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ENDPOINT BOUNDEDNESS
FOR SOME MULTILINEAR OPERATORS

REN YUPING

ABSTRACT. In this paper, we prove the endpoint estimates for some multi-
linear operators related to the Littlewood-Paley operator and Marcinkiewiecz
integral operator.

1. INTRODUCTION AND THEOREMS

In this paper, we will consider a class of multilinear operators related to some
integral operators, whose definitions are given below.

Fix any § > 0. Let I'(z) = {(y,t) € R : |z —y| < t}. Denote the
characteristic function of I'(x) by xr(y). Let m be a positive integer and A be a
function on R"™. Set

Ra(4i2,9) = Aw) = Y ~DAy)(w —y)"
lajl<m

and
Qmi1(A;2,y) = Rn(A;2,y) — > DYA(z)(z — ).

laf=m

Definition 1.1. Let € > 0 and ¥ be a fixed function which satisfies the following
properties:

1) [ Y(x)de =
£n

(2) [¥(@)| < CA+ |z)~H1=9),
(3) [(z+y) — ()| < Clyl*(1 + |z[)~("+1+7%) whenever 2|y| < |z];

The multilinear Littlewood-Paley operator is defined by

dydt1/2
gS / |Ft T,y |2tn+1 )

T'(z)
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where . "
) = [ TR ey - s
RTL
and 9 (z) =t~ (a/t) for t > 0. Set Fy(f)(y) = f * ¥(y). We put
dydty1/2
/ |Ft 2753—1—1 > ’
T'(z)

which is the Littlewood-Paley S operator (see [13]).
Consider the variant of gé, which is defined by

adydt) 172
/ |Ft tn—l—l } ’
T'(z)
where
n Qm—l—l (A7 x, Z)

Vi(y — 2) f(2)dz.

|z — z[m

FAS) () = /
J

Let H be the Hilbert space defined by
1/2
H= {h Al = (/ |h(t)|2dydt/t"+1> < oo}.

n+1
R+

Then for each fixed € R™, FA(f)(z,y) can be viewed as a mapping from
(0, 400) to H, and it is clear that

( ) - HXF(m FtA(f)(:Evy)Ha
(@) = me AN,
95()(@) = ||xr@ F ()W) -

Definition 1.2. Let 0 < v < 1 and Q) be homogeneous of degree zero on R"

such that [ Q(a2)do(z’) = 0. Assume that Q € Lip,(S™!), that is there exists
Sn— 1

a constant M > 0 such that for any z,y € S", |Q(z) — Q(y)| < Mz — y|".

The multilinear Marcinkiewicz operator and its variant are defined by

dydt 1/2
//|Ft tn+3}

T'(z)
and d dt71/2
Y
/ |Ft tn+3} ’
T'(z)
where

A B Uy —2) Rmsi1(4;z,2)
FAS) () = / -

_ z|n—1—5 |$ _ z|m f(z)dz

ly—2|< t
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and
I Q B m A; ’
O B s T (O
ly—2|< t
Set
) Qy — 2)
F(f)(y) = / Wf(z)dz
ly—2|< ¢
We define d Y
N\ 1/2
//|F tszJ+3> ’
T'(z)

which is the Marcinkiewicz operator (see [14]).
Let H be the Hilbert space defined by

H= {h Al = (/ |h(t)|2dydt/t"+3>1/2 < oo}.

R}
Then for each fixed z € R, FA(f)(x,y) can be viewed as a mapping from
(0, 4+00) to H, and it is clear that

13 (F)(@) = || xrewFL(f)

/\/‘\

ﬂé(f $ = HXI‘(m FtA
s (f) (@) = ||xr@) Ft(f)(l/)”

Note that when m = 0 and § = 0, gé and ,ué are just the commutators of F}
and A (see[10], [11] and [14]). Let T be the Calderon-Zygmund singular integral
operator. The classical result of Coifman, Rochberg and Weiss [6] states that the
commutator

[b,T]=T(bf) - bTf

(where b € BMO(R™)) is bounded on LP(R™) for 1 < p < oo, Chanillo [1] proves
a similar result when 7T is replaced by a fractional integral operator. In [9],
the boundedness properties of the commutators for the extreme values of p are
obtained. It is well known that multilinear operator, as a non-trivial extension
of commutator, is of great interest in harmonic analysis and has been widely
studied by many authors (see [3]-[5], [7]). The purpose of this paper is to discuss
the endpoint estimates of the multilinear operators gé and ,ué.

