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ON SOME GENERALIZED VECTOR EQUILIBRIUM
PROBLEMS WITH SET-VALUED MAPS

LE ANH TUAN AND PHAM HUU SACH

ABSTRACT. In this paper we consider the generalized vector equilibrium prob-

lem (P,) of finding a point (z0,z0) € F x K such that xo € A(zo, o) and
VW € A<Z07 370)7 EERS B<Z07 Zo, 77)7 (F<Z7 Zo, n)a C<Z7 Zo, 71)) € q,

where « is an arbitrary relation on 2¥, and A, B,C and F are set-valued

maps between finite-dimensional spaces. Existence results are obtained under

assumptions different from those of [17]. Some special cases of Problem (P,)
are discussed in detail.

1. INTRODUCTION

Let X,Y and Z be topological vector spaces. Let K C X and E C Z be non-
empty subsets. Let B: K — 2P C: K — 2Y and F: E x K x K — 2¥ be
set-valued maps with nonempty values. Under suitable assumptions existence re-
sults are obtained in [7] for the following generalized vector equilibrium problem:
find a point zg € K such that

(1.1) Vn e K,3Jv € B(xo), F(v,x0,n) ¢ C(zo).

These results are extensions of those given in [1] and [10]. A generalized version
of the above problem is studied in [17]. More precisely, the following Problem
(P,) is considered in [17]:

Problem (P,) : Find a point (29, 29) € E x K such that z¢ € A(zp,zo) and
for each n € A(zo, o),

(12) Jv € B(ZOaann)a (F(U#UO,??),C(U,@“O,U)) ca

where « is an arbitrary relation on 2¥ (i.e., a subset of 2¥ x2Y); A : ExK — 2K,
B:ExKxK —2 C:ExKxK —2Yand F: Ex K x K — 2V are
set-valued maps with nonempty values.

Obviously, the generalized vector equilibrium problem mentioned above in [7]
is a special case of (P,) with A(z,z) = K, B(z,z,n) = B(z), C(z,z,n) = C(x)
and a = {(a,b) € 2¥ x 2¥ :a ¢ b}.

Received May 18, 2005; in revised form February 7, 2007.
Key words and phrases. Generalized vector equilibrium problem, set-valued map, upper and
lower semicontinuity, generalized convexity.



16 LE ANH TUAN AND PHAM HUU SACH

Existence results for solutions of (P,) are given in [17], with the help of a
fixed point theorem of [16]. In this paper, assuming that all spaces are finite-
dimensional, we prove that such results can be obtained under assumptions dif-
ferent from those of [17]. For a detailed comparison, see Remark 3 of Section
3. Our main result is established in Theorem 3.1 of Section 3, with the help of
a theorem of existence of continuous selections of [14] and the known Brouwer
fixed point theorem. Section 4 is devoted to special cases of Problem (P,) where
B does not depend on z and 7, and « is one of the following relations

a1 = {(a,b) €2Y x2Y¥ :a ¢ b},
s = {(a,b) € 2¥ x 2¥ : a C b},
as = {(a,b) € 2¥ x2¥ :anb +#0},
ag ={(a,b) €2¥Y x2¥ :anb=0}

(0 being the empty set).

A comparison of the results of Section 4 and those given in [7] can be found in
Remark 12 of Section 4. The reader who is interested in generalizations of vector
equilibrium problems different from those considered in this paper is referred to
[22, 23] and references therein.

We conclude this introduction by showing a motivation for considering our
general model (Problem (FP,)). Namely, this model provides a unified approach
to several vector equilibrium problems with set-valued maps. More precisely, the
problems which are investigated in [2, 6, 7, 8, 11, 15, 18] can be interpreted as
special cases of our general model with different relations ov. We now discuss in
more detail how some different quasivariational inclusion problems which appear
recently in [19] can reduce to Problem (P,). The first of them is called the upper
quasivariational inclusion problem (shortly, (UQVIP)) which is formulated as
follows: given topological vector spaces Y, X; (i = 1,2), a convex cone C C Y,
nonempty convex sets D; C X; (i = 1,2), set-valued maps S : D; — 201,
T:D; — 2P2 and F : D; x Dy x D1 — 2¥, find a point (£9,£9) € Dy x Dy
such that &0 € S(&9), €8 € T(€?) and, for all n; € S(&9),

(1.3) F(&,6,m) C F(&,69,€)) +C.

The second problem considered in [19] is called the lower quasivariational inclu-
sion problem (shortly, (LQV IP)) which is to find a point (£7,£8) € Dy x Ds such
that €9 € S(&9), €8 € T(£9) and, for all n; € S(€?), instead of condition (1.3) it
is required that

f(é??ﬁé)?g?) - ‘7:(5?7587771) - C

We can see that, though (UQVIP) and (LQVIP) are different problems, they
can be treated as special cases of our general model. Indeed, let us set K :=
DixDyCX: =X xXg, F:=D; CZ:=Xy, A(z,aj) = S(fl) X T(ﬁl),

(14) F(Z7$777) = —7:(517527771)7 0(2737777) = ’7:(517{272:) +Ca
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B(z,z,n) = {&1} where z € E := Dy,xz = (£1,§2) € K := D1 x Dy and n =
(m,n2) € K := Dy x Dsy. Then it is clear that (UQVIP) is a special case of
Problem (P,) with a = . Similarly, (LQVIP) is also a special case of Problem
(Py) with a = as if instead of (1.4) we set

F(Za 37777) = f(£17§27z)7 C(Za 37777) = f(£17§27771) -C.
Using the same method we can show that all problems studied in [19] can be
regarded as special cases of Problem (F,).

In [12] two variational inclusion problems with constraints are introduced. The
first of them, called Problem (V), is formulated as follows : given locally convex
topological vector spaces Y, X; (i = 1,2), a convex cone C C Y, nonempty convex
sets D; C X; (i = 1,2), set-valued maps Sy, 5o : Dy — 201, T': Dy x D; — 2P2
and ® : D1 x Dy x D1 —> 2Y, find a point €Y € Dy such that £ € 1(£?) and,
for all m; € S9(€9) and ne € T(n1,£Y),

O(&7,m2,m) C (€D, m2, €7) +C.
The second problem in [12], called Problem (V'), is to find a point &9 € Dy
such that £ € S1(€)) and, for all n1 € S2(£9) and ny € T(€9,€9),
@(5?,77275?) - @(6?77727771) —C.

