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HILBERT’S FOURTEENTH PROBLEM AND ALGEBRAIC
EXTENSIONS WITH AN APPENDIX ON ROBERTS TYPE
COUNTEREXAMPLES

SHIGERU KURODA

1. INTRODUCTION

Let k be a field, k[x] = k[x1,...,z,] the polynomial ring in n variables over
k for n € N, and k(x) the field of fractions of k[x]. Then, Hilbert’s Fourteenth
Problem asks whether the k-subalgebra L N k[x]| of k[x] is finitely generated
whenever L is a subfield of k(x) containing k. In 1950’s, Zariski [30] showed that
L N k[x] is always finitely generated if the transcendence degree trans.deg; L of
L over k is at most two, while Nagata [26] gave the first counterexample having
trans.deg;, L = 4 in case of n = 32. In 1990, Roberts [28] constructed a different
type of counterexample having trans.deg;, L = 6 when n = 7. Following Nagata
and Roberts, several new counterexamples have been constructed. Mukai [25]
and Steinberg [29] refined Nagata’s construction. Kojima-Miyanishi [12] and the
author [15] generalized Roberts’ counterexample for n > 7, while Freudenburg [9]
and Daigle-Freudenburg [1] made use of Roberts’ counterexample to obtain ones
for n = 6 and n = 5, respectively.

The author improved Roberts type construction thoroughly, and obtained sev-
eral remarkable new counterexamples. For example, the answer to Hilbert’s Four-
teenth Problem is affirmative if trans.deg; L < 2 by Zariski [30], while negative
if trans.deg;, L > 4 by Nagata [26]. It have been a great concern whether there
exists a counterexample having trans.deg;, L = 3 since 1958’s. The author [16]
settled this problem in the negative by giving counterexamples in case of n = 4.
The author [17] also gave the first counterexamples for n = 3. Due to Zariski [30],
n = 3 is the smallest possible dimension where a counterexample can exist, and
if L is a counterexample for n = 3, then k(x)/L is necessarily an algebraic ex-
tension. The counterexamples in [17] are the first counterexamples in the case
where k(x)/L is an algebraic extension.

In the present article, we survey recent results on Hilbert’s Fourteenth Prob-
lem, focusing on the case where k(x)/L is an algebraic extension. We discuss
relations between finite generation of the k-algebra L N k[x] and the structure
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of the extension k(x)/L by giving a series of quite simple counterexamples (Sec-
tion 2). We also sketch an outline of a general construction of counterexamples
(Section 3). This construction covers all the counterexamples of Roberts type.
In Appendix, we collect some other kind of Roberts type counterexamples which
involve the kernels of derivations.

To conclude this section, we remark on two important and well studied prob-
lems which are both special cases of Hilbert’s Fourteenth Problem - the problem
of finite generation of the invariant ring for a group action on k[x], and that of
the kernel of a derivation of k[x]. Hilbert originally studied the former problem,
especially in the case where the action is linear. Nagata [26] in particular settled
this original problem of Hilbert in the negative. Roberts’ counterexample [28] is
easily described as the kernel of a derivation (cf. [3]). However, k(x)/L never be
an algebraic extension if L is a counterexample in these special cases.

2. ALGEBRAIC EXTENSIONS

First, we recall an important affirmative result on Hilbert’s Fourteenth Prob-
lem.

Theorem 2.1 (Noether [27]). Let G be a finite group acting on the k-algebra
k[x]. Then, the invariant ring k[x]% is finitely generated.

An action of G on k[x]| naturally extends to that on k(x). Then, we have
k[x]¢ = k(x)® N k[x]. Hence, the theorem above is an affirmative answer to
Hilbert’s Fourteenth Problem. Furthermore, k(x)/k(x)% is an algebraic extension
if G is a finite group.

In what follows, we assume that & is of characteristic zero, and give a series of
counterexamples to Hilbert’s Fourteenth Problem in the case where k(x)/L is an
algebraic extension.

Assume that n = 3. Consider the Laurent polynomials
(2.1) fi=Q+eaD)zl ™ =0 —wa)ayl fy=ayt + s,
where d € N.
As a consequence of [19, Theorem 1.1 and Proposition 5.1], we have the fol-

lowing

Theorem 2.2. Assume that n = 3. Then, [k(x) : k(f1, f2, f3)] = d. If d > 3,
then k(x)/k(f1, f2, f3) is not a Galois extension and k(f1, f2, f3) N k[x] is not
finitely generated.