First, let us introduce some notations (see [8], [12]).

Throughout this paper, @ will denote a cube of R"™ with sides parallel to the
axes. For a cube @) and a locally integrable function f, let

fo=1QI"! / f(2)dz
Q
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and

F#(x) = sup Q|- 1/|f ~ faldy.
€Q
Moreover, f is said to belong to BMO(R") if f# ¢ L®(R"). Let ||fllBmo =

£ ]| oo

Now we consider the concepts of the atom and H' space. A function a is
called a H'(R"™) atom if there exists a cube @ such that a is supported on @,
lallee < |Q|7" and [ a(z)dx = 0. It is well known that the Hardy space H'(R™)
has the atomic decomp051t10n characterization (see[8], [12]).

We shall prove the following theorems in Section 2.

Theorem 1.1. Let 0 < 6 <n and D*A € BMO(R") for |a| =

(i) If for any H'-atom a supported on certain cube Q and u € 3Q \ 2Q, there
s a constant C' such that

[ I X Gty [ e
oz'|:n u|m
(4Q)¢ loo|=m

then g& is bounded from H(R™) to L"/("_‘;)(R");
(ii) If for any cube Q and u € 3Q \ 2Q, there is a constant C' such that

n/(n—5)
dr < C,

(u—2)*

= / me (D) = (D)) [ E= (=) )
(4Q)e
< CHfHLn/éa
then G4 is bounded from L™(R"™) to BMO(R™).
Theorem 1.2. Let 0 < 6 <n and D*A € BMO(R") for |a| =

(i) If for any H'-atom a supported on certain cube Q and u € 3Q \ 2Q, there
s a constant C' such that

(z—uw)®* Qy—u) / n/(n—>o)
t) [ D*A d d
/ me a, e gy (1) [ D A()a(2)d :
(4Q)° Q
< C

then 14 is bounded from H*(R™) to L™9(R™);
(ii) Iffor any cube @Q and u € 3Q \ 2Q, there is a constant C' such that

el / me —(DYA(2) — (D" A)g)

/ (u —2)* QY — 2)xr@y) (2, t)f(

dz||dz < C||f| nys,
T @z < s

(4Q)°
then [i§ is bounded from L™°(R") to BMO(R™).
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2. PROOFS OF THEOREMS 1.1 AND 1.2

We begin with two lemmas.

Lemma 2.1. (see [5]) Let A be a function on R™ and D*A € L1(R") for |a| =m
and some q > n. Then

m 1 o 1/q
Rn(Ai )| < Clr =yl Y (o [ 10 paz)
0y

|a|l=m

where Q(x,y) is the cube centered at x and having side length 5v/n|x — y|.

Lemma 2.2. Let 0 < 6 < n, 1 <p < nfd, 1/g = 1/p—45/n and D*A €
BMO(R") for |a| = m. Then g4 and pif are all bounded from LP(R™) to LI(R™).

Proof. For gé, by Minkowski inequality and the condition on 1, we get

|f(= IIRm+1 (A2, 2) dydt 1/2
/ z|m / |¢t tl—l—n) dz
T'(z)
/ ()| B (As 2, 2) / / — W e
|$ _ z|m 1 + |y _ z|/t)2n+2—25 t1+n
0 |z—y|<t
|f(2) | Rims1 (A, 2) 22nt24l—n 1/2
0/ i / / o |y_z|)2n+2_25dydt> dz.
R™ 0 |z—y|< ¢

Noting that 2t + |y — 2| > 2t + |z — 2| —|r —y| > t+ |r — z| when |z —y| < ¢
and

o0

—2n+28
/t—|—|:n )2nt2-28 = Clo —2[77"7,
0

we obtain

(e}

|f () [ Bons1(A; 2, 2) /
<
:E / |:L'—Z|m t—|—|ZE—Z| 2n+2 20
0

z|m+n 5

>1/2dz




236 REN YUPING

For pi#, since |z —z| < 2t, |[y—2| > |v—2|—t > |z—2|—3t whenever [z—y| < ¢
ly — z| < t, we get

dowe [[ [f (2 —zanﬂA$zmﬂ>5XNM%wﬁgrﬂW

y= =l

R™ la—y|<t
|Rm+1 A T,z ||f XI‘(z y’ t n—3 1/2
/ |:E - z|m |$ — Z| 2n_2_25dydt} dz
|m y|<t
Rt N T & o
C’/ |z — z|m+3/2 [ (Jz — 2| — 375)2”_2_25} dz
lz—z[/2
Ry1(A;z, 2)|
C/ | +z|m+n 4 |f(Z)|dZ
Thus, the lemma follows from [7]. -

Proof of Theorem 1.1.