These problems are also special cases of our general model. Indeed, let us set
K:=DixDoxDiCX =X xXox Xy, FE:=D1CZ:=Xj,

(1.5) S(&1) = {(ny,my) € D2 x Dy : ) € Sa(é1), 15 € T(ni, €1)},
(1.6) F(z,x,m) = ®(&1,m5,m),
(L.7) C(z,x,m) = ®(2,1m5,&) +C,
A(z,z) = 51(&1) x S(&1),
B(z,z,m) = {&},

where z € E := Dy, x = (£1,£5,&}) € K := Dy x Dy x Dy and 1 = (n1,75,7}) €
K := D; x Dy x D;. Then it is clear that Problem (V') is a special case of Problem
(P,) with a = ag. Similarly, Problem (V') is also a special case of Problem (P,)
with a = ag if instead of (1.5)-(1.7) we set

S(€1) = {(ny,m)) € D2 x Dy :my € Sa(é1),my € T(é1,61)},
F(zaajan) = (I)(Zvnéaél)
C(z,2,m) = ®(&1ms, 1) — C.

2. PRELIMINARIES

We first recall some definitions taken from [3]. Let f : X — 2 be a set-valued
map between topological spaces X and Y. We say that f is upper semicontinuous
(usc) at z € X if for each open set N DO f(z) there exists a neighbourhood
U(z) of z such that N D f(2') for each 2’ € U(z). A set-valued map f is lower
semicontinuous (Isc) at z € X if for each open set N with f(z) N N # ) there
exists a neighbourhood U(z) of z such that f(z') N N # ( for each 2/ € U(x). A
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set-valued map f is continuous at € X if it is both usc and Isc at this point. A
set-valued map f is usc (resp. lsc; continuous) if it is usc (resp. lsc; continuous)
at each point x € X. If the graph of f, denoted by gr f := {(z,y) e X xY :y €
f(x)}, is a closed (resp. open) set of X x Y then we say that f has closed (resp.
open) graph. A map having closed graph is also said to be a closed map.

If X' (resp. Y') is a subset of a topological space X (resp. Y') then we use the
symbol f: X’ — 2" to denote that f is a set-valued map from the topological
space X' into the topological space Y’ where the topology of X’ (resp. Y’) is the
topology induced by the given topology of X (resp. Y'). In this case, the notion
of semicontinuity or continuity of f, the notion of closedness or openness of the
graph of f, ... are considered with respect to the just mentioned topologies of X’
and Y’. Thus, if we say that f: X' — 2Y" has closed (resp. open) graph then
this means that the set {(2',y') € X' x Y’ : ¢/ € f(2/)} is closed (resp. open) in
X' xY"

Let ¢: W — 2Y and f: W — 2Y be set-valued maps between some sets W
and Y. Let 3 be a relation on 2, i.e., a subset of the Cartesian product 2¥ x 2Y.
For simplicity of notation let us write (f,c)(w) € (3 instead of (f(w),c(w)) € S,
where w € W.

We now recall a generalized convexity notion which will be used later. Let
a C X be a nonempty convex set and ¢ C Y be a convex cone where X and Y
are vector spaces. A set-valued map f : a — 2V is called natural ¢’-quasiconvex
on aif for all z; € a, i =1,2, and v € ]0,1]

f(’}/331 + (1 - 7)332) C co {f($l)a =1, 2} - Cla

where “co” denotes the convex hull. This definition and other notions of gener-
alized convexity for the single-valued case can be found in [5, 20].

3. MAIN RESULT

In this paper we assume that X,Y and Z are finite-dimensional spaces, £ C Z
and K C X are nonempty sets, and A : Ex K — 25X B: W — 2F (C:
W — 2Y and F : W — 2Y are set-valued maps with nonempty values where
W = E x K x K is the Cartesian product of topological spaces F/, K and K. Let
a be a relation on 2¥, and L, : E x K — 2K be a set-valued map defined by

Lo(z,2)={n€K : Voe B(z,z,n), (F,C)(v,z,n) ¢ o}, V(z,z) € E X K,
i.e., for each (z,2) € E X K, Ly(z,x) is the set of n € K for which condition
(1.2) with (z, ) in place of (zp,z) does not hold.
The following result gives sufficient conditions for the existence of a solution

of Problem (P,). This is the main result of this paper.

Theorem 3.1. Let £ C Z and K C X be nonempty compact conver sets, and
let A: E x K — 25 be a lsc set-valued map with nonempty convex values such
that the set

M:={(z,z) e EXK :z € A(z,2)}
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is closed in E x K. Assume that there exists a set-valued map L : E x K —» 2K
satisfying the following conditions :

(i) Lo C L, i.e., Ly(z,z) C L(z,2),Y(z,2) € E x K.
(ii) L has open graph.
(iii) « ¢ co L(z,z), Y(z,x) € M.

Then there ezists a solution of Problem (P,).

Proof. Let M # (). It is enough to show that there exists a point (29, 2z9) € M
such that A(zg,z¢) N La(20,x0) = 0. Indeed, otherwise we get by (i)

0 +# A(z,z) N L(z,2) C A(z,z) N L(z, )

for each (z,x) € M where L(z,x) = co L(z, z). Therefore, the map H : Ex K —
2K defined by

_ JA(z, )N L(z, ) if (z,x) € M,
H(zz) = {A(z,x) if (z,z) € [Ex K|\ M

has nonempty convex values. Since by (ii) L has open graph it follows from [24]
that L has open graph. Combining this fact with the lower semicontinuity of A
we obtain from [24] that the map

(z,2) € M —> A(z,z) N L(z, z)

is Isc. From this and from the definition of H we can verify that H is lsc. This
fact can be used to check the lower semicontinuity of the map

(2,z) € EX K+ ¢(z,2) := E'(2,2) x H(z,2) CE x K

where E' : E x K — 2% is the constant map defined by E’(z,z) = E. Since
E x K is a compact convex set it follows from [14, Theorem 3.1"”] that ¢ has a
continuous selection, i.e., a continuous single-valued map ¢ : E x K — E x K
such that ¢(z,z) € ¢(z,z) for each (z,2) € E x K. Applying the Brouwer fixed
point theorem to ¢ proves that ¢ has a fixed point denoted by (zg,zg) € E x K.
Obviously, (zo,xo) is also a fixed point of ¢. Thus, (z9,z9) € ¢(z0,x0), i.e.,
20 € E and z¢ € H(zp,x0) C A(z0,x0). This yields (z9,29) € M and hence, by
the definition of H, zy € A(zg,zo) N E(zo,a:o) C co L(zp,xp), a contradiction to
condition (iii).

