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SHARP WEIGHTED INEQUALITIES FOR MULTILINEAR
INTEGRAL OPERATORS

LANZHE LIU

ABSTRACT. A sharp inequality for some multilinear operator related to a cer-
tain integral operator is obtained. The operator includes the Littlewood-Paley
operator, the Marcinkiewicz operator and the Bochner-Riesz operator. As an
application, we derive the weighted L? (p > 1) norm inequalities and L log L
type estimate for the multilinear operator.

1. PRELIMINARIES AND RESULTS

In this paper, we will study some multilinear integral operators which are
defined as follows. Suppose m; (j = 1,---,1) are the positive integers, mq + - -- +
my=m and A; (j =1,---,1) are the functions on R". Let F;(x,y) be defined on
R™ x R™ x [0, 4+00). Set

F(f)(z) = / Fy(z, ) f(y)dy
J

and

|z — y|™

Hl': Rm—l—l(Av:Evy)
FAP@) = [ 2 R ) ) dy
Rn
for every bounded and compactly supported function f, where
1 (6% o
Ry, 1(Ajiz,y) = Ajla) — > P AW (@ —y)*.
laf<m;

Let H be the Banach space H = {h : ||h|| < oo} such that, for each fixed z € R",
Fi(f)(z) and FA(f)(x) may be viewed as a mapping from [0, +-00) to H. Then,
the multilinear operator related to F} is defined by

TA(f) (@) = |[FA () (@),
where F; satisfies the following condition: for any fixed ¢ > 0,

|z, y)l| < Cla —y™"
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and

|1F(y, x) — Fi(z, 2)|| < Cly — 2[*|e — 2| 7"7F
if2ly—z| < |z—2z|. We put T'(f)(z) = ||Fi(f)(z)|| and assume that T is bounded
on LP(R") for 1 < p < oo and weak (L!, L!)-bounded.

Note that for m = 0, T4 is just the multilinear commutator of T and A (see [8],
[9], [15]). For m > 0, T4 is non-trivial generalizations of the commutator. It is
well known that multilinear operators are of great interest in harmonic analysis
and have been studied intensively (see [1]-[5]). In [7], Hu and Yang proved a
variant sharp estimate for the multilinear singular integral operators. In [13], the
authors obtained a sharp estimate for the multilinear commutator.

The purpose of this paper is to prove a sharp inequality for the multilinear
operator T4. By using the sharp estimate, we obtain the weighted LP (p > 1)
norm inequalities and LlogL type estimate for the multilinear operators. In
Section 3, we will give some applications.

First, let us introduce some notations. Throughout this paper, ) denotes a
cube of R™ with sides parallel to the axes. For any locally integrable function f,
the sharp function of f is defined by

# — 1 — f5ld
7 () igg|Q|Q/|f(y) foldy,

where fo =|Q|™! [ f(z)dz. It is well-known (see [6]) that
Q

IGQ ceC

#(z) = sup int ﬁ Q/ 1F(y) — cldy.

We say that f belongs to BMO(R"™) if f# belongs to L*(R") and ||f||Bymo =
|| f#|| Loe. For 0 < 7 < oo, we put
FF @) = 1A # @M

Let M be the Hardy-Littlewood maximal operator. For & € N, we denote by
MP* the operator M iterated k times, i.e., M'(f)(z) = M(f)(x) and M*(f)(z) =
M (MF=Y(f)) () for k > 2. .

Let @ be a Young function and ® be the complementary associated to ®. The
®-average for a function f is defined by

. 1 If(y)|>
= inf /\>0:—/<I><— dy <1
||f||q>,Q |Q| Y
Q
and the maximal function associated to ® by
Mo (f)(x) = sup || f]|e,0-
zeQ

The Young functions to be used in this paper are

O(t) =exp(t") —1 and Y(t) =tlog"(t+e).
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The corresponding ®-average and maximal functions are denoted by || ||expLr,Q,
Mexprr and || - |[Log 1),0s ML(log L)~ For any 7 > 0 and m € N, we have the
following inequality (see [13]):
M(f) < Mpaogry(f), Mpgogry=(f) = M™(f).
Set, for r > 1,
bl 0oy = Sup 16— b@llexp L@

the space Oscexp - is defined by
Oscoxprr = {b € Ligg(R") : |[Blloscop 1r < 00}
It has been known (see [11]) that

16 = b20llexp 17 20q < CKI[bl|0scorp Lr-

It is obvious that Oscexprr coincides with the BMO space if » = 1. And
Oscexprr C BMO if r > 1. For 1 < p < oo, we denote the Muckenhoupt
weights (see [6]) by A,.