(i) It suffices to show that there exists a constant C' > 0 such that for every
H'(w)-atom a with supp a C Q = Q(x, d),

198 () ) < C.

Let A(z) = A(z) — 3 L (DYA)gz®. Then Ry, (A;z,y) = R (A; 2,) and

|a|l=m
DA =D*A— (D“A)q

for all @ with |a| = m. We write, by the vanishing moment of a and for u €

30\ 20,
F{'(a)(x,y)

=Xaq(2) ' (a)(z, y)
+ X(4Q)C($) / |:Rm(A7 Zz, Z)¢t(y — Z) _ Rm(A7 Zz, u)¢t(y — u)}a(z)dz

|z —y|™ |z —ul™

Rn
— X (1)< ( ||§: ~ / ¢t |$ 2 z:1|3m— 2%ty |; 11)21'77; U)Q}DQA(Z)G(Z)dz

~Xugr@ Y = /’$‘$m (v~ u) D A(z)a(2)dz.

laf=m
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then
98(0) (@) = |xre) (v D (@) (@)

< q(@)|[xre (0, O F (@) (@, )|

+ X(1@)( HXI‘(m (y,t )/[Rm(jw’zwt(y_z)
o

|z — 2™
B Rm(;l? z, w) iy — u)}a(Z)dzH

|z — ul™
+ X(4Q)e me y,t Z /¢t |$—sz_z)

_ ¢t(y—U)(:v—u) }DQA( dzH

|z —ul™

+ X(4)e( HXr(z y,t Z a'/ $_Z|m y — u)D¥A(2) dzH
loo|=m

=I(z)+ Ix(x,u) + Is(x,u) + 14(:17, u).

By the (LP, L9)-boundedness of g§ for n/(n —3) < g and 1/q = 1/p — §/n (see
Lemma 2.1), we get

()l nsen-s) < 98 (@) £al4Q| =2/ < Cllal o] Q"7 < C.
For Iy(x,u), we write

Ry(A;z, 2)0uy —2) R4z, w)¢i(y — w)

|z — z[m |z —ul™
1 1 .
R (A; 2, 2)t(y — 2)

o=
# (ly =)~y = ) T PR (i) — Ry (i)

Note that |z — z| ~ |z — u| ~ |z — x| for z € Q and z € R™\ 4Q). By Lemma 2.1
and the following inequality (see [12])

bg, — bg,| < Clog(|Q2]/|Q1]) 6] Bro for @1 C Qo
we know that, for z € Q and = € 21 Q \ 2*Q,

|Rin(Asz,2)| < Clo— 2™ Y (ID"Allzmo + [(D¥A)ga.z) — (D*A)ql)

|a|l=m

< Cklz —2[™ Y ID*Allpumos

laf=m
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By the formula
R(A;x,2) — Ry HZ ﬁ, meig/(DPA; 2, u) (2 — 2)°
Bl<m

(see [5]) and Lemma 2.1, we have

|Rm(A;z,2) — Ry (A; z,u)| < C Z Z |z — u[™ Bl|z — 2P| D*A| B o
|1Bl<m |al=m

Thus, arguing similarly as in the proof of Lemma 2.2, we get

o
2 2~ ul
16wl < O3 [ ([ (G + o)

k=2 2H1Q\2kQ  Q
(n=9)
X | R (A; z, 2)||a(2) |dz> (n=0) d:n]
o - |2 =4l w5, 15
+ 3 1P Alsao Y| () pramrrslata)ldz) ™7 de]
|a|l=m k=2 HLQ\2FQ  Q
«a - |Z — ’LL|
<C Z ||D AHBMOZ[ / (/k‘<m
la]=m k=2 okt1Q\2vQ @
|z — ul® sy, 1
+ W) |a(z)|dz> dlﬂ}
o d
<C Z ||D AHBMOZ[ / k(w
[o=m 2 2k1Q\2hQ

(n=9)

Tz " Yallz=l@)

TR — ) g
(de)n—l—e—é
<C D ID*Alsuod k@ F+27F) < C.