To complete our proof it remains to show that M # (). Indeed, let us consider
the following set-valued map

(2,2) EEX K+ ¢'(2,2) = E'(z,2) X A(z,2) CE x K

which, by [14, Theorem 3.1"”’], has a continuous selection ¢’ : E x K — E x K.
Applying the Brouwer fixed point theorem to ¢’ proves that ¢ has a fixed point
denoted by (zg, zp). Since (zg, zy) = ¢’ (24, z4) € ¢ (20, o) = E'(2g, zg) X A2, 2p)
we obtain z{, € E'(2{, z() = E and x(; € A(z(, x(). Thus, (z(,z;) € M, i.e., M # 0,
as desired. d
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Remark 1. Observe that the set M in Theorem 3.1 is closed in F x K if A has
closed graph.

Remark 2. The compactness and convexity of both the sets E and K in Theo-
rem 3.1 can be relaxed if we make some additional assumptions. We delete the
detailed discussion of this claim, noting that it is based on the approach of Tian
[21] who deals with a similar situation in [21].

Let us consider the set
Wy ={w=(z,z,n) e W:(z,2) e M, n€ A(z,z)}
={w=(z,z,n) e W:z € A(z,x), n € A(z,2)}.
We say that condition (ps) (resp. condition (wps)) holds if there exist a relation

B on 2Y and set-valued maps (with nonempty values) b: W — 2P ¢ W — 2V
and f: W — 2Y such that for all (z,z,1) € Wy

[Fueb(z,x,n),(f, c)(u,z,n) €B]=[VveB(z,x,n),(F,C)(v,z,n) €]

(resp.

[Bueb(z,z,n),(f, ¢)(u, z,n) € ] = [Bv € B(z,z,71),(F, C) (v, z,n) €al).
Obviously, condition (ps) = condition (wps), and the converse implication is no
longer true. Observe that the above conditions (ps) and (wps) are taken from

[17]. It is shown [17] that they are generalized versions of pseudomonotonicity
and weak pseudomonotonicity conditions of [7].

From now on we assume that b, c and f are set-valued maps appearing in the
definition of condition (ps) or condition (wps). Let us consider the following
set-valued maps Ly : E x K — 2K and lg: ExK— 2K defined by

~

Lo(z,2) ={n € K : v € B(z,z,n), (F,C)(v,z,n) & o},

lg(z,z) ={n € K :Vu € b(z,z,n), (f,c)(u,z,n) ¢ B}.
Thus, for each (z,z) € E x K, the set Ea(z,aj) consists of all points n € K such
that condition (F,C)(v,z,n) € « holds not for all v € B(z,z,n). The set ig(z,x)

consists of all points n € K such that condition (f,c)(u,z,n) € # does not hold
for each u € b(z,xz,n).

Before providing existence theorems for Problem (P,) let us introduce the
following conditions [17]:

(a) x ¢ co Lo(z,x), V(z,2) € M.
(b) z ¢ co La(2,2), ¥(z,z) € M.
(c) Condition (ps) holds and x ¢ co lg(z,x), V(z,z) € M.

(d) Condition (wps) holds and z ¢ co lg(z,x), V(z,x) € M.

Obviously, (¢) = (b) = (a) and (¢) = (d) = (a).

Sufficient conditions for the validity of conditions (a), (b), (c) and (d) are given
in the following lemma whose proof is obvious.
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Lemma 3.1. (see [17]) (a/) If for each (z,2) € M, Lo(z, ) is convex and there
exists v € B(z,z,x) such that (F,C)(v,z,x) € a then condition (a) holds.

(b") If for each (z,x) € M, Ea(z,x) is convex and, for each v € B(z,x,x),
(F,C)(v,z,z) € a then condition (b) holds.

(c") If condition (ps) holds and if for each (z,z) € M, l3(z,x) is convex and
there exists v € b(z,x,x) such that (f,c)(v,z,x) € B then condition (c) holds.

(d") If condition (wps) holds and if for each (z,x) € M, lg(z,x) is convex and
there exists v € b(z,xz,x) such that (f,c)(v,z,x) € B then condition (d) holds.

Making use of Theorem 3.1 we obtain the following corollary.

Corollary 3.1. Let E C Z and K C X be nonempty compact conver sets, and
let A: E x K — 25 be a lsc set-valued map with nonempty convex values such
that the set

M:={(z,z) e EXK :z € A(z,x)}

is closed in E x K. Then under one of the following conditions there exists a
solution of Problem (P,):

(i) One of the conditions (a), (b), (c) and (d) holds, and L, has open graph.
(ii) One of the conditions (b) and (c) holds, and Le has open graph.
iii) One of the conditions (c) and (d) holds, and lg has open graph.
B

Proof. The proof is derived from Theorem 3.1 where we set L = L, (resp. L =

Lo; L = l3) in case (i) (resp. (ii); (iii)). O
Remark 3. Existence results given in Corollary 3.1 were established in [17] un-
der the assumption that A has open lower sections, i.e., A71(¢) = {(z,z) €

ExK :¢ € A(z,z)} is open in E x K for each £ € K. This assumption is
stronger than the requirement of the lower semicontinuity of A used in Corollary
3.1. However, in Corollary 3.1 we must assume that the graph of L., L, or lg
is open while in [17] this condition is replaced by the weaker condition that L,
Ea or lg has open lower sections. In addition, unlike our Corollary 3.1 where
all spaces must be finite-dimensional, the results of [17] are valid in arbitrary
topological vector spaces.

