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INEQUALITIES FOR MULTILINEAR LITTLEWOOD-PALEY
OPERATORS ON CERTAIN HARDY SPACES

LIU LANZHE

ABSTRACT. In this paper, the boundedness for the multilinear Littlewood-
Paley operators on certain Hardy and Herz-Hardy spaces are obtained.

1. INTRODUCTION AND DEFINITIONS

Let ¢ be a function on R™ which satisfies the following properties:

1) [ b(e)de =0,
(2) [(@)l < C(1L+ [a)~0r+),
(3) (e +y) — v(@)] < Clyl(L+ [of) = when 2ly] < Ja].

Let m be a positive integer and A a function on R". The multilinear Littlewood-
Paley operator is defined by

1/2

i dyd
i@ =\ [ (=) WO e,
where
)= [ T ZE R (i,
Rona(Ai,9) = Aw) = 37 2 D"A)(w —y)",
jaj<m &

and Y (x) =t ™p(x/t) for t > 0. We also define

0= ([ f (i) i)

which is the Littlewood-Paley operator (see [15]).

Note that when m = 0, gﬁ* is just the commutator of Littlewood-Paley op-
erator (see [1]). It is well known that multilinear operators are of great interest
in harmonic analysis and have been widely studied by many authors (see [2-6]).
The main purpose of this paper is to consider the continuity of the multilinear
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Littlewood-Paley operators on certain Hardy and Herz-Hardy spaces. Let us first
introduce some definitions (see [7], [8] [9], [10], [11], [12]).

Definition 1.1. Let A be a function on R™, m be a positive integer and 0 < p <
1. A bounded measurable function a on R™ is said to be a (p, D™A) atom if
i) suppa C B = B(xg,r),
i) [al|r= < |B]77,
i) [a(y)dy = [a(y)D*A(y)dy =0, |a| = m.
A tempered distribution f is said to belong to HY,.,(R") if in the Schwartz
distributional sense, it can be written as

fla) = Naj(x),
j=0

where a;’s are (p, D™A) atoms, \; € C' and Z‘;‘;O |Aj|P < oo. Moreover,

1/p

o0
A, ~ | S IAP
§=0

Let B, = {:E € R" : |:E| < Qk}, Cr = B \ Bir 1,k € Z, and
mi(A, f) = {z € Cp : | f(z)] > A}

For k € N, let mi(\, f) = mi(\, f) and mo(A, f) = [{z € By : |f(z)] > A}
Denote x; = xc, for k € Z and xo = xB,, where x g is the characteristic function
of the set E.

Definition 1.2. Let 0 < p, ¢ < 00, a € R.
(1) The homogeneous Herz space is defined by

KgP(R) = {f € L, (R"\ {0}) : || || o < o0},

loc

where
o0

1/p
1l jegw = [ > 2kap||kalliq] ;

k=—c0
(2) The nonhomogeneous Herz space is defined by
KP(RY) = {f € L (R") [ fll g < o0},

loc

where

o] 1/p
[ f[lcor = [ZQkaplleklliq + ||fXBo||§q] :

k=1
Definition 1.3. Let m be a positive integer and A be a function on R", a € R,
0<p<oo, 1<g< oo. A function a(x) on R" is called a central («, g, D™A)-
atom (or a central (a, g, D™A)-atom of restrict type) if
1) Supp a C B(0,r) for some r > 0 (or for some r > 1),

2) |lallzs < |B(0,r)[/",
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3) [a(z)dz = [a(z)DPA(z)dz =0, |3 =m

A tempered distribution f is said to belong to HKq Pma(R"™) (or HKq Pma(R™)),
if it can be written as f = Zj:_oo Ajaj (or f = Z ° o Aja;) in the S’(R™) sense,
where a; is a central (o, ¢, D™A)-atom (or a central (a, q, D™A)-atom of restrict
type) supported on B(0,27) and -2 |A;|P < oo (or > 520 | AP < o0). More-
over,

j=—00

1/p

U llaricag (8 1l ~ | 30 AP
J

2. THEOREMS AND PROOFS

We begin with some preliminary lemmas.