|a|l=m k=2
Similarly, we have

|z —u
< e Y[ [ (s

|a|=m k= 22k+1Q\2kQ Q

[113(- w) |

|z—u|€ (n=9%)

+ e I A aldz) ™ da] T
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<o 3 3 G

|a|=m k=2

d° 1 o x Jo oy (=)
+7(2kd)n+5_5> (w7 [ 1P Awa)lall i Ql2*al
Q

< C DY ID*Allsuod 27 +27F) < C.
|a|l=m k=2

Thus, by using the condition on I4(x,u), we obtain

95 ()]

<

L (n’ié)

(ii) It is suffices to prove that there exists a constant Cg such that

—Colde < C n
ol / A ol 11l s

holds for any cube (). By the equality
1

(@ = 2)%(D%A(z) — DUA(2))

Qm—l—l(A; z, Z) = Rm+1(A7 z, Z) + Z

|a|l=m

and by some arguments similar to those in the proof of Lemma 2.2, we have

@) < )@ +o Y [AR DA g,

|z — 2|9

|al=mpn

Thus, g4 is (LP, L9)-bounded for 1 < p < n/§ and 1/¢ = 1/p — §/n by Lemma
2.2 and [1]. For any cube Q = Q(xo,d), let A(z) = A(z) — > i(DO‘A)Q:EO‘

laf=m

We write, for f = fxaq + fXxug) = fi + f2 and u € 3Q \ 2Q,

FAD ) =FA @)+ [ Ty - 2) s

z|™
Rn

-2 %(DQA(:U) —(D4)q) /[w(y e

lajl=m Rn

- bl |; i)iﬁbm_ 2N fa(z)dz
(u—2)*

u— z[m

Ui(u — z) fa(z)dz.
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Then
(@) — gs (Mf> (20)

|wg — -|™

_ "XF(%)FiA(f)($’y)“ - HXP(”EO)F ( m(A; xg, - >

|wg — ™

< | o DEA) @ 9) — v 9 ) (Mf> W)

m(A;z, 2)

<(><r<m)(y, HEFA(f1) (2, y H+H|:XF(m y,t / PR Yy — 2)

X0 (o) 0 / |$“0’ Yuly = )| 22z + [ (w0 3~ (DoAG)

2™ la|=m
o [ stncste

+ HXr(m)(y, t) Z é(DaA(:n) — (D*A)g) / |(Z:j|)2 r(u — z)fz(z)dzH
|a|l=m Rn
=Ji(x) + Ja(x) + J3(z, uw) + Ju(x, uw).

By the (LP, L?)-boundedness of g}é forl<p<n/dand 1/¢g=1/p—3d/n, we get

1 Y. -
@/J1($)d$< QI g (f)llze < CIRI™ VN fillzr < Cllf |-
Q

For Jo(x), we write

m(A
XF(m (y,t / = szZ —z)
A $07
- [t >[ S m]¢t<y—z>Rm<A;:n,z>f2<z>dz+
2, |z — 2™ |20 — 2]

* / Xr(@) (¥, 1) VW =2 1 Az, z) — R( Ao, 2)] fol2)dz

|zg — 2™
Rn

+ /(XF(m)(yvt) - XF(mO)(yvt))

R

Rn(A; 20, 2)u(y — 2)
|zg — 2|™

fa(z)dz.
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Then

H / (XP() (¥ 1) = XT(20) (¥, 1))

| f2(2)|| R (A(o, 2)|
C/ { 20— 21"

dydt1/2
/ IXr(@) (U, t Xr(mo)(y,t)lzlw(y—z)lzth) }dz

Rn+1

C/ 22| Rn(A(o, 2)]
lzo — 2|™
1/2
/ / tI " dydt / / tI " dydt J
t+ |y_ Z| 2n+2 26 (t—|— |y_ Z|)2n+2_25 z

T'(xo
| f2(2)|| R (A(0, )|
C/{ |xg — 2|™

Ry (4; g, z)¢:§y —2) A
|zo — 2|

z)dz”