Now we state our main results as following.

Theorem 1.1. Let r; > 1 and D*A; € Oscyy, 7 for all a with |a = m; and
j=1,--- 1. Let 1/r =1/ry 4+ ---1/r;. Then for any 0 < p < 1, there exists a
constant C > 0 such that for any f € C5°(R") and x € R",

1
@A ED <OTL [ X 104 l0we, oy | Migog iy (H(@):

=1 \|ej[=m;
Theorem 1.2. Let r; > 1 and D*A; € Osc

j=1,-1
(1) Ifl<p<oo andw € Ay, then

exp L7 for all o with [a| = my and

!
174Ny <CTT | Do IDY A llose, vy | 11F1]Logw);

J=1 \lejl=m;

(2) Letw e Ay, 1/r =1/ri+-- -4 1/r; and ®(t) = tlog"/"(t + ). Then there
exists a constant C' > 0 such that for all A > 0,

w({z € R": [TA(f)(x)| > A})

l
< [o (x| X D40, | 17 | wia)da.
Rn

7=1 \Joyl=m;

2. PROOF OF THEOREMS 1 AND 2

First, we state some lemmas.
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Lemma 2.1 ([3]). Let A be a function on R™ and D*A € LY(R"™) for all a with
|| = m and for some ¢ > n. Then

1/q

m 1 o
Rni )| < Cle i 3 | s [ DoaG)d: |
)

laf=m

where Q is the cube centered at x and having side length 5\/n|x — y|.

Lemma 2.2 ([6, p. 485]). Let0 <p < g<oo and f >0. For1/r=1/p—1/q
we put

| fllwra = iuISAI{SU € R": f(x) > MY,
>

Np.o(f) = sup [ Fxellee/llxellcr

where the sup is taken for all measurable sets E with 0 < |E| < co. Then

1fllwzs < Npo(f) < (a/ (a—2) VI fllwes.
Lemma 2.3 ([13]). Letr; > 1 for j=1,---,m, and let 1/r =1/ri+---+1/rp,.
Then

1
1l / [fi(@) - fn(@)g(2)|dz < (| Fllexprr,@ - [ Fllexp £rm @191l Lo0g 1)1/ -
Q

Proof of Theorem 1.1.
It suffices to prove for f € C§°(R"™) and for some constant Cj, the following
inequality holds:

1/p

ﬁ / ITA(f) (@) - ColPde
Q

!
<CII| 2 ID%4illowe,, s | Migog iy ().

J=1 \|ej[=m;

Without loss of generality, we may assume | = 2. Fix a cube Q = Q(z¢,d) and

FeQ. Let Q =5/nQ and

Aja) = A5(0) = Y (DA ga"

lor|=m;
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Then Ry, 11(Aj; 2, y) = ij+1(/~lj; z,y) and D*A; = D*A; — (D*Aj)g for |a| =
m;. We write, for fi; = fXQ and fo = fXR”\Q’

Rt (A
/ s Byt 2 o

|z — y|™

/Hg 1Rm]+1 AJ7$ y)

|z — y|™

Fy(x,y) f2(y)dy

. A 3T,
/ s B A2 0) iy

|z —y|™

_ Z / mo A27517 y y)al Dalfil(y)Ft(JE,y)fl(y)dy

| |$ - y|m
a1|—m1
m A1 x,y)(x—y)*2 _
— 1 ) DQQA F d
Z a 1/ |z — y|m 2(y) Fi(z,y) f1(y)dy
|aa|=ma2
1 z — )2 DA, (y)D*2 A
DY = WD) by, y) i (w)
aylas! |z —yl
loi|[=m1, |az|=m2 Rn
Then

T4(7) () = TA(fa) o) = [I1FAS) @) | = [1E () o)l

L H§:1 ij (‘le; xz, y)

<|IFA(f) (@) — FA(fo) (z0)|] < Fy(z,y) fi(y)dy

|z —y|™

m A27$ y JE—ZJ) Rt
2 ar l/ ) iz — g™ D Ay (y) Fr(x, y) fr(y)dy

|t |=ma

ooy / mi (A1 2, ) (x — y)™ D Ay (y) Fy(, y) f1(y)dy

|z — ylm
|a2|—m2
1 [(z—y)**2D* A (y) D As(y)
F d
" Z OZl'OZQ'/ |z — g™ t(z,y) f1(y)dy
loa[=ma,|oz|=m2 Bn

+ [T @) = TA(f) (o)
=0 (x) + Ix(z) + I3(z) + La(z) + I5(x).
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Thus
1/p
A GCEERAICHEE
Q
1/p 1/p
¢ p < x)Pdx
< @Q/Il(:n)dzn + |Q|Q/12()d

C
Q|

+ %Q/Is(iﬂ)pdlﬂ + —Q/I4(5'3)pd33

1/p

]
+ | 7 [ Is(z)Pdx
Q|
Q
=0 + 1o+ I3+ 1y + I5.

