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CONDITIONAL MARTINGALES

DARIUSZ MAJEREK AND WIESLAW ZIEBA

ABSTRACT. In this paper we would like to present a concept of conditional
martingales given o-field F, which is a natural generalization of martingales.
Based on F-independence, we are able to show that there exist conditional
martingales, which are not martingales in pure sense. In the first part of the
paper we will show different types of conditional convergence and relations
between them. This article is intended to give a generalization of the the-
orem about almost sure convergence of martingales and some properties of
conditional martingales.

1. DEFINITIONS AND EXAMPLES

Let (2, A, P) be a probability space, {F,}°2; a nondecreasing family of o-fields
and F C F1 a o-field. Then the following definition of conditional supermartin-
gale (martingale) can be introduced:

Definition 1.1. Let {X,,}°°, be an adapted sequence with respect to {F,,}5° ;.
Then we say that the sequence {X,,}7°, is a conditional supermartingale with
respect to o-field F if it fulfills the following conditions:

(1) EF|X,| <o as.

(2 E" X1 < X, as.
This sequence is a conditional martingale given o-field F if we have equality in
(2)-

Now we introduce a concept of conditional independence [2].

Definition 1.2. We say that Ay, Ao, ..., A, are F-independent if

k k
A A T -1
1<k<n 1< <o <-<ixg<n =1 s=1

In case F = (0,Q) we obtain independence. Note that if F = A, then any
events are F- independent.

A sequence of families G1,Go,...,G, where G, C A is F-independent if any
sequence of events A1, As, ..., A, where A; € G;,i=1,2,...,nis F-independent.
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Let X : Q — R be a random variable. Then Ax denotes the o-field generated
by the random variable X. It is obvious that Ax = X ~!(B) where B denotes a
Borel o-field on real. We say that Ax is the o-field generated by X.

The random variables X1, Xo,..., X,, are F-independent if o-fields Ay, , Ax,,
..., Ax, are F-independent.

In the next part of this paper we shall need the following lemma.

Lemma 1.1. Let F,G be o-fields fulfilling the following condition F C G and let
o(X) and G be F-independent, then

E°X =E7X as.
Proof. Let us assume that the lemma is not true. Let
D={w:E9X #E7X}
such that P(D) > 0 and D € G. Let
Dy =weQ:E7X >E9X],

Dy =[weQ:EFX <EYX].
Then D1, Dy € G, D1 U Dy = D and

/EngP</ E7 XdP| Vv
Dy Dy

/ EngP>/ E7 XdP|,
Doy Dy

SO
/ E” XdP = E[Ip,E” X] = E[E” Ip,E” X]
Dy
=E[Ip,X]= | XdP= / EYXdP,
D Dy
which contradicts the assumption. [l

We present two types of conditional convergence in distribution.

Definition 1.3. The random variables X and Y have the same conditional dis-
tribution if

/\ E]:I[Xga] = E}—I[yga} a.s.
a€eR

Let (r, be the set of continuity of a distribution function Flx.

Definition 1.4 ([5]). A sequence {X,}>2, of random variables is conditionally
convergent in distribution to some X if

/\ E]:I[Xn<:c] % E}—I[X<x], n — oQ.

zECFy
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F
We denote this convergence by X, DL x , n— oo, and call it the conditional
strong convergence in distribution.

Now we introduce conditional weak convergence in distribution as follows.

Definition 1.5. A sequence {X,,}>%; of random variables is conditionally weak
convergent in distribution to some X if

P
N B Ix,cq — B Iixcn.

TECFy

F
This convergence is denoted by X, WD x , T — 00.

F F

It is easy to see that if X, D% X then X, “2 X. Moreover, if F = {0, Q} then
conditional weak convergence in distribution means convergence in distribution
because

/\ lim FXn(az) = EI[Xn<w} — EI[X<w} = FX(QS)

n—»00
TECF

Theorem 1.1. [6]
X, X = N\ P(Xn<a]AX <a]) =0, n— oo

TECE
Therefore we can claim:

Theorem 1.2. If /\ Iix, <a) x, Iix <z, n— oo, then Xy, I x.