// 1 dydt>1/2 i
(t+ |$_|_y 22228 (t 4 [+ y — 2|)2n 22 | g1 o
lyl<t
/|f2 2)|| R (A(wo, 2 // |z — wo|t' " dydt >1/2dz
|zg — z|™ (t+ |z +y — 2[)2n+3-20
lyl<t
C/lfz | Bon(Alwo, 2))) |z — ol
|70 — 2|™ g — 2| t1/2=6" "

similarly as in the proof of Lemma 2.2 and Is(z, u), we get

1 « :E0|
@Q/Jz(in <C Z D A||BMO|Q| /Z / (W

2k+1Q\2kQ

|z — ao|'/? | — zo|°
+ |0 — 2| +1/2=0 + 2o — 2| te0 |f(2)|dzdz

<C Y D Alsrolfllgs 3 k@ +27F)
laf=m k=1

<C Y ID*Allsyol fllpws

laf=m
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and

1 C le] _ [0
= [ st < Hg_; ol [ 10°4(@) - (D))
Q o|l=m Q
<y
k=2

|z — ul |z — ul®
(s + s ) e

T2RIQ\2RQ
o
<C Y ID*Allsaro Y 27  +27 ) flgws < Cllfllpss.
|a|l=m k=2

Thus, by using the condition on Jy(z,u), we obtain

1 - R, 121; Zo,
@/ 35 (f) (=) — gs (ﬁf ) (zo)| dx < C||f] s
Q
This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2.
(i) It suffices to show that there exists a constant C' > 0 such that for every

H'-atom a with suppa C Q = Q(x, d), it holds
113 (a) |

<

L(n’ié)
Let A(z) = A(z) — 3. %(DQA)Q:EQ. We write, by the vanishing moment of a

|a|l=m

and for u € 3Q \ 2Q,
F{(a) (=, y)

—io(@) (@) ) + x(age(a) [ [
A

|z — 2|™ |y —

(/I;:E,Z) Q(y_z)
Z|n—1—5 XT(y) (Z’ t)

Ro(A;z,u) Qy —u)

a |z —ul™ |y — u|n—1—5XF(y)(“vt)}a(Z)dZ

x—2) Qly-—=2)
- t
X(aQ)e( Z alR/ 17— 2|™ [y — 21— sXr() (2 1)
T—U Qy—u o
o |(£L'—’LL|)m |y (u|n—1)—5XF(y)(u’ t)}D A(Z)(I(Z)dz
T —u)® Y—u o
_X(4Q Z / u|m |y u|n 1) JXF(y)(ua t)D A(Z)G(Z)dz.

laf=m
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Then

p(@)(@) =|xee B @) )|
< xa(@) |[xrio (@) . )

Ron(A; 2, 2) Uy — 2)Xr(y) (2, 1)
+X(4Q HXP(QE /[ |l — z|™ ly — z|n—1-9

R4, u) Ay — w)xrgy) (u, 75)}
|z — ul™ ly — |10

+ X(agye( H Z Xm /[ (z —2)* Qy — 2)xr() (2 1)

=27 Ty = 21

z)dz”

B (z—u)® Q(y - U)Xr(y)(
CE N VR

+X(4Q HXF(m Z a'/|$_u _u)(;XF(y)(Uat)
Rm

o=l Ty o]

] e iz)a(:)de

x D*A(z) dy”
=Ki(z) + Ko(z,u) + K3(z,u) + K4(x,u).

By the (LP, L9)-boundedness of u4 for 1 < p < n/d§ and 1/g=1/p —§/n, we get

(n=9)

A
IO gy <l (@)

Vi< Clall QTP < €.

For Ko(x,u), we write

Rin(Ajz,2) Qy—2) Ri(Ajz,u) Qy —u)
— 10 Xr(y) (2, t) — 2 —u|m |y — a9 Xr(y) (u, t)
Qy — 2)Rm(A; 3, 2)
ly — 2170z — 2™
Qy — 2) Qy —u) | Rm(4;z,2)
— t
ly— 2" 10 Jy—u[n10| |z —z|m Xr(y) (s 1)

+ Qy — u)xr(y)(u, ) (Rm(fl; z,2)  Rm(A;z, u))

|z —2|™ |y

=(Xr(y) (2, 1) = Xr(y) (us 1))

ly —ufr=1t0 jw—2™ |z —ulm
By the inequality

Qy—2)  AUy—u) ‘ C( |z —u| |z —u] >
ly —2|"10 y —ufr T Ty — gm0y — gt
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(see [14]), noting that

me /(Xr@)(z t) = Xr(y) (4, ’f))fz(g ;|5)Fa|(f_$z|in 2)dz H

2)|| R (A; z, 2)|
C/{ PEEE

// Xr(2) (Y, t)Ixr) (2, 1) — Xr(y)(u,t)|2dydt>1/2}dz

|y_z|2n 2—-20 n+3

Rn+1

C’/ 2)||Rim(A; , 2)|
|z — 2™
t~" 3 dydt " Sdydt (1/2
‘ |y — 22n—2-25 ly — 2|2n—2- 25‘ dz