Lemma 2.1. ([4]) Let A be a function on R" and D*A € LY(R"™) for |a] = m
and some q > n. Then

1/q
1 (0%
|Rn(4A; 2, y)| < Clz—y[™ Z (m 5 )|D A(z)|qdz> ,
) fE,y

|a|l=m
where Q(x,y) is the cube centered at x and having side length 5v/n|x — y|.

Lemma 2.2. Let 1 < p < oo and D*A € L"(R"), |a] = m, 1 < r < oo,
1/g=1/p+ 1/r. Then gﬁ* is bounded from LP(R™) to LY(R"), that is

g NllLa < C Y7 1ID*AllLe|| ]2

|a|l=m

Proof. By the Minkowski inequality and the condition on 1), we have
() (@)

1/2
|f(2)[| Rin41(4; @, 2))| / 2 t " dydt
< _
X /n |$ _ Z|m RiJfl |¢t(y Z)| t+ |$ — y| t1+n dZ

| ()| Rms1(A; 7, 2))|

|z — z[m

/ / {=2n t " gydt\ Y J
Aty — 22 \t+ |z —y|) B &

Lf (| Ring1(4A; 7, 2)|
Rn |z — 2™

00 B ¢ nuy dy > :|1/2
X t " tdt dz.
[/0 ( /R” <t+|:v—y|> (t+ |y — 2[)2n+2

< C

< C
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Noting that

t e dy 1
t" < CM
/R” <t+|$—y|> (t+ Jy — 2[)>n+2 ((t+|$—Z|)2"+2>

1
<C
(t+ |z — 2])20+2

(where Mg denotes the Hardy-Littlewood maximal function of g) and

o tdt L
/0 o —apee - Gl =2

we obtain
0o 1/2
< e [ O o ([ ;
g,u,*(f)(:n) = o |:E—Z|m| m—l-l( 7:E,Z)| 0 (t_|_|$_z|)2n+2 z
|/ (z)
= m A; ) .
C - |$_Z|m+n|R +1(A5x, 2)|dz
Thus, the lemma follows from [5], [6]. O

Theorem 2.1. Let 1 > p > n/(n+1) DPA € BMO(R") for |3| = m. Then
gﬁ* is bounded from HY,. ,(R™) to LP(R"™).

Proof. It suffices to show that there exists a constant ¢ > 0 such that for every
(p, D™A) atom a,

g, (@)L < C.
Let a be a (p, D™A) atom supported on a ball B = B(zg,r). We write

4 Pdr = 4 (a)(z)|Pdz 4 (a)(z)|Pdx
[ t@@ra= [ gh@@ras [ (gl @y

|lz—zo|< 27 lx—xzo|>2r

=1+1I

For I, taking ¢ > 1, by Holder’s inequality and the L%-boundedness of gﬁ* (see
Lemma 2.2), we see that

1< Cllgi @l 1Bao, 20/ P9 < Cllallf, B0 < .

To obtain the estimate of 11, we need to estimate gﬁ*(a)(:n) for z € (2B)°.
Let B =5y/nB and A(z) = A(z)— Y L (D*A) -2, where (A) are the mean
|a|l=m
values of A on B. Then R,,(A;z,y) = Rm(A;x,y). We write, by the vanishing
moment of a,
R @) = [ [P U R i )
B Llz—2| |y — xo|™
Yi(y — o)

+ = [Rm(fl;sv, 2) — R (A; 2, 20)]a(y)dy
B |Z/ - 330|

- 3 o [ R DA — ()i
|laj=m
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thus

A
Gu(a

[//R <t+|:c—y|>

B

o — 2™ |;n—x |m

2 qyar]
. Y
(i, Dal)ld:) —th]

t e
" //R <t+|:c—y|>
|1y — o) 2 gyar]
t\Y — o 1 1 Y
| Rn(4;7,2) — Rpn(A;
x ( e R ,2) = B :c:co>||a<z>|dz> tm]
) t .
" //R <t+|:c—y|>
2 1/2
« / Yily — 2% (DaA(z) — (DO A) )a(z)ds| P
|a| |:E—Z|m grtl