TECFy
Proof. 1t is obvious that
Ix,<a)nix<a)) = U[xp<a] — {x<a)l-

By the convergence

P
/\ Iix, <o) — Ix<a)y n —> 0
TECFy

we have
I(x, <z)]a[x <2)) o0,
which means that
P ([X, < z]A[X < z]) = 0, n — oc.
By Theorem 1.1 the assertion is proved. O
From the above theorem we can say that if 7 = A then

x, "2 x e x, B x.

WDY WD7
Theorem 1.3. If F C G and X,, — X, n — oo, then X, — X, n — oc.
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Proof. Let us assume that X, W—D‘f X, n — oco. Then
|E]:I[Xn<:c] - E]:I[X<z}| = |E]:(I[Xn<:c] - I[X<az])| =
[ETEY (I, <a) — Iix<a))| —= 0, n — oo.
O
This relation points out that there exists a continuous link between weak con-

vergence and convergence in probability. If we consider conditional weak conver-
gence in distribution, then a similar statement holds.

g
Theorem 1.4 ([5]). If F C G and X, D% X, n— oo, then X, b7 X, n— 0.
Hence, if F = {),Q} then the following conditions are equivalent:

(i) X, 25 X,
Q) X, V2 x,
(iil) X, —> X.

To show the reason of introducing conditional martingales, we present some
examples.

Example 1. Let us consider an experiment relying on tossing coins n-times. We
have at our disposal two coins of types A and B. Let p, and p; are probabilities
of heads for the coin of type A and B respectively.

It is easy to see that a sequence {4,,}°2, where A; denote "head in i-th toss”,
is not independent, but it is conditionally independent with respect to events C'p
and C, where Cp denotes that "coin A is selected”. Therefore events {A,}52,
are conditionally independent given o-field F = o(Cp).

Let us assume that
X, =14, —EF 14, =14, —Pr(A,),

and
Sp=X1+Xo+ -+ Xp.
Then obviously

E7|S,| <o ,n€N.

Choose F,, = o(X1,X2,...,X,) and note that F C F; C F2 C ... Then by
conditional independence we have

E" X, =B [I,, ., —EF" ]y
So we have
E’" S, =E"[S, + X1 =B S, + EP" X, ;1 = S, as.

Hence {S,}22, is conditional martingale given o-field F. It is clear that

_ wF Fn _
I we) =B T4, —EIy, ., =0 as.

E|S,| <00 ,neN.
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So {Sn}52, is also martingale in pure sense.

Example 2. Similarly to the previous example we choose a sequence of events
{An}22, and o-field F. Let

Xp=1I4a, +E Iy =14, + P£(A])
and
Sn=X1-X9...X,.
Obviously EZ|S,| < oo for all n € N. Similarly to the previous example we
choose a sequence of o-fields F,,.

Then by conditional independence, we have
E™[Spt1] = E™[S, Xni1] = Sn[E7 14, + B 14 ]
= SpE”[Ia, +EF 14 ] = S,

Therefore, this sequence is conditional martingale and martingale, like in the
previous example, because

E|Sp| < o0, meN.

Example 3. Let us consider an experiment relying on tossing coins n-times.
We have at our disposal countably many coins of types {B,};2;. Let p; be
probabilities of heads for the coin of type B;. Moreover, p; is the probability of
choosing coin of type B;. Let us assume that p; = 2% and pj = %, 1=1,2,....
It is easy to see [2] that the sequence {A4,}72, where A; denote "head in i-
th toss”, is not independent, but it is conditionally independent with respect to

events { By, }2° ;. Putting F = o(Bj, By, ...), we have

Pr(Ai,.. ., Ay) =Y Ig,P(Ai,..., Ay |Bn)
n=1

= i (IBn ﬁ P(Ai|Bn))

n=1 =11
0o ik i 0O

=> [ PilBu)Is, = [] D Is.P(AilBn)
n=11i=1i1 1=11 n=1

= [ Pr(4).

i=iy
Hence {A,}5°; is F-independent but is not independent.

Let us assume that

X, =14, —EF 14, =14, —Pr(A),

(o @]
Y(w)=) 2"Ip,
n=1
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and
S,=X1+Xo+---+ X,.

It is clear that E¥|S,| < oo as. for all n € N, Y is F-measurable
and EF|Y| < 0o a.s., but

E[Y| = EY =) E(Y[Bn)P(B,) = 2"E(|Is,||B.)P(Bn)

n=1 n=1
(o]
= ) 2"P(B,) = .
n=1

If we choose F,, similarly as in Example 1, then
E7n (S +Y]=E[S, + X, 1 +Y] =S, +Y as.