Now, let us estimate I1, Iy, I5, I, and I5. First, for z € Q and y € Q, by Lemma
2.1, we get

ij(ﬁj;:n,y)§0|$—y|mj Z 1D Ajllose, v, -

pLJ
|ogj|=m;

Thus, by Lemma 2.2 and the weak type (1,1) of T', we obtain

1/p

2
a; 1
no< Il X 10 Alow,,, | | g [ T @ P
J=1 Q

lovj|=m;

o T (F)xeller
= CH Z ||D ]Aj”OScherj |Q| W

J=1 \|ejl=m;

I
Q
—

S D% A 0w, | QT s

J=1 \laj|=m;

I
Q
=

S 1ID%All0w,, 1, | 1@ 1Al

J=1 \|ejl=m;

I
Q
=

Z ||DajAj| |Osccxp 7 ML(log L)y (f)(@).

J=1 \|ejl=m;
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For I and I3, note that ||xQ||expr2,0 < C. Similarly as in the estimation of I,
using Lemma 2.3 instead of Lemma 2.2, we get

1/p
1 ~
I, < C Z [D** Az||0sc,, ;s Z @/|T(DQ1A1f1)($)|pd:E
|a2|:m2 |a1|:m1 Rn
< C Y DA lose,, Y 1QITHIT(D* AL (@) xQllw e
loa|=m2 lo|=m1
1 .
< O Y D% Alone S @/malm(x)fl(x)ma:
|a2|:m2 |a1|:m1 Rn
< C Y (1D Asl|0se, oo |1XQlexp 2.0
loa|=m2
x Y 1D AL = (D A lewp 11 6 I Lrog )10
lo|=m1
2
< ¢TI X 12 Allow, o) | Migogry- (1))

51 \Jag =g
and
2
L<CII{ X ID%4ll0se,,,n | Mpgogzyr(f)(@).
J=1 \lajl=m;

Similarly, for 14, by using Lemma 2.3 we get

1/p
1 - -
I4 S C Z @/|T(DQ1A1DQZA2f1)(JE)|deE
|ar|=m1, |az|=ms Rn
< C > QITNIT(D* A1 D2 A2 fi) xollw

|ar|=m1, |az|=ms

! Ay (2)D¥? Ay () f1 () |d
c Y @R[u) A1 () D Ag(a) () d

|ar|=m1, |az|=ms

IN

< C Y IDMA - (DY ANl 16
lo|=m1
XY D Ag = (D% A2) g llewp 12 | I Ltog )10
loa|=m2

IN

2
CII| X 1D 4ll0se, ey | Migog iy (F)(@)-

g=1 \lajl=m;
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For I5, we write

FA(fo) (@) — F{(f2)(0)
2
:/ (Ft($7y) . :1707 >HRm] AJ7$ y f2( )
Rn g=1

|z — y|m |£L”0 —ylm

+/(le(flu:v,y)—le(fh;:vo,y)>% 120, y) f2(y)dy

RTL

—I—/ (Rmz(lez;ib" y) — Rmz(;lz;!ﬂo’y)) Mﬂ(wo,y)h(y)dy

ma A27$ y)( y)al ( )

Z / Ft T,y
= |z — y|™
a1| ml
Ry (Ag; w0,y) (20 — )™ o1 4
. 2|:E00—z)/?m0 ) Fi(zo,y) | D™ Ar(y) f2(y)dy
my (A1 T, o
S / Az g)@=g)® oo
ol |z —y|™
lovz|=my
R, (A 30,y) (20 — y) @ J
o 1|:E00—z)/?m0 ) Fi(zo,y) | D** Az(y) f2(y)dy

1 (x —y)rrie
+ Z aqlas! /[ |z — y|™ Filz.9)
Rn

|a1|=m17|a2|:m2
T — a1tog ~ It
_%Fmo, y>] D Ai(y) D2 As(y) fa(y)dy
=iV + 1P+ 1+ 10+ 1+ 1.