Note that k(f1, fa, f3, 72) = k(x1, 22, v3) and 2§ + flfz_lzng_l —2f;t=0.

From Theorems 2.1 and 2.2, one might expect that LNk[x] is finitely generated
whenever k(x)/L is a Galois extension, that is, L is the invariant field of a group
action on k(x). However, this is not true.

Assume that n = 4. The field k(x) is generated by

-1 6 -1 4 -3 -1
(2.2) V=2, , V2=T{Ta—T] , V3=T\T3H+T]°, U4=T4+T]
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over k(vi,ve,v3,v4) = k(x). So, we may define an action of Z/2Z = {1,0} on
k(x) by

(2.3) OVl =9, O-Uy=7uv1, O-VU3=03, O-U4=14.

Then, k(x)/k(x)%/?% is a Galois extension of degree two, and

k(%) %% = k(v1 + v2, v1v2, V3, v4)
= k(2Sxg, 27 (af2g — 27Y), wias + a7 2g + 2 h).
As a consequence of the main theorem of [20], we have the following

Theorem 2.3. The k-algebra k(x)%/?2 N k[x] is not finitely generated.
By Zariski [30] and Theorems 2.2 and 2.3, we obtain the following table.

Answers to Hilbert’s Fourteenth Problem

| | n <2 | n=23 | n=4 |
k(x): L] =2 | Affirmative ? Negative
k(x): L] >3 | Affirmative | Negative | Negative

Problem 2.1. Assume that n = 3. Let L be a subfield of k(x) containing k such
that [k(x) : L] = 2. Is the k-subalgebra L N k[x] of k[x]| finitely generated?

Note that k(x)/L is necessarily a Galois extension if [k(x) : L] = 2, while we
do not have a counterexample with [k(x) : L] = 2 when n = 3. So, one might
expect that L Nk[x] is finitely generated whenever n = 3 and k(x)/L is a Galois
extension. However, this is not true.

Assume that n = 3. Let 4; and d9 be natural numbers with d; < d such that
09 is not divisible by 41, let dy be the greatest common divisor of §; and d9, and
let € be an integer at least equal to the least common multiple of 4; and Jo. We
define Laurent polynomials by

(2.4) g1= (x5t — 129", go = (a5 + :128)2, g3 = 250 + 3.
The following result is mentioned in [19].

Theorem 2.4. The k-algebra k(g1, g2, g3) N k[x] is not finitely generated.

We claim that k(x)/k(g1, g2, g3) is a Galois extension if k£ contains a primitive
dith root ¢; of unity for i = 1,2. In fact, observe that the field k(x) is generated
by g1 := :132_1 — 2125, g2 = :132_1 + z125 and g3 over k. Define o1, 09 € Auty k(x)
by

o1(g1) = C191,01(g2) = g2, 01(g3) = g3

02(91) = g1, 02(g2) = (292, 02(93) = g3,
and let H be the subgroup of Auty k(x) generated by o1 and o2. Then, we have
k(x)" = k(g1, g0, 93). Therefore, k(x)/k(g1,go,g3) is a Galois extension. The
Galois group H is isomorphic to (Z/01Z) x (Z/§3Z). Note that the assumption
on d; and 9 implies that {1 or {» cannot be a rational number.
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Problem 2.2. Assume that n = 3 and k = Q. Let L be a subfield of k(x)
containing k such that k(x)/L is a Galois extension. Is the k-subalgebra LN k[x]
of k[x] always finitely generated?

In the cases of Theorems 2.3 and 2.4, the Galois groups are abelian. So, one
may want to ask for which finite group G does there exist L for which L N k[x]
is not finitely generated and k(x)/L is a Galois extension with Galois group
isomorphic to G. The answer is any finite group G # {1} as follows.