=111+ 11, + I1;.
By Lemma 2.1, for z € B and z € 2**'B\ 2¥B, we know

|Rin(Ai2,2)| < Clo— 2™ Y [D*A(x) — (D" A)yi -

laf=m

By the condition on v and Minkowski’s inequality and similar to the proof of
Lemma 2.2, we note that |x — z| ~ | — x| for z € B and =z € R" \ B and we

obtain
t e
//31“ <t+|$—y|>

| | t 2 ]2
xro — % ' .
" </ n+1|Rm(Av$7z)||a(Z)|dz> tnT]

I1h<C

B v — x| (t + |y — wo])

t e
//31“ <t+ |33—y|>

1/2
2o — 2| ¢ 2 dydt
m(A;z, d
. </B ool (1 Ty — w2 om(Aiw Allal2)ldz ) 5

+C
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|B|1/n 1/p // ( > np tl—ndydt 1/2
|113—!170|erl rrtt \t+ |z =y (t+ [y — o) 2
X (/ |Rm(A;:17,z)|dz>
|B|1/n 1/p // ( >nﬂ tl—ndydt 1/2
|113—!170|m rrtt \t+ |z =y (t+ |y — @)+

y (/B |Rm(A;:n,z)|dz>

< Cla — ao|~(mm4D) B /n=1/p ( [ Bt z>|dz>

< Cklz — 2o/ "B/ 1771 S DO A() — (D*A)yiap-

|a|l=m
On the other hand, by the formula (see [4])
R (A; 2, 2) — Ry (A; x, 20) ||§: ﬁ' m—18)( (DPA; 2, 20)(x — x0)”
Bl<m

and Lemma 2.1, we get

|Rn(A;2,2) = Rn(A;2,20)| < C ) Y |zo — 2™ Plja — ao| P D*A|| o,
|8]<m |a]=m
so that

I, < C’/ EEE Y ‘R _1/(DPA; 2,0 ‘|$—$0||5|| (2)|dz
|Bl<m

< C/ | — 2]~ N Jag — 2w — 2o Y ID Al Buola(2)|dz
B |6|<m laf=m
(0%
< OHZ D A||BMO/ - $O|n+1 la(2)|d=
[0
< C Z ||DQA||BM0|:E—:E0|_n_1|B|1/n_1/p+1.

|a|l=m

For 115 , we write

/ Pi(y |$ _y|m z)a(DaA(z) — (D A)p)a(z)dz
:/B Vt( e [DYA(z) — (D*A) gla(z)dz,

|z — z[m |z — @o[™
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Similar to the estimate of I, we obtain

I3 C Z |z — @o| =) / |xg — z||D¥A(z) — (D*A)||a(z)|dz
laf=m
<C Z ||DaA||BMo|B|1/n_l/p+l|lE—$0|_n_1.

|a|l=m

Therefore, recalling that p > n/(n+ 1),

o

Ilg / gA* a)lx deE
D foos g 9 )
S CZ/ kP |z — xo| P BP(+1/n=1/p)
2k+lB\2kB
p
x Z |ID*A(z) — (D*A)gr1p| | dx
ja=m
p o
+C D%A MO / T — T —p(n+1) Bp(1+1/n_1/p)d$
g:jmu 1 ;:j a0 15|

< C Z [[D*Al[Bmo kagk(n—p—pn)

|a|l=m
p

< C| > Ip*Allsmo |

|a|l=m

which together with the estimate for I yields the desired result. This finishes the
proof of Theorem 2.1. O

Theorem 2.2. Let 0 < p < 00, 1 < ¢ < 00, n(l—l/q) a<n(1—1/q)—|—1
and DP A € BMO(R") for |3| = m. Then gu* is bounded from HKq hma (R7)

to KgP(R™).