By Lemma 2.1, we know that, for z € Q and y € 2571Q \ 2+Q,

|ij(Aj; €, y)|

+|(DiA),

<Ol ™ Y (DAl + (D% Ay

J

— (D% A)gl)
lovj|=m;

< CHa —y™ 37 1D Allose, -, -

lovj|=m;
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Note that |z — y| ~ |z — y| for z € Q and y € R™\ Q, by the condition of F; we
obtain

2
1 |z — x| |z — xol° 7
Mz [ (m e+ 1o g ) LBy (A 2wl 22wl dy
R j=1

2
_CH Z ||DajAj||OscCXerj
j=1

Iaj|=mj
_ 5
XZ / (m_jﬁ'ﬂ+|ii_§|3f+e>'f<y>'dy
2k+1Q\2kQ
2 ()
<CII| X 1% Aillon, ., | SR+ 27— m' [ 11w
5=1 \Ja|=m; k=1 e

IN
- Q
e

Z ||DajAj||OscCXerj M(f)(j)

1 \lajl=m;

J

For Iéz) and Iés), by the formula

ij(fl;:n,y) - ij(;l; Lo, Y Z ﬁ' m] |ﬁ|(D A T :L'O)(:E - y)ﬁ
|6|<m]
(see [3]) and by Lemma 2.1, we have
| R, (A; 2, y) — Rn, (A; 20, )|

<0 S 3 fe—ao™ e — Do Allog.

pL'J’
|Bl<m; |a|=m;

Thus
@<l 3 ipma 3 TP
5 11=¢] il Osc,  rs |70 — y|" 1 Yy

J=1 \Jaj|=m; k:02k+1Q\2kQ

2

—CH Z ||DajAj||OscCXerj M(f)(j)

i=1 \Jagl=m;

and

2

1N <L X 1D 4500, ., | M()@E).

7=1 \Jay=m;
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For Ié4) and Ié5), similarly as in the estimation of Iél), Iéz)

[0 <e ¥ /{ S O, o]

— |z —y|m™ lzo — y|™
loa[=m1gn

and I, we get

X IRmz(flz;:U’y)llDalx‘L(y)l}lfz(y)ldy

+C Z /{‘Rmz(flg;:n,y)—Rmz(lez;iﬂoay)‘

|a1|:m1Rn
(@0 — )| || F2 (w0, y) |l i
DA d
S C Z ||Da2A2||OSCCXer2
loa|=m2

<X Skt [ DM AW

|a1|=mq k=1

2kQ
<C Y D Asfosey Y Zk(Q‘k+2‘€k)
|az|=ma |a1|=mq k=1

X ||DQ1A1 - (DalAl)Q||prLT172kQ||f||L(logL)1/7‘72kQ
2
<cII( X 1040w, | Mygogryr ()@
J=1 \laj|=m;

and

2
5 . ~
1P <c H > 1ID% Ajllose ey | Migog i (£)(E).

J=1 \laj|=m;

For 1, éﬁ), using Lemma 2.3 we obtain

||IEE6)|| <C Z /' (x —y) T2 F(z,y)  (zo —y)*' T2 F(w0,9) H

loa|=m1,|az|=m2 pn

|z —y|™ |zg — y|™

x [ D1 A1 (y) ]| D2 Az (y) || f2() |dy

e Y yetertgs [IDmAwlom i)l
2kQ

|at|=ma,|as|=mg k=1

< CH ( Z DajAJ'OSCCXerj) ML(logL)l/T(f)(j)'
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Thus
2
Il <CIT{ Do 1D Ajllose, | Migog oy (F(@).
J=1 \ ey |=m;
This completes the proof of Theorem 1.1. O

By Theorem 1.1 and the boundedness of M L(log L)!/r> We can obtain Theorem
1.2.

3. APPLICATIONS

In this section, we shall apply Theorems 1.1 and 1.2 to several particular
operators such as the Littlewood-Paley operator, the Marcinkiewicz operator and
the Bochner-Riesz operator.

Application 1: Littlewood-Paley operator.