Since the case where G = Z/2Z is treated in Theorem 2.3, let us assume that
the number |G| of elements of G is at least three. Assume further that G is acting
faithfully and transitively on the subset {1,...,n — 1} of indices. Since G acts
on itself faithfully and transitively by left multiplication, such an action always
exists for n = |G|+ 1. On the other hand, G cannot act faithfully on {1, 2}, since
|G| > 3 by assumption. Accordingly, the assumption above implies that n > 4.
The field k(x) is generated by

2.5 ’wlz’l’L—QlL'_l, ’wi::EG:Ei—:E_l t=2,...,n—1), ’wn::En—l—:E_l
1 1 1 1

over k. We define an action of G on k(x) by

(26) oc-wi=wy;(i=1,...,n—1) and o-w,=w, foreachoeG.

Since this action is faithful, the Galois group of k(x)/k(x)% is isomorphic to G.
The following theorem is a consequence of the main result of [20].

Theorem 2.5. For the action of G on k(x) defined above, k(x)% N k[x] is not
finitely generated.

3. CONSTRUCTION OF COUNTEREXAMPLES

In this section, we sketch an outline of the construction of Roberts type coun-
terexamples. First, we illustrate the mechanism which makes a k-subalgebra R of
k[x] not to be finitely generated. Roughly speaking, there are two major factors
about it:

e IR contains a certain infinite system of polynomials;
e R does not contain certain kind of polynomials.
For instance, let us look at the k-subalgebra

(3.1) R = k[{wlad | i € Zso.j € N},
where Z>o denotes the set of nonnegative integers. It is easy to see that R is not
finitely generated. The reason is that R contains x!zs for each i € Z>q, whereas
R does not contain z} for any i € N. The next figure shows (i, j) € (Z>0)? such
that :L"Zl:E% belongs to R.

Now, consider the two conditions for a k-subalgebra R of k[x]:

(a) There exists g € k[x]| \ k such that R contains a polynomial of the form
gzl + (terms of lower degree in z,,) for each | € N.

(b) No polynomial in which the monomial 2! appears with nonzero coefficient
is contained in R for any [ € N.
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A L I I B I R contains xizs for each i € Zx

L L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] @ *+ s s s s s s 0. —

(0,0) R does not contain ¢ for any i € N ?

Proposition 3.1 (cf. [19, Lemma 2.1]). If a k-subalgebra R of k[X] satisfies the
conditions (a) and (b), then R is not finitely generated.

Next, we discuss how to construct a field L which will be a Roberts type
counterexample. Let ® : Z"™ X Z" — Q" be an injective homomorphism of groups
for m,r € Z>p, and A a k-subalgebra of the polynomial ring k[y] = k[y1, . . ., Ym]
in m variables over k. We define a k-subalgebra A® of k(x) as follows:

Let k[y*'] and k[z*!] be the Laurent polynomial rings in i, ..., ¥y, and
Z1, ..., 2 over k, respectively. We denote y® = yi'* - - - yom, 7’ = zlﬁl 2P and
xV =)' -a) for each a = (v, ..., ), B=(B1,...,0r) and ¥ = (71, .. ., Vn)-

Let k(®~'(Z")) be the field generated by y* ® z° for (a, 3) € ®~1(Z") over k.
Since ® is injective, a homomorphism ®, : k(®~1(Z")) — k(x) is defined by
®,(y* @ 2°) = x®(@h) for each (a, B) € ®~1(Z"). Then, we define

(3.2) A% = &, (A @ k[zE)]) N k(@1 (Z")).

By definition, A® is contained in the Laurent polynomial ring in z1,...,zn
over k, but is not contained in k[x] in general. The important fact is that there
exist a great many choices of A and ® for which R = A® N k[x] satisfies the
conditions (a) and (b). By Proposition 3.1, a field L is a counterexample to
Hilbert’s Fourteenth Problem if L N k[x] = A® N k[x] for such A and ®.

Proposition 3.2. Let ® : Z™ x Z" — Q" be an injective homomorphism of
groups, and A a k-subalgebra of kly]. If k(A) NklyT!] C A, then k(A®) Nk[x] =
A®Nk[x]. Here, k(R) denotes the field of fractions of R for each integral domain
R.

