. V. Jagzev, On a problem of O.-H. Keller, (Russian) Sibirsk. Mat. Zh. 21 (5) (1980),
141-150, 191.

W. Zhao, Inversion Problem, Legendre Transform and Inviscid Burgers’ Equation, J. Pure
Appl. Algebra, 199 (1-3) (2005), 299-317.

W. Zhao, Hessian Nilpotent Polynomials and the Jacobian Conjecture, Trans. Amer. Math.
Soc. 359 (1) (2007), 249-274 (electronic).

W. Zhao, Some Properties and Open Problems of Hessian Nilpotent Polynomials. Preprint,
arXiv:0704.1689v1 [math.CV].

W. Zhao, A Conjecture on the Laplace-Beltrami Eigenfunctions. In preparation.

DEPARTMENT OF MATHEMATICS
ILLINOIS STATE UNIVERSITY
NorMAL, IL 61790-4520

E-mail address: wzhao@ilstu.edu