Let € > 0 and 9 be a fixed function which satisfies the following properties:

(i) [ ¢(x)dz=0,
RTL
(i) [¢(2)] < C(1 + |2[)~("+D),
(iii) [¢Y(z +y) —¥(z)| < Clyl (1+ [a])~0"+149) whenever 2[y| < [a;
The Littlewood-Paley multilinear operator is defined by
1/2

dt
/ FH@PL)

/Hg lRm]+1 AJ7:E y)

|z — y|™

where

Yi(z —y) f(y)dy

and Y (x) =t ™p(x/t) for t > 0. Set Fy(f) = * f. Define
1/2

/|Ft |2dt )

which is the Littlewood-Paley operator (see [14]).
0 1/2
Let H be the space H = {h Al = (f |h(t)|2dt/t> < 00 p. Then, for each
0

fixed z € R, FA(f)(z) may be viewed as a mapping from [0, +o00) to H. It is
clear that

gu()(@) = IE(f)(@)]| and g7 (f)(z) = |[[FA(F)(@)]l.

We know that g, is bounded on LP(R™) for all 1 < p < oo and weak (L', L')-
bounded. Thus

l

(gw H Z ||DajAj| |OscCXp L7 ML(log L)l/T(f)(:E)

g=1 \lejl=m;
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for any f € C°(R™) and 0 < p < 1,

192 | r(a <0H< S D%AjoSccxerj) [

lovj|=m;

for any w € A, and 1 < p < o0,

w({z e R": 9£(f)($) > A})

<C’/ ( ( Z DajAjOSCCXerj) f(:E)) w(x)dz

lovj|=m;

for any w € A1 and all A > 0.
Application 2: Marcinkiewicz operator.
Let 0 < v < 1 and © be homogeneous of degree zero on R" with [ Q(z')do(2') =
gn—1
0. Assume that € Lip,(S™™1), that is there exists a constant M > 0 such that
for any x,y € S 1, |Q(z) — Q(y)| < M|x — y|?. The Marcinkiewicz multilinear
operator is defined by

o 1/2
W) = ( / me)(:c)zf?f) ,

0

where l
Hj:l ij—l—l(Aj?:an) Q(ZE— )
— D f(y)dy
|z -yl [z =y

lz—y|<t

0 1/2
Set Fy(f)(z)= [ E (Z|ny1f( )dy. Define pq(f (f |Fy(f 2dt> ,

lz—yl|<t

which is the Marcinkiewicz operator (see [15]).
1/2
Let H be the space H = { [|h]] = (f |h(t) 2dt/t3> < oo}. Then, it is

clear that

pa(f)(@) = 1B @I and u5(f)@) = [1F ()@

We know that uq is bounded on LP(R™) for all 1 < p < oo and weak (L', L')-
bounded. Thus

(MQ ) < CH ( Z DajAjOscCXerj) ML(logL)l/r(f)(l")

lovj|=m;

for any f € C°(R™) and 0 < p < 1,

l
A gy < H( ) D%Ajo“cw)fm(w)

lovj|=m;



SHARP WEIGHTED INEQUALITIES FOR INTEGRAL OPERATORS 193

for any w € A, and 1 < p < o0,
w({z € R": Mé(f)(gj) S A1)

< C/ ( ( Z DajAjOscCXerj) f(;p)) w(lﬂ)d:E
|a]|—m]

for any w € A7 and all A > 0.
Application 3: Bochner-Riesz operator.

Let 6 > (n—1)/2, B{(f)(€) = (1 = 2[¢2)%f(€). Put

/HJ 1Rm]+1 Ajs z, y)

|z — y|™

Bét Bt (z —y) f(y)dy,

where BY(z) = t™"B%(z/t) for t > 0. The maximal Bochner-Riesz multilinear
commutator is defined by

B (f)(x) = sup | B(f)(@)];
>0
We also put B« (f)(x) = sup,~q | B (f)(x)|, which is the Bochner-Riesz operator
(see [9], [10]).
Let H be the space H = {h :||h]] = sup |h(t)] < oo} . It is clear that
>0

BI(f)(x) = [|B;(f)(x)l| and BiL.(f)(x) = || Bs4(f) (@)l

We know that Bs. is bounded on LP(R") for all 1 < p < oo and weak (L', L')-
bounded. Thus

(Bé* S CH ( Z DajAjOscCXerj) ML(logL)l/T(f)(:E)
lovj|=m;

for any f € C°(R™) and 0 < p < 1,

1B, (Dl o) <C] (2 DajAjOscCXerj)pr(w)

lovj[=m;

for any w € A, and 1 < p < o0,

w({z e R": BaA*(f)(:U) > A})

<c / ( ( S DajAjoSccxerj) f<:c>> w(a)dz

lovj|=m;

for any w € A; and all A > 0.
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