Proposition 3.2 is proved as follows. It suffices to show that k(A®)Nk[x] C A®.
For each f € k(A®)Nk[x], there exist g1, go € (ARyk[z])Nk(®~1(Z")) such that
®.(g1/92) = Pu(g1)/®x(g2) = f. By definition, &' (k[x]) C k[y™*'] @ k[z*].
So, g1/g2 belongs to k[y*'] @ k[zT']. Write g1/g2 = ZBGZT ag ® z°, where
ag € k[y*1] for each 3. To conclude that f € A®, it remains only to verify that ag
is in A for each 3. Suppose the contrary. Then, g = g1 — g2 > pezr(ag— alﬁ) ®z”
is a nonzero element of A ®j, k[z%!], and g}/g2 = > ez alﬁ ® z% # 0. Here,
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ap = ag if ag ¢ A, and ajy = 0 otherwise for each 8. Regard ¢1/g2, g7 and go

as Laurent polynomials in zy, ...,z over k[yT!]. By taking the leading terms

for some term ordering, we get an equality (aj; ® z%)(c® z%) = b® 27 from
the equality (g1/g2)g2 = g}, where By, 31,02 € Z" and b,c € A\ {0}. Then,
a’ﬁo = b/c. Hence, a’ﬁo belongs to k(A), and thus belongs to A by the assumption

that k(A) N k[y*'] ¢ A. This contradicts that aj, is not an element of A.
Therefore, ag is in A for each 3, thereby completing the proof.

We note that every counterexample of Roberts type has the form k(A®) for
some A and ®. Of course, we need to choose ® and A carefully so that R =
A®Nk[x] satisfies (a) and (b), but we omit the detailed discussion on this subject
here.

Finally, we list A and ® used to realize the counterexamples given in Section 2.
To construct k(f1, fa, f3), we take (m,r) = (3,0) and

A= k[(l + yl)yg_lv (1 - yl)ygv Y2 + y3]7
and define ® : Z> — Q3 by ®((ay, az, a3)) = (ar, d*a; — as, az).
To construct k(x)%/2Z, we take (m,r) = (4,0) and
A = k[y2,y1(y2 — 1), ys + U5, ya + 1],
and define ® : Z* — Q* by ®((a1, a2, a3, 4)) = (—aq + 6ag + 4az, as, az, ay).
To construct k(g1, g2, g3), we take (m,r) = (3,0) and
A= E[(y2 — y1)™, (g2 + y1)%, 45 + ),
and define ® : Z3 — Q3 by ®((a1, as, a3)) = (a1, €1 — a9, a3).

To construct k(x)%, we take m =n, r =0 and A = k[w}, ..., w!, {]%[yn +v1].
Here, w] = (n—2)y; and w, = y; —y; for i = 2,...,n— 1, and the action of G on
klw),...,w!_4]is defined by o - w} = w/ , for each i. We define ® : Z" — Q" by

O((ag,...,an)) =(—a1 +6(ag+ag+ -+ ap-1),q2,0a3,...,05) .

11

We note that, in the cases of the counterexamples of Roberts [28], Freuden-
burg [9], and Daigle-Freudenburg [1], we take (m,r) to be (4, 3), (4,2) and (4, 1),
respectively.

4. APPENDIX

In this appendix, we collect some typical counterexamples of Roberts type
which are obtained as the kernels of derivations.

Let R be a commutative k-domain. A k-linear map D : R — R is called a
derivation if D(fg) = D(f)g+ fD(g) for each f,g € R. Then, the kernel
R” = {f € R| D(f) =0}

of D becomes a k-subalgebra of R. Note that D extends naturally to a derivation
of the field K of fractions of R, and R” = K N R by definition. Therefore,
the problem of finite generation of k[x]? is a special case of Hilbert’s Fourteenth
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Problem if D is a derivation of k[x]|. Since k is of characteristic zero, we get
trans.degy, k(x)? < trans.deg, k(x) = n if D # 0. Consequently, k[x]” is always
finitely generated if n < 3 by Zariski [30]. On the other hand, there exists D such
that k[x]” is not finitely generated if n = 4. For instance, consider a derivation
of k[x] defined by

D(z1) = tzyait + togabt™ + (1 - )2
D(z2) = tzoat™ + twoaht + (1 — )™
D(z3) = tzzabt™ + twzat™ + (1 — )2
D(x4) = zhas,

where t € Z>. Then, we have the following

Theorem 4.1 (cf. [18]). Assume that n = 4. Then, the kernel of the derivation
D defined as in (4.1) is not finitely generated if t > 3.