T'(z), I'(2) T'(z), T'(u)

C/{ giﬁfzﬂ

// ‘ 1 1 dydt>1/2 ;
- z
- § 2ty — 22220 |zt y— u|2n-2-23 | nt3
y|< t|lzty—2|< t
|a(2)||Rm(A; z, 2)| lu — 2|t~ 3dydt \1/2
C/ |z — 2™ ( |33_|_y_z|2n—1—25> dz

ly|< tlz+y—z|< t

L 1)/2
C/w Rz, 2)|_Ju—2?

|$ _ Z|m |$ _ z|n+1/2—5

and arguing similarly as in the proof of Theorem 1.1, we obtain

<C Z ||DO‘A||BMOZ[ / (/d%

|o}=m ZoktiQ\2kQ Q

[ Ko (5 u

(n=9)

|z — ul!/? |z —ulY ) -
+ | — z|n+1/2—5 + | _Z|n+7_5>|a(z)|dz> d;p}

d
CZ||DQA||BMOZ|: / ’f(W
|a|l=m 2k+1Q\2kQ

di/? d?’ > WdlE} n=9)

+ (2kd)n+1/2—5 + (2kd)n+~/—5
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<C Z HDQAHBMOZIC(Q_k—|—2_k/2_|_2—“{k) < C
laj=m k=2

and

|z — u |z — u|!/?
||K3('7u)||Lﬁ <C Z Z / / [z — 2|10 + |z — 2| +1/2=0

|a|=m k= 22k+1Q\2kQ Q

n (n—34)
Z—U aq ICE) n
FEET 12 z|n+|v—5>|D A(2)a(2)]dz) ™7 de|

d'/? 4
C Z Z( de n+1—4§ + (2kd)n+1/2 ) (de)n—l—ﬁ/—(i)

|a|=m k=2
(7 [ 1acaz)
Q

<C Y IDAllpuo Y (27 F+27H2 427k < C.
|a|l=m k=2

_|_

Thus using the condition of Ky(x,u) we obtain

i@ @)l oy < C.

(ii) For any cube @ = Q(xq, d), let

Az) = A@z) - 3 ai(DaA)

|a|l=m

We write, for f = fxaq + fxug) = f1 + f2 and u € 3Q \ 2Q,

R (Asx, z) Q(y|; zl) f(2)d

FA) (@) =FA () () + /

ly—2< t

— Z DaA — (D*A)g)

|z — 2™ |y

=20y —2)  (u-2)0(y )
- /‘[u—zmw—zw*J oy e 2
ly—zl<t

1, . N (u—2)* Qy-—=2)
- Y 0@ - (0t [ s

|of=m ly—z|< t
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Then
@) - s (T 1) )
e F e - e (e ) |

~ Rm(A Zo )
< A _ ) )
< [xeen B D) = o B (TR = ) )|
~ R (A; 2, 2)Q(y — 2)
< A )
<@ 05 @+ Jww s [ [P
ly—2< ¢
_XF(mo)(y7t) / |$0—Z|m|y—2|n 1— 5:|f2 dZH
ly—zl<t
1 (0% (0%
+ w0 Y —(DoA@) - (D7 4)g)
|a|l=m )
Qy — 2)(x — 2)° Qy — 2)(u—2)"
— d
< | e e e
ly—zl<t
1 «a «a Q(y_z)(u_z)a
o X S0ma@ - 0rae [ S p e
lad=m ly—z|< ¢
=Li(x) + Lo(x) + L3(x,u) + La(z, u).
Slmllarly as in the proof of the assertion (i) of Theorem 1.2, we get
& [ @iz < Cllls
Q
1 - |z — 0| |z — ao|'/?
@/L2($)d$ < CZ / k(p7 — z|pt1-0 + |z — z|n+1/2-6
Q k:22k+1Q\2kQ
|z — 2o/
+m>|f(z)|dz
< Clfllpns
1
1 [ Balewdz < Clll
Q
Thus, using the condition on L4(z, u) we obtain
R (A Zo, )
< n/s.
ol / ()@ = s (T2 ) @)t < €l

This completes the proof. O
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