Proof. Let f € HKq Pma(R") and f(z) = > ie oo Ajaj(z) be the atomic decom-
position for f as in Definition 1.3. We write

pq 1/p
00 k—3
A A
gite (DMl < C | D 25 |7 I Hlgiha(ag)xal o
k=—o0 Jj=—00
pq1/p
o o
ro| S gk I\l 11978 (@) Xkl | o =1+1I

k=—00 j=k—2
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For II, by the boundedness of gﬁ* on LI(R™) (see Lemma 2.2), we have

o - 7 1/p
II< C| Y 2k ( > Il aqu) ]
j

k:—oo =k—2

N
Q

p1/p
Z ghop ( > Aj2ja) ]
k——oo j=k—2

.11/
) TR BT 2] T 0<p <
< M 1/p
S , o o 12\ P/P
T 2 (e 2 7) (S22 ) | o
L (S 2] 0 <p <
<
~X r . 1
Sl (S 22| s

o 1/p
c ( > W’) < Cllfllukes,,

j=—o0

For I, similar to the proof of Theorem 2.1, we have, for x € C, j < k — 3,

ginulag) (@) < Cla — o "By V" (/ laj(y)llRm(fl;w,y)ldy>

+C S IDP Allparolk — )z — x| "B, |1/"/ la(y)|dy
|B|l=m

< 02~ k(n+1)9i(1+n(1-1/g)—0) ( Z |DPA(x) — (DﬁA)Bk)
|B]l=m

+C Y ID Allpaso(k — 2K 1=,
|8]=m

thus

I<C

00 k=3
Z gkap ( Z |/\j|Q—k(n+1)+j(1+n(1—1/q)—a)

k=—00 Jj=—00

x Y ( /B |DP A(z) — (DﬁA)qud:n>1/q)p] ”

|8]=m
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00 k—3
+C[ Z 2kap( Z |/\j|(k_j)2—k(n+1)+j(1+n(1—1/q)—a)2kn/q

k=—c0 j=—00
x> |IDPAllparo)'1”
|B]l=m
=L + 1.

To estimate I; and Iy, we consider two cases.
Case 1: 0<p< 1.

[e%S) k—3
L <C Z gkap Z |/\j|P2[—k(n+1)+j(1+n(1—1/q)—a)]pgknp/q
k=—oc0 j=—00
p11/p
x| > DAl Baro
|8]=m
=C Z IDPAl|Bpo Z I\ P Z 9(i—k)(1+n(1-1/q)—a)p
|B]l=m Jj=—00 k=j+3
o 1/p
< C Y D Allsuo | Y NP < Clifllakes,
|8]=m j=—00 ’
[ [e.e] o0 l/p
L < C Z ||D6A||BMO Z |/\j|p Z (k;_j)pQ(j_k)(1+n(1—1/Q)—a)P
|B]l=m | J=—00 k=j+3
o 1/p
< C Y ID%Allpro | Y NP < Clliflluges,, -
|8]=m j=—00 ’
Case 2: p > 1. By Holder’s inequality, we deduce that
[e%S) k—3 '
L<C), ||D5A||BMO[ S D0 A pukraa-taze)/2
|8]=m j=—co \j=—o0
k—3 p/p p
T ol By en(-1/) -2 ]
Jj=—00
o 1/p

<ol X W) < Clfllukes,,

j=—00
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00 k—3
< 0 Y D% Almo| ¥ (Z Aﬁ(kj>P2<M>P<”“<“/q>a>/2)

|Bl=m Jj=—00 \Jj=—0
k3 p/p’ 1p
T QU R )/ ]
j=—00
< C Z IIDP Al|smo Z AP Z (k — j)P2l—Rp(4n(1-1/q)=a)/2
18]=m j=—o0 k=j+3
o 1/p
P .
< C Z |/\J| < C||f||HK;’SmA'
j=—00
This finishes the proof of Theorem 2.2. U

Remark. Theorem 2.2 also holds for nonhomogeneous Herz-type space.