The following Example 3.1 will illustrate that Corollary 3.1 can be applied
while the corresponding result of [17] cannot (since A has no open lower sections).
We denote by R” the k-dimensional Euclidean space. The nonnegative orthant
of R* is denoted by RIL

Example 3.1. Consider Problem (P,) where a = a2, X = Z =Rl :=R, Y =
R2 E = K = [0,1] C R, and for each (z,z,7) € Ex K x K, A(z,z) = [0, z — zx],
F(z,z,n) = [(2,2° —0?), (z + 0%, 2*)] CR?, O(z,2,1m) = F(2,2,2) + RZ, and

) 10,2] if x+#n,
Bz @) = {{0} if ©=n.
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Obviously, A has no open lower sections but A is a lsc set-valued map with
nonempty convex values and the set

M={(z,z) e ExK:zeA(z,z)} ={(z,2) € [0,1]?: 2 < z/(z + 1)}
is closed in [0,1]% := [0,1] x [0, 1]. Observe that for each (z,z) € E x K,

Loy(z,2)={n€[0,1]:Vve B(z,z,n),F(v,z,n) ¢ C(v,z,n)}
= nG[O,l]:VvGB( ,

)
[(v,2% 7 ),(v+77 2®)] ¢ [(v,0), (v + 2%, 2%)+ R}
={ne[0,1]:Yve B(z,2,n),[(v,2°—n*),(v+1?, 2%)| ¢ (v, 0) + R}

Thus, Ly, has convex values and x ¢ Lo, (2, ), for all (z,z) € M. Moreover,
gt Lo, = {(2,2,n) € [0,1]° : n € Lay (2, 2)}
={(z,z,m) €[0,1] : z < n}

is open in [0, 1]® := [0, 1] x [0, 1] x [0, 1]. Therefore, all the assumptions of Corollary
3.1(i) are satisfied and hence, Problem (F,) in Example 3.1 has a solution.

Remark 4. The existence of open lower sections of set-valued maps is also used
n [12] for Problem (V) formulated in the introduction. An existence result for
Problem (V) is given in [12, Theorem 3.3] where it is assumed that S has open
lower sections. Obviously, many problems can be seen as special cases of each
of the Problems (V) and (P,). However, sometimes existence results for such
problems cannot be obtained from [12, Theorem 3.3] while they can be derived
from Corollary 3.1 of this paper. This remark is illustrated by the following
example.

Example 3.2. Consider a special case of Problem (V) where X; = X3 = R,
Y =R%* Dy =Dy =10,1] CR, C =R2, and for each (§,v,7) € D1 x Dy x Dy,
S1(€) = 82(€) = S(&) = [0,1 - ¢], T(&,v) = {lE =}, 2(&v) = [, € -
72), (v++2,€2)] C R2. Tt is easy to verify that the set-valued map So has no open
lower sections. This proves that condition (ii) of Theorem 3.3 in [12] is violated
and hence, this theorem cannot be applied. We now show that Corollary 3.1
can be used to derive an existence result for the above problem. Indeed, let
us consider Problem (P,) where a = a3, K := Dy x Dy C X = X; x Xo,
E:=D)C Z:=X1, A(z,z) = S(&) x T(S(&1), &),
F(Za$an) = ¢(£1a7727771)7 C(zvajvn) = ‘I’(Zﬂh,fl) +Ca

and B(z,x,n) = {&1} where z € E := Dy,x = (£,&) € K := D1 x Dy and
n=(n,n2) € K := Dy x Ds.

Arguing as in Example 3.1, we see that all assumptions of Corollary 3.1(i)
are satisfied for this Problem (P,). Therefore, there exist points zy € E and
zo = (€9,€)) € K = Dy x Do such that zg = (£9,£9) € S(€9) x T(S(£9),£9) and,
for each n = (n1,m2) € S(&9) x T(S(£9),£Y), we can find a point v € B(zg,z0,n) =
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{69} with F (v, z9,m) C C(v, z,n). This implies that there exists a point £ € Dy
such that £ € S(£9) and, for all n; € S(£9) and 7y € T(S(£9),€9),

‘I)(é(l)ﬂhvnl) C (I)(égvn%g?) +C.

Now, if we take an arbitrary point (n1,72) with n; € S2(€?) and ne € T'(m1,£9),
then we get 71 € Sy(¢0) = S(€0) and 15 € T(1,€9) € T(S(E0),€Y). Hence the
above claim shows that

‘I)(é(l)ﬂhvnl) C (I)(égvn%g?) +C.

Since the last inclusion holds for an arbitrary point (11, 72) with 7; € S2(£?) and
ne € T(n1,£)), and since £ € D; and &9 € S(&9) = S1(¢?) we see that £ is
exactly a solution of Problem (V') considered in Example 3.2.

Remark 5. Observe that Corollary 3.1 fails to hold if the assumption that the
set M is closed in E x K is violated.

This remark is illustrated by the following example.
Example 3.3. Let us consider Problem (P,) where « = a3, X =Y = Z = R,
E =K =[0,1 C R, B(z,z,n) = {1}, C(2,z,n7) = —int Ry (the negative half-
line), F(z,z,n) = {z(x —n)}, and for each (z,z) € E x K

1-— if 1

{0} if z=1.
Obviously, in this example the set M is not closed in £ x K. Now let us set
B=a=ai, f=Fb= B and c = C. Then it is obvious that both conditions
(ps) and (wps) hold trivially. Observe that in our case

Lo, (2,2) = Lay (2,2) = lg(2, ) = e(2)
where e(z) = {n € [0,1] : z < n}. Since e(x) is convex and = ¢ e(zx) for each
x € K =0,1] it follows that each of conditions (a), (b), (c) and (d) holds. Also,
each of maps L, , Lq, and l3 has open graph. Therefore, each of conditions (i),
(i) and (iii) of Corollary 3.1 is satisfied. However, (P,) has no solution. Indeed,
if (20, x0) is a solution of (P,) then z¢ € A(zp,z0) = [0,1 — zo[ and
Vn € A(zo,x0),Jv € B(z0,x0,m) = {1}, v(xo — 1) = 0.