A derivation D of k[x] is said to be locally nilpotent if, for each f € k[x], there
exists I € N such that D!(f) = 0. We say that D is triangular if D(z;) belongs to
k[z1,...,z;_1] fori =1,...,n, and that D is nice if D?(z;) =0fori=1,...,n.
A triangular derivation and a nice derivation are both locally nilpotent.

It is known that k[x]” is always finitely generated if D is a locally nilpotent
derivation of k[x] such that D(f) = 1 for some f € k[x] (see for example [6,
Corollary 1.3.23]). Van den Essen [4, Conjecture 6.12] conjectured that there
exists a derivation D of k[x] with D(f) = 1 for some f € k[x] such that k[x]” is
not finitely generated in case D is not locally nilpotent.

This conjecture was solved in the affirmative by the author.

Theorem 4.2 ([23]). Assume that n > 5 andt > 3. Let D be the extension of
the derivation D defined as in (4.1) obtained by setting D(x5) =1 and D(z;) =0
fori=6,...,n. Then, k[x]P is not finitely generated.

We note that the derivation D defined as in (4.1) is not locally nilpotent. The
following problem remains unsettled.

Problem 4.1. Assume that n = 4. Is k[x]P finitely generated whenever D is a
locally nilpotent derivation of k[x]?

Daigle-Freudenburg [1] gave a triangular derivation whose kernel is not finitely
generated in case of n = 5, while Daigle-Freudenburg [2] showed that the kernel
of a triangular derivation is always finitely generated if n = 4 (see also [24]). It
is known that a triangular derivation D of k[x] necessarily satisfies the following
condition if n > 2:

(f) There exists f1,..., fn € k[x] with D(f1) = 0 such that k[f, fo,..., fn] =
k[x] .

In case n > 2, it is difficult to construct a locally nilpotent derivation of k[x] not
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satisfying (). The first example of such a locally nilpotent derivation was given
by Freudenburg [8] as follows (see also [7], [10]).

Recall that, for each (n — 1)-tuple g = (g2,...,9,) of elements of k[x], a
derivation Ag of k(x| is defined by Ag(f) = J(f,g2,...,9n) for each f € k[x].
Here, J(hi, ..., h,) denotes the determinant of the n by n matrix (Oh;/0x;); ;
for hy, ..., h, € k[x].

Theorem 4.3 (Freudenburg [8]). Assume that n = 3. The derivation Ap,q) of
k[x] is locally nilpotent and does not satisfy (1) for F = xiz3 + 23 and G =
x3F? + 2ZE%ZE2F — :n‘rl’

Using A(r,g) above, we define a derivation D of k[x] for each n > 5 by
(4.1)

D(x;) = FG°A(pg(x) (i =1,2,3), D(z4) = F?2{’RS, D(x5) = G°z1RS
and D(z;) = FG32? R (i =6,...,n), where R = 23— Fxy and S = Fx3+2z}1,.

Then, we have the following
Theorem 4.4 (cf. [22, Theorem 1.1]). Assume that n > 5. Then, the derivation

D of k[x] defined as above is locally nilpotent and does not satisfy (1). The kernel
k[x]P is not finitely generated.

On what follows, we consider derivations of the polynomial ring

k‘[X, y] = k[$17 - Tmy Y1, - - 7yn]
in m + n variables over k for m,n € Zxg satisfying D(z;) = 0 for each .

We say that D is elementary if D(y;) belongs to k[x1,...,zy] fori=1,...,n.
It is easy to see that an elementary derivation is nice, and hence locally nilpotent.
Van den Essen-Janssen [5] showed that k[x,y]” is finitely generated if m < 2 or
n < 2 in case D is elementary. Khoury [13] showed that k[x,y]” is finitely
generated if n = 3, D is elementary and D(y;) is a monomial for each i.

Assume that n = m + 1 and ¢t € Z3y. Kojima-Miyanishi [12] studied the
elementary derivation Dy, of k[x,y] defined by
(4.2) D(y;)) = at™ for i=1,....m and D(y,) = (v1---2m)".

Theorem 4.5 (Kojima-Miyanishi [12]). If m > 3 and t > 2, then the kernel of
Dy, is not finitely generated.

Roberts’ counterexample [28] is obtained as the special case where m = 3.