AsEF[S,+Y| < oo a.s. foralln € N, the sequence {5, + Y }>, fulfills conditions
(1.1),(??) in Definition 1.1 and it is conditional martingale.

On the other hand, E[S, + Y| > ES,, + EY = oo, hence {S, + Y}, is not
martingale in pure sense.

Example 4. Let {X,,}72, be a sequence of F-independent random variables
with the same conditional distribution such that EX X = n < oo a.s. Then the
sequence {S,, —nn; F,}°2, is conditional martingale because
E7|S, —nn| <ET|S,| + E |nn| < 2np < 0o as.
and
E7"[Spi1 — (n+ 1) = S, +E™" X, —E™[(n+ 1)) =
Sy +EF X1 — (n+1)n =8, —nn.

2. ALMOST SURE CONVERGENCE OF CONDITIONAL MARTINGALES

We are going to prove a generalization of Doob’s theorem. But first let us give
the following theorem.

Theorem 2.1. Let {X,,}5°, be a conditional supermartingale given F and let
71 < T are bounded stopping times, then (XTn,]-"Tn)fL:1 is conditional super-
martingale given F.

To prove this theorem we use a similar method as in the classical case.

Theorem 2.2 (Onalmost sure convergence of conditional supermartingale). Let
{Xn}22, be a conditional supermartingale given o-field F and let sup,, E¥ | X,,| <
00 a.s., then the sequence {X,}°2 is convergent to some random variable X
such that EF X < oo a.s.

In the proof of this theorem we use a well-known fact concerning sequences:
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Lemma 2.1. The sequence {x,}5°, is convergent (possibly to infinity limit),
iff Ufl’ < oo for all pairs of rational numbers a,b, where Ufl’ is the number of
upcrossing of (a,b) by the sequence {x,}>2, defined by
b sup{k > 1: 711 < 00}, T < 00;

@ 07 T = o0,
where

70 = inf{n: x, < a}
7 = inf{n:n > 79,2, > b}

Tor, = inf{n :n > w1, 2, < a}
Tokp+1 = inf{n : n > ok, ©, > b}.
To prove Theorem 2.2 we need also the following lemma.

Lemma 2.2. Let {X,,}>2, be a conditional supermartingale given o-field F, then
for a < b we have
1
E7U%[m] < b—Ef (X —a)”  a.s.
—a

where Ul[m] denotes the number of upcrossing of (a,b) by the sequence X1, Xo,
.., Xm and it is random variable.

The proof of this lemma is similar to the classical case.
Now, let us go back to the proof of Theorem 2.2.

Proof. Note that U?[m]  U? while m — co. By Lemma 2.2 we obtain

1

E7Um] < b_aEf(Xm —a)”
1 |1 Xm| — Xm  la| —a
< E”
b—a ( 2 + 2
< b_a(supEf|Xn| +at)<oo as.

Then for each a < b
EFU < > as.,

which means that U? is finite almost sure for all a,b. Thus, by Lemma 2.1 the
sequence {X,,}>2, is almost sure convergent.

It is sufficient to prove that the limit is finite. By the conditional version of
Fatou lemma [3] we have

E” (liminf | X,,|) < liminf E¥|X,,| < 0o a.s.
n—oo n—oo

Therefore, lim, o, X, is almost sure finite and it has almost sure finite condi-
tional expectation given o-field F, which completes the proof. O
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3. PROPERTIES OF CONDITIONAL MARTINGALES

Theorem 3.1. (a) If a sequence {X,}°2, is a conditional martingale, and a
function ¢ : R — R is convex and such that ¢(X,) € L} 7 n € N, then the
sequence {$(Xy) o2 is a conditional submartingale.

(b) If a sequence {X,,}>2 is conditional submartingale, a function ¢ : R — R is
convez, nondecreasing and ¢(X,) € L, n € N, then the sequence {¢(X,)}22,
1s still a conditional submartingale.

Proof. Let ¢ : R — R be a function fulfilling assumptions of Theorem 3.1(a).

Additionally, let us assume that the sequence {X,,}°°; is conditional martingale.
Then, by the Jensen’s inequality,
(3'1) E7n [¢( n+1] ¢[ anJrl] = d)(Xn)

holds, which completes the proof of a).