This means that xg —n > 0 for all n € [0,1 — x| , which is impossible.

Corollary 3.2. Let K C X be a nonempty compact convexr set. Let A : K —»
2K be a Isc set-valued map with nonempty convex values such that the set

M ={zeK:zecAx)}

is closed in K. Let T : K — 2% be a set-valued map with nonempty values such
that for each (z,n) € K x K

z,m):= inf (p,x—n) €R
¢(z,m) pem)@ m)

and the map
(3.1) neKr—{zxeK:((x,n) <0}
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has the graph closed in K x K. Then there exists xo € K such that zog € A(z)
and ((xzo,m) < 0,Vn € A(xg). If in addition T'(x¢) is compact and convex then
there exists pg € T'(xg) such that (py, o —n) < 0, Vn € A(xp).

Proof. Let us set Y = R, Z = X,E = K, A(z,z) = A(z), B(z,z,n) = {z},
F(z,z,n) = {{(z,n)}, C(z,z,n) = —R (the nonpositive half-line) and o = «s.
Then Problem (P,) is to find (29, z¢9) € E x K = K x K such that zy € A(xg) and
for each n € A(zg), ((xg,m) < 0. Thus to prove the first conclusion of Corollary
3.2 it suffices to show that this Problem (P, ) has a solution. Indeed, first observe
that M = E x M’ is closed in E x K since M’ is closed in K. Also, for each
(z,2) € E x K the set

Loz(Z?x) = {77 €K: C(l’ﬂ?) > 0}

is convex since ((z,-) is a concave function. On the other hand, ((z,z) = 0.
Therefore, © ¢ Lo(z,x) = co Lo(z,z) for each (z,x) € E x K. This proves that
condition (a) holds. We now claim that L, has open graph. Indeed, first observe
that the set

K x K\ {(z,n) € K x K :((z,n) <0}
is open in K x K. Using this fact and observing that

gr Lo =Ex K x K\{(z,z,n) € Ex K x K :((zx,n) <0}
=Ex[Kx K\ {(z,n) € Kx K :((z,n) <0},

we see that gr L, is open in ' x K x K. Thus, all the requirements in condition
(i) of Corollary 3.1 are satisfied. Hence, the above Problem (P,) has a solution,
as required. To obtain the second conclusion of Corollary 3.2 it remains to apply
a minimax theorem of [9]. Details can be found in the proof of Theorem 3.1 of
[4]. |

Remark 6. Results similar to those of Corollary 3.2 are established in Theorems
3.1 and 3.2 of [4]. However, Corollary 3.2 cannot be derived from these results
of [4]. As an example illustrating this remark let us take the following example
which is a modified version of Example 3.1 of [4].

Example 3.4. Let K =[0,1] C R, A(z) = {0},

) {1} it x=0,
T($)_{{0} if 0<xz<1.

It is easy to see that the graph of the set-valued map (3.1) is closed in K x K. Other
requirements of Corollary 3.2 are also satisfied for Example 3.4. Hence, Corollary
3.2 can be applied to this example. However, Theorem 3.1 of [4] cannot be used
since the requirement that aff A(x) = aff [0, 1] in this theorem is not satisfied.
(Here aff S denotes the affine hull of the set S.) The fact that Theorem 3.2 of [4]
cannot be applied in Example 3.4 can be found in Remark 3.2 of [4].
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Remark 7. In Theorem 3.1 of [13] it is shown that Corollary 3.2 remains true
for the case X being a separable Banach space if the closedness (in K) of M’ is
replaced by the closedness of the graph of A. The following Example 3.5 shows
that all assumptions of Corollary 3.2 can be satisfied, while the graph of A is not
closed. This means that Corollary 3.2 is not a special case of Theorem 3.1 of [13].

Example 3.5. Let K and T be as in Example 3.4 and let
1 . 1
1 £ 1
A(.’.U) — [07 2] 1 S [:?7 2]7
[0,1] if z €]35,1].
It is obvious that all assumptions of Corollary 3.2 hold while gr A is not closed

in K x K =10,1] x [0, 1]. Observe also that in this example A is not continuous.

Remark 8. Corollary 3.1 requires that the graph of L, Ea or lg is open. Propo-
sitions 4.1 and 4.2 in [17] give sufficient conditions for the validity of this property.

4. SOME SPECIAL CASES

This section is devoted to examples illustrating the result obtained in the
previous section for Problem (P,) with @ = «a;, ¢ = 1,2,3,4. We begin by the
following technical lemma.

Lemma 4.1. Let a C K be a nonempty convex set. Let
(41)  Galz z,m)={§€x,n] : Vv B(2,£,n), (F,C)(v,2,n) ¢a}, (z,2,m) €W,
(42)  gs(z,2,8)={n€a: Vv eb(z,z,§), (f.c)(v,z,n) ¢ B}, (2,2,8) € W.
Let the following conditions be satisfied:
(i) For each (z,z,m) € E X a x a with = # n, if = € Gu(z,z,n) then
€ € Golz,x,n) for some & € |z,n| .
(ii) For each (z,xz,m) € E X a X a with = # n and for each & € lx,n| , if

§ € Ga(27$777) then § € gﬁ(zaxag)'
(iii) For each (z,z) € Exa there exists v € B(z,x,x) such that (F,C)(v,z,z) €
a.

Then for each (z,z) € E X a

(4.3) [vn € a,3v €b(z,z,m), (f,c)(v,z,n) € B]

= [Vn € a,Fv € B(z,2,n), (F,C)(v,z,n) € a.
Proof. We need to prove that if (z,2) € E xa does not satisfy the statement in the
right-hand side of implication (4.3) then it does not satisfy the statement in the

left-hand side of (4.3). Indeed, the negation of the statement in the right-hand
side of (4.3) means that

dn € a,Yv € B(z,z,1n), (F,C)(v,z,n) ¢ «,
ie., z € Go(z,z,m). By (iii) we get = # n. By (i) there exists £ € |z,n[ with
€ € Golz,z,m). By (ii) & € gg(z,z,§), ie.,
(4.4) Yo € b(z,z,§), (f,c)(v,z,§) & B.
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Observe now that & € a by the convexity of a. Thus the point £ € a satisfies
(4.4). This proves that (z,z) does not satisfy the statement in the left-hand side
of (4.3). O
Remark 9. Let us consider the following problem:

Problem (pg): Find (20, 20) € E x K such that zg € A(20,20) and

VU € A(207 370)7 Jv € b(Zo, Zo, 77)7 (f: C)('U, Zo, 77) S ﬂ
Then, under conditions of Lemma 4.1 with a = A(zp,z¢) every solution of

Problem (pg) is also a solution of Problem (P,).