If t = 0, then Dy (y,) = 1, and so k[x,y]P#™ is finitely generated for any
m > 0 as mentioned. If m < 2, then k[x, y]”*m is finitely generated for any ¢ > 0
due to van den Essen-Janssen [5] or Khoury [13]. Kurano [14] showed that the
kernel of D1 3 is generated by twelve elements. Finally, we showed the following

Theorem 4.6 ([15, Corollary 1.5]). If m >4, t > 1 or m = 3, t > 2, then the
kernel of Dy, is not finitely generated.

Thereby, finite generation of k[x, y]Pt™ was completely determined.
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Finite generation of k[x, y]Ptm

| | m < 2 | m=3 | m >4 |

=1 | Finitely generated | Finitely generated | Not finitely generated
t > 2 | Finitely generated | Not finitely generated | Not finitely generated

Next, we consider the elementary derivation of k[x,y] defined by D(y;) = x%
fori =1,...,n, where 6; € (Z>p)™ for each i. Let €; ; be the ith component of
0; — 0, for each i and j.

In the notation above, we have the following

Theorem 4.7 ([15, Theorem 1.4]). Assume that m > 3, n = 4 and eéj > 0 for
each 1 <i<3,1<j<4withi#j. If

1 2 3
€14 €24 €3,4 <1

(4.3) . . .
mm{eiz,eig} mm{e%’g,e%’l} mm{egl,egz}\’

then k[x,y]P is not finitely generated.

The following conjecture remains unsolved.

Conjecture 4.1 ([15, Conjecture 4.8]). Assume that m =3, n =4, and eij >0
for any i # j. If the inequality (4.3) is not satisfied, then k[x,y|P is finitely
generated.

In case of (m,n) = (4,2), the kernel of an elementary derivation is always
finitely generated as mentioned, while Freudenburg [11] gave a nice derivation
of k[x,y]| whose kernel is not finitely generated. We generalize the derivation of
Freudenburg as follows.

For nonnegative integers u, v and «;, G;, w; for i =1, 2, set
P=a3?y; — a2ty Qu=allys — P, Qo =afPys — POt
We define a derivation D of k[x,y] for (m,n) = (2,4) by D(z;) =0 for i = 1,2,
and
(4.4) D(y;)) =z fori=1,2, D(yz) = P""', D(y) = :EflanQP”Qﬁ”lQ;”z.
Then, it is readily verified that D(P) = 0 and D(Q;) = 0 for ¢ = 1,2. This
implies that D(y;)? = 0 for each i, and hence D is a nice derivation.

Theorem 4.8 (cf. [21]). Assume that (m,n) = (2,4). Then, the kernel of the
derivation D defined as in (4.4) is not finitely generated if o; > 1, f; > 1 and
w; 20 fori=1,2, and

Br | Be

0<v<uy and —+ —=<1.
(05} (6 %)
The nice derivation of Freudenburg [11] is the special case where a; =t + 1,
Gi =t w; =0 fori=1,2and u = v =t with ¢ > 2. At present, it is
not known whether the kernel of a nice derivation of k[x,y]| is always finitely
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generated if (m,n) = (1,4). On the other hand, Daigle-Freudenburg [1] gave a
triangular derivation whose kernel is not finitely generated when (m,n) = (1,4).
We generalize it as follows.

Let t; be a nonnegative integers for ¢ = 1,2, 3,4. We define a derivation D of
k[x,y] for (m,n) = (1,4) by D(z1) =0, and

(4.5) D(p) =2, D(y2) =3Py, D(ys) = 2%y, D(ya) = .

Theorem 4.9 (cf. [21]). Assume that (m,n) = (1,4) and D is the derivation
of k[x,y| defined as in (4.5). If t4 < t1 and 4ty + to + max{ts, t3} < 6ty4, then
k[x,y]P is not finitely generated.

The triangular derivation of Daigle-Freudenburg [1] is the special case where
th=t+1,ty =t3=0and t4, =t with ¢t > 2.

The following conjecture also remains unsolved.

Conjecture 4.2. Assume that (m,n) = (1,4) and D is a derivation of k[x,y]
defined as in (4.5). If ty < t; and 4ty + to + max{to, t3} > 6ty, then k[x,y]" is
finitely generated.
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