Theorem 2.3. Let DPA € BMO(R™) for |B| =m and 0 < p < 1< ¢q < o0,
a=n(l—-1/q)+ 1. Then, for any A > 0 and f € HK;%MA(R"), we have

00 1/1’7
Z 2kapmk(A’ gﬁ*(f))p/q
k=0
-1 +y—1
< O ko, oy (1+ 108" O ko, ) ) -

Proof. Let f € HK;gmA(R") and f(x) = 3272, A\ja;(x) be the atomic decom-
position for f as in Definition 1.3. We write

o 1/p 3 1/p
Z?’mpmku,gﬁ*(f))“q] <C Z?’“y%kwﬁ*(f)y”/"]

k=0 k=0
r 1
- k3 p/q] V/P

+C |2k rig [ A/2,) 0 INlgpt . (ay)
k=4 §=0
[ - p/q] /P

+C | 2krim [ A/2,60 | DD Nay =L+L+]Is
k=4 j=k—2
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For I, I3, by the weak (g, ¢q) type boundedness of gﬁ* and 0 < p < 1, we have

3 1/p o 1/p
Z2kap||flliq] < ONT D T INPHagllE
k=0 j=0

1/p

< OME Z|/\j|p.2—jap

1
o /p

<O NI < OYIfllakeg,,
j=0

M - p q1/p
I;< OXTH D) 2Rl N gy
| k=4 j=k—2 I
. o 1/p
< OXTH|) J2ker Ny |p2mier
| k=4 j=k—2
i Jj+2 1/p
< O ZM [Py 2tk
k=0
~ 1/p
SOl I WIPVI
=0
< O flluker

DmA

For I, by the argument of the proof of Theorems 2.1 and 2.2, we have

Gi(ag) () < C27HFU N DPA() — (DPA)p, |+ k> |IDPAll o
|Bl=m |B|=m
Therefore
- - p/q] /P
Li< C|) 2k | A/4,027FD) N DO A() — (DPA) g, Y 1N
k=4 |Bl=m j=0

/g1 /P
+C ’VZQkapﬁLk /\/4,02_k(n+€)k‘ Z ||D6A||BM02|/\j| —|
k=4 |B|=m 7=0 J

=1V + 1.
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For 12(1), using the John-Nirenberg inequality (see [15]), we gain

[ 00 P/q
(1) ko Ok \ -
L’< C rap — 2
: 2 (exp ( > i D7 Al 5310 32 IV

| k=4

r 1/p
o C/\2k(n+1)

<0 Qk(n+1)peXp _ —

_,; > 151=m [[DPAllBro 30720 1A

1/p

o0 cAx Y
< C / 2P lexp | — — dx
Jo ( 22 181=m 1D AllBM0 2250 |/\j|> ]

o oo 1/p
=CA D Allparo Y Al ( / tp—le—tdt>
0

§=0
1/p

<O < Ol
7=0

,DmA’

For 12(2), we use the following fact: If there exists u > 1 such that 2*/z < u for
x> 3, then 2 < culogt u. We have, if

{:E eCy: CQ_k(n—H)k‘ Z ||D6A||BM02 |/\j| > /\/4}‘ ?é 0,
|Bl=m =0

then

1 < 2k(+1)/k(n+1) ~ y\—1 Z ||D6A||BMOZ|/\j|'
|Bl=m 7=0
Thus

o o
2R < AT TNl Tog [ ATEY (|

§=0 §=0
Let K be the maximal integer & which satisfies this estimate. Then

Ky 1/p
[2(2) < C (Z Qkapgknp/q> < C2Ka(nt)
k=4

< O Y S Illog™ [ AT A
j=0

j=0
o 1/p o 1/p

<O I dogT | AT Y INP
j=0 j=0

< O M fllaxey,, og (A lixog, ) -

, DA q,D™MA
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Now, summing up the above estimates, we have

o

1/p

> 2k (A g ()71 < O llgmg,,, (14108 (A1 lmxes,, ) ) -

k=0
This completes the proof of Theorem 2.3. O
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