Remark 10. If for all (z,z,n) € E X a X a the set G,(z,z,n) is open in [z,7)
then condition (i) of Lemma 4.1 holds.

Before providing other sufficient assumptions for condition (i) of Lemma 4.1
to hold, let us introduce some definitions.

Let a C K be a convex set. We say [7, Def.1(iii)] that F' is u-hemicontinuous
on E X a x a with respect to B if for any point (z,z,n) € E X a X a the set-valued
map
(4.5) A€[0,1]— F(B(z,zan),z,n) = |J F(v,zn),

vEB(z,x,n)
where z) := z + A(n — ), is upper semicontinuous at A = 0.

Clearly, F' is u-hemicontinuous on F X a X a with respect to B if and only if
for any point (z,z,m) € E X a X a and any open set U C Y with

(4.6) F(v,2,n) CU, Yv € B(z,z,7),
there exists d € ]0,1[ such that
(4.7 F(v,xz,n) C U, Yv € B(z,xx,n), VA €]0,0] .

We say that F' is l-hemicontinuous on F X a X a with respect to B if for any
point (z,x,m) € E X a X a and any open set U C Y with

(4.8) F(v,z,n)NU # 0, Yv € B(z,z,n),
there exists § € ]0,1[ such that
(4.9) F(v,z,n)NU # 0, Vo € B(z,2,n), YA €]0,6],

where x) =z + \(n — ).
Obviously, if B is single-valued then the l-hemicontinuity coincides with the
lower semicontinuity of the set-valued map

A€ [0,1] — F(B(z,2x,m), 1),
at A=0.

Lemma 4.2. Assume that a C X is a nonempty convex set and C : a — 2Y is
a set-valued map with nonempty values. Then condition (i) of Lemma 4.1 holds
under one of the following conditions:
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(i) a= ai, F is u-hemicontinuous on E x a x a with respect to B, and for all
(z,2,m) € W, C(z,z,n) = int C(x) # 0.
(il) a = ag, F is l-hemicontinuous on E X a X a with respect to B, and for all
(z,z,m) € W, C(z,2,n) = C(x) and C(x) is closed.
(iil)) « = ag, F is u-hemicontinuous on E X a X a with respect to B, and for all
(z,z,m) € W, C(z,2,n) = C(x) and C(x) is closed.
(iv) «a = ay, F is l-hemicontinuous on E X a X a with respect to B, and for all
(z,2,m) € W, C(z,2,n) = int C(z) # 0.

Proof. Let us prove Lemma 4.2 in cases (i) and (ii). The cases (iii) and (iv) can
be considered similarly.

Observe that in case (i)
Galz,2,m) ={¢ € [z,n] : Vv € B(z,£,7), F(v,z,m) Cint C(z)},

and = € G,(z,x,n) means that (4.6) holds with U = int C(x). Hence from (4.7)
we can find A € ]0,1[ such that

Vv € B(z,zx,1), F(v,z,n) C U =int C(z).
Setting £ = ) we see that £ € G,(z,x,n), i.e., condition (i) of Lemma 4.1 holds.

In case (ii) we have
Ga(z,2,m) = {§ € [z,n] : Vv € B(2,&,m), F(v,z,n) £ C(z)}
={¢ € lz,n): Yo € B(z,¢&n), Fv,z,n)NU # 0}

where U := Y \ C(z) is an open set. Hence, from (4.10) z € G,(z,x,n) means
that (4.8) holds. From (4.9) we can find A € |0,1[ such that

Vv € B(z,xx,m), F(v,2,m)NU # 0.

(4.10)

Setting £ = x) we conclude that £ € G,(z,x,n), as was to be shown. |

We will assume that B(z,z,n) and C(z,z,7) do not depend on (z,7). So,
for the sake of simplicity let us write B(z) and C(z) instead of B(z,z,n) and
C(z,z,m):

(4.11) B(z,z,n) =B

(2),
(4.12) C(z,2,n) = C(z)

x

Under the above assumptions Problem (P,) with a = «; is to find a point
(20,20) € E x K such that ¢ € A(z0,20) and

Vn € A(zo,0), v € B(xo), (F(v,20,1),C(20)) € .

We will refer to this problem as Problem (P?). Basing on Corollary 3.1, Remark
9 and Lemma 4.2 we can derive existence results in Problem (P?) for i = 1,2, 3, 4.
Since these results are established by the same approach we can restrict ourselves
to the case ¢ = 1. Other cases can be considered similarly.

Let us reformulate Problem (P1):
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Problem (P!): Find a point (z9,7) € E x K such that z¢ € A(zo, 7o) and
Vn € A(zo, o), Iv € B(xo), F(v,x0,n) ¢ C(xo).

Together with Problem (P!) we will consider the following problem:
Problem (P!): Find a point (z0,20) € E x K such that zg € A(z0,z0) and
Vn € A(zo, o), Ju € B(n), F(u,z0,m) ¢ C(xp).
We will assume that C(z) is of the form
(4.13) C(x) = o(z) + int C'(z)
where for each z € K o(z) C Y is a nonempty convex set and C'(z) C Y is a

convex cone with () # int C'(x) (the interior of C'(x)).

Proposition 4.1. Let C be of the form (4.13). Let (z0,x0) be a solution of
Problem (P!) and let a := A(zo,z0). Then (29, 20) is also a solution of Problem
(P') if

(i) F is u-hemicontinuous on E X a X a with respect to B defined by (4.11).
(ii) For each (z,x)€E X a, F(z,x,") is natural [—C'(z)]-quasiconver on a.