Similarly, as before, we assume that the function ¢ : R — R fulfills the assump-
tion of Theorem 3.1(b). Additionally, it is assumed that the sequence {X,,}°;
is a conditional submartingale. Then we change equality by inequality in (3.1),
which completes the proof of b). [l

Theorem 3.2 (Maximal inequalities). Let {X,}2°; and {Y,}5°, be a condi-
tional submartingale and a conditional supermartingale respectively. Fix A > 0
as F-measurable random variable, then we get the following inequalities

(3.2) AP {glgx X, > A} < B X Ty xo] < B
(3.3) AP £ {Iknglg X < —)\} < B (X Tjming e, x,5-]) — B Xo
<ET X" - ET X,
(3.4) AP £ {Izlgzc Y, > A} <ETY, - Ef[YnI[maxkgn Vi<l
<EY, -E7Y,,
(3.5) AP £ {Iggng < —)\} < B Valming, ve<-n] < E7Y,,

Proof. We define stopping times o = inf{k < n : Y3, < —A}, where 0 = n if
ming<, Yy > —X and 7 = inf{k < n: Y, > A}, where 7 = n if maxp<, Y < A
To prove the inequality (3.4) we use Theorem 2.1.

EfY, > E’Y, = E7 {YTI[mangn Yk>)\]i| +EF [YTI[maxkgnYk<)\}i|

f
> APr {I]?éiXYk = A} +E [Ynf[maxk@ Yk<>\}]

<n

which completes the proof of (3.4) because the last part of it is a consequence of
Y~ <Y,
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The proof of (3.5) is also based on Theorem 2.1.

E]:Yn < E]:YU = E]: [YUI[minkgn Ykg—)\]} + E]: [YUI[minkgn Yk>—)\]}
: F
< —APr {1&12 Y < —A} +E [YnI[minkgn Yk>—>\]} ;
where the last part of (3.5) is obvious.

To prove (3.2), (3.3) it should be noted that X, = —Y,, is a conditional sub-
martingale and by (3.4), (3.5) we obtain

_ : F
AP £ {I;lngk > A} = APr {IlggnYk < —A} <-E [Ynf[mink@ Ykg—A}]

N IN

F F
<EF X,
which competes the proof of (3.2).
Similarly we proceed in the proof of inequality (3.3)

APx {inglgxk < _>\} = APr {rlglg:’L(Yk Z )\} < E}—Yb - E}—[Ynl[maxkgn Yk<)\”
= —FE" X0+ E7 [Xo L, o, xo>-x] < B X —E7 X,

O

A natural consequence of the above theorem is the following corollary.

Corollary 3.3. Let {X,,}72, and {Y,} 2, be a conditional submartingale and
a supermartingale respectively. Moreover, let A > 0 be an F-measurable random
variable, then

(3.6) AP {maX|Xk| > )\} < 3maxE7|X,,
k<n k<n

3.7 AP Y| >AF < 3 E7Y,|.

(3.7) f{rlggfl i } max Y|

Proof. The proof of (3.7) is based on (3.4) and (3.2). Note that Y, = (=Y,)" is
a conditional submartingale. Thus,

Pf{?gxng} < P]:{maXY+ )\}+P_7:{maXY )\}

X

= Pf{maxYk )x}—i- {maxY A}

< E7Y, +2E7Y, < 3E7)Y,).
If we assume that X,, = —Y,, and use (3.7), then (3.6) holds. O

In the next example we want to present applications of maximal inequalities
in conditional version.
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Example 5. Let {X,}°°; and ¢ fulfill the assumptions of Theorem 3.1(a). Then
the sequence {¢(X,,)}5°; is a conditional submartingale, so it fulfills the assump-

tions of Theorem 3.2. In the particular case, when ¢(t) = |t|, by (3.2) it is evident
that

AP r {maX|Xk| > A} < E7| X,
k<n

Ifop(t) =t> and Xy = Uy +---+ Uy, k=1,2,...,n, where U; are F-independent
random variables such that EXU; = 0 and aszi < 00, then the conditional
version of Kolmogorov’s inequality [3]

1 pFp
Pf{%?é('Xk' ? A} < ﬁkzlE Uk
holds.
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