(iii) For each (z,z) € E X a,
(4.14) F(z,z,x) C o(z) + C'(x).

(iv) For each (z,z) € E X a there exists v € B(z) such that

F(v,z,z) ¢ o(z) + int C'(z).

Proof. Let us set
(4.15) B =oaq, f(z,z,n) = F(z,2,n),c(z,2,m) = C(z),b(z,z,n) = B(n).

Then Problem (P!) is exactly Problem (p3) mentioned in Remark 9. Also, as we
remarked above, Problem (P!) is exactly Problem (P,) where

(4.16) a=ay,B(z,z,n) =B(z),C(z,z,n) = C(z).

So, to prove Proposition 4.1 it suffices to show that assumptions (i), (ii) and (iii)
of Lemma 4.1 are satisfied for « = § = a1 and a = A(zp,x0) (see Remark 9). Let
us begin by assumption (i). We have

Gaoy (2,7,m) = {£ € [z,m] : Vv € B(z,§,n) = B(E), F(v,z,m) C C(z)}.

Observe that C(z) = int [o(z) + C'(z)]. Therefore, making use of the first claim
of Lemma 4.2 with o(z) + C'(z) instead of C(z) we infer that assumption (i) of
Lemma 4.1 holds. Now let us verify assumption (ii) of this lemma. Indeed, first
observe from (4.15) that

gﬂ(z7$7£) = oy (Z7a7=£)
={ne€a:Yeb(z,z,&) =B(&),F(v,z,n) C C(x)}

= () {n€a:Fv,z,m) c Cx)}.
veB(E)

(4.17)
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So, to verify assumption (ii) of Lemma 4.1 we assume that £ € |z,n[ and § €
Ga1 (Z, xz, 77)7 i'e'v \V/U € B({)

(4.18) F(v,z,n) C o(x) + int C'(z).
By (4.14), (4.18) and the natural quasiconvexity of F(v,x,-) we get for each
v e B(§)
F(v,2,£) C co [F(v,z,n), F(v,z,2)] + C'(z)

C o(x) +int C'(z) + C'(z)

C C(x).
This proves that { € gg(z,2,£) = ga, (2,2,€) (see (4.17)). Thus condition (ii)
of Lemma 4.1 holds, as desired. To complete our proof it suffices to note that

condition (iv) of Proposition 4.1 is exactly condition (iii) of Lemma 4.1 with
a=qaj. O

From now on we assume that ¥ C Z and K C X are nonempty compact
convex sets, A : E x K — 2% is a Isc set-valued map with nonempty convex
values such that the set M (see Theorem 3.1) is closed in E x K.

We say that the triplet (F, C,B) satisfies the a-pseudomonotonicity assumption
if for each (z,z,n) € W1 (see Section 3)

Bu € B(x), o(F(u, z,1),C(x))] = [Vo € B(n), a(F (v, z,1),C(z))].

Theorem 4.1. Let C be of the form (4.13). Assume that

(i) For each (z,x) € E x K, F is u-hemicontinuous on E x A(z,z) X A(z,x)

with respect to B defined by (4.11).

(ii) For each (z,z)€E x K, F(z,x,-) is natural [—C'(x)]-quasiconvez on K.

(iii) For each (z,z) € E x K,
F(z,z,z) C o(z) + C'(z).

(iv) For each (z,x) € E x K there exists v € B(x) such that

(4.19) F(v,z,z) ¢ o(z) + int C'(x).

(v) The triplet (F,C,B) satisfies the aj-pseudomonotonicity assumption.
(vi) The set-valued map F is usc and compact-valued, the set-valued map B is
Isc and the set-valued map C has open graph.

Then there exists a solution of Problem (P!).

Proof. By Proposition 4.1 it suffices to prove that Problem (ﬁl) has a solution.
Since (P!) can be interpreted as Problem (P,) with

(4.20) a=a, B(z,z,n) =B(n), C(z,z,n) = C(z),

we can use Corollary 3.1 to prove the existence of a solution of (ﬁl) Indeed,
since o« = a1 we have

-~

Lo, (z,2) ={ne K : 3w e B(n), F(v,z,n) C C(x)}.



30 LE ANH TUAN AND PHAM HUU SACH

Making use of (vi) we can show that Eal has open graph (see e.g. [17, Proposition
4.2]). By Corollary 3.1(ii) it remains to verify condition (c) of Section 3. By
Lemma 3.1 we need to verify condition (¢). Indeed, let us set

(4.21)  B=a, f(z2,n) = F(z2,n), b(z,2,n) =B(z), c(z,2,n) = C(z).
Then (v) proves that condition (ps) holds. In addition, since
lg(z,z) = o, (2, )
={ne K :Yv € B(z), F(v,z,n) C C(z) := o(x) + int C'(z)}

= ﬂ {neK:F(v,z,n) Co(x)+int C'(z)},
vEB(z)

(4.22)

and since

{neK: F(v,z,n) Co(z)+int C'(z)}
is convex (see (ii)) it follows that [3(z, x) is convex. This together with (iv) proves
the validity of (c’). O

Remark 11. If for each (z,2) € E x K o(z) = {0}, C'(z) # Y and 0 €
F(z,z,x) then condition (iv) of Theorem 4.1 holds. Indeed, take an arbitrary
point v € B(z). If (4.9) does not hold then

F(v,z,x) C o(z) + int C'(x) = int C'(z).

Since by assumption 0 € F(v,z,z) it follows that 0 € int C'(z), a contradiction
to condition C'(x) # Y. The conditions mentioned in Remark 11 are used in [7].

Observe that Theorem 4.1 gives the existence of a solution of Problem (P!)
under a generalized monotonicity assumption. The following theorem does not
require such an assumption.

Theorem 4.2. Let C be of the form (4.13). Assume that

(i) For each (z,z)€E x K, F(z,x,-) is natural [-C'(x)]-quasiconvez on K.
(ii) For each (z,z)€ E x K there exists v € B(x) such that

F(v,z,z) ¢ o(z) +int C'(x).

(iii) The set-valued maps F and B are usc and compact-valued, and the set-
valued map C has open graph.

Then there exists a solution of Problem (P!).
Proof. This is an immediate consequence of Corollary 3.1. Indeed, let us interpret

Problem (P!) as Problem (P,) with o, B and C being as in (4.16). Then, since

o = o1 we have
Ly, (z,z) ={n € K :Yv € B(z,z,n) = B(x),
F(v,z,m) C C(z) := o(z) + int C'(z)}.

Making use of (iii) we can prove that L,, has open graph (see e.g. [17, Propo-
sition 4.1]). In addition, as in the proof of Theorem 4.1 we can derive from
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conditions (i) and (ii) (i.e., conditions (ii) and (iv) of Theorem 4.1) that condi-
tion (a’) (and hence, condition (a)) holds. To complete our proof it remains to
apply Corollary 3.1(i). O

Remark 12. The reader who is interested in existence theorems for Problem
(P1) in topological vector spaces is referred to [7, Theorems 3 and 5]. It is worth
noticing that existence theorems of [7] are established only for the case when
o(x) = {0} and A(z,z) = K. Finally, observe that Problem (P?) with i # 1 is
not considered in [7] while, as we remarked above, existence results for the case
i # 1 can be obtained from Corollary 3.1 and Lemma 4.2. It is worth noticing
that, when dealing with Problem (P?), i # 1, we must use generalized convexity
notions different from the natural quasiconvexity.

ACKNOWLEDGEMENT

The authors would like to thank the referee for his comments which improved
the paper.

REFERENCES

[1] Q. H. Ansari, Vector Equilibrium Problems and Vector Variational Inequalities, Vector Vari-
ational Inequalities and Vector Equilibria: Mathematical Theories, Edited by F. Giannessi,
Kluwer Academic Publishers, Dordrecht, Holland, pp. 1-15, 2000.

[2] Q. H. Ansari and P. Flores-Bazan, Generalized Vector Quasiequilibrium Problems with Ap-
plications, J. Math. Anal. Appl. 277 (2003), 246-256.

[3] J. P. Aubin, Mathematical Methods of Game and Economic Theory, North-Holland, Ams-
terdam, 1979.

[4] P. Cubiotti, Generalized Quasi-Variational Inequalities without Continuities, J. Optim.
Theory Appl. 92 (1997), 477-495.

[5] F. Ferro, Minimax Type Theorems for n-Valued Functions, Ann. Math. Pura Appl. 32
(1982), 113-130.

[6] J. Y. Fu, Generalized Vector Quasi-Equilibrium Problems, Math. Methods Oper. Res. 54
(2000), 52-57.

[7] J. Y. Fu and A. H. Wan, Generalized Vector Equilibrium Problems with Set-Valued Map-
pings, Math. Methods Oper. Res. 56 (2002), 259-268.

[8] S. H. Hou, H. Yu and G. Y. Chen, On Vector Quasi-Equilibrium Problems with Set-Valued
Maps, J. Optim. Theory Appl. 119 (2003), 485-498.

[9] H. Kneser, Sur un Théoréme Fondamental de la Théorie des Jeux, Comptes Rendus de
IAcadémie des Sciences, Paris 234 (1952), 2418-2420.

[10] I. V. Konnov and J. C. Yao, On the Generalized Vector Variational Inequality Problem, J.
Math. Anal. Appl. 206 (1997), 42-58.

[11] K. L. Lin, D. P. Yang and J. C. Yao, Generalized Vector Variational Inequalities, J. Optim.
Theory App. 92 (1997), 117-125.

[12] D. T. Luc and N. X. Tan, Ezistence Conditions in Variational Inclusions with Constraints,
Optimization 53 (2004), 505-515.

[13] M. L. Lunsford, Generalized Variational and Quasi- Variational Inequalities with Discontin-
uwous Operators, J. Math. Anal. Appl. 214 (1997), 245-263.

[14] E. Michael, Continuous Selections I, Ann. Math. 63 (1956), 361-382.

[15] W. Oettli and D. Schliger, Existence of Equilibria for Monotone Multivalued Mappings,
Math. Methods Oper. Res. 48 (1998), 219-228.

[16] S. Park, Foundation of the KKM Theory via Coincidences of Composite of Upper Semicon-
tinuous Maps, J. Korea Math. Soc, 31 (1994), 493-519.



32

(17]

(18]

(19]
20]
(21]
(22]
23]

24]

LE ANH TUAN AND PHAM HUU SACH

P. H. Sach, On a Class of Generalized Vector Equilibrium Problems with Set-Valued Maps,
Hanoi Institute of Mathematics, Preprint 05-07, 2005.

W. Song, Vector Equilibrium Problems with Set-Valued Mappings, Vector Variational In-
equalities and Vector Equilibria: Mathematical Theories, Edited by F. Giannessi, Kluwer
Academic Publishers, Dordrecht, Holland, pp. 403-422, 2000.

N. X. Tan, On the Existence of Solutions of Quasivariational Inclusion Problem, J. Optim.
Theory Appl. 123 (2004), 619-638.

T. Tanaka, Generalized Quasiconvezxities, Cone Saddle Points, and Minimax Theorems for
Vector-Valued Functions, J. Optim. Theory Appl. 81 (1994), 355-377.

G. Tian, Generalized Quasi-Variational-Like Inequality Problem, Math. Oper. Res. 18
(1993), 752-764.

L. A. Tuan and P. H. Sach, Existence of Solutions of Generalized Quasivariational Inequal-
ities with Set-Valued Maps, Acta Math. Vietnam. 29(3) (2004), 309-316.

L. A. Tuan and P. H. Sach, Existence Theorems for Some Generalized Quasivariational
Inclusion Problems, Vietnam J. Math. 33(1) (2005), 111-122.

N. C. Yannelis, Equilibria in Noncooperative Models of Competition, J. Econ. Theory 41
(1987), 96-111.

NINH THUAN COLLEGE OF PEDAGOGY,
NinH THUAN, VIETNAM

E-mail address: latuan02@yahoo.com

INSTITUTE OF MATHEMATICS
18 HoaNG Quoc VIET RoAD, CAU GIAY DISTRICT,
10307 HaNOI, VIETNAM

E-mail address: phsach@math.ac.vn



