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ON THE FUNCTIONAL EQUATION P(f) = Q(g) IN
NON-ARCHIMEDEAN FIELD

NGUYEN TRONG HOA

ABSTRACT. In this paper, we study the existence of non-constant meromor-
phic solutions f and g of the functional equation P(f) = Q(g), where P(z) and
Q(z) are given nonlinear polynomials with coefficients in the non-Archimedean
field K.

1. INTRODUCTION

Let K be an algebraically closed field, complete for a non-trivial non-Archimedean
absolute value, f be a non-constant meromorphic function and S be a subset of
distinct elements in K. Define

E¢(S) = U {(z,m)| z is zero of f — a with multiplicity m}.

acs
Two function f and g of the same type are said to share S, counting multiplicity,
if £¢(S) = E4(S). A subset S is called an unique range set (a URS in short) for
entire (or meromorphic) functions if for any two non-constant entire (or mero-
morphic) functions f and g such that E¢(S) = E4(S), one has f=g. Assume that
S be a finite set, we set

Ps(z) =[] (= — ).
acs

As a connection to the study of the uniqueness problem, Li and Yang ([3]) intro-
duced the following definition.

Definition 1.1. A non-constant polynomial P(z) is said to be an unique poly-
nomial for entire (or meromorphic) functions if whenever P(f) = P(g) for two
non-constant entire (or meromorphic) functions f and g, it implies that f = g.

P(z) is said to be a strong uniqueness polynomial for entire (or meromorphic)
functions if it satisfies the condition P(f) = ¢P(g) for two non-constant entire
(or meromorphic) functions f, g and some nonzero constant ¢, then it implies
that c=1and f =g.

To demonstrate that the finite set S be a URS for entire (or meromorphic)
functions, we prove that polynomial Pg(z) is a strong uniqueness polynomial. If
P is a strong uniqueness polynomial for entire (or meromorphic) functions, then
the set of the zeros of P can be a URS.
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Recently, H. H. Khoai and C. C. Yang ([1]) generalized the above studies by
considering a pair of two nonlinear polynomials P(z) and @(z) such that the only
meromorphic solutions f, g satisfying P(f) = Q(g) are constants. This problem
is considered in the complex plane C by H. H. Khoai and C. C. Yang ([1]) as well
as by C. C. Yang and P. Li ([2]).

In this paper, we find the conditions, such that functional equation P(f) =
Q(g) has no non-constant meromorphic solutions f, g in K. To solve the functional
equation, we study the hyperbolicity of the algebraic curve {P(z) — Q(y) = 0}
by estimating its genus. We shall do this by giving sufficiently many linear
independent regular 1-forms of Wronskian type on that curve.

2. MAIN THEOREMS

Definition 2.1. Let P(z) be a nonlinear polynomial of degree n whose derivative
is given by

P(2)=clz—a1)" ...(2 — o)™,
where nq+---+np =n—1and a1, ..., a; are distinct zeros of P’. The number
k is called the derivative index of P.

Polynomial P(z) is said to satisfy the condition separating the roots of P’
(separation condition) if P(a;) # P(oy) for all i # j =1,2,... k.

Let P(z) and Q(y) be two nonlinear polynomials of degrees n and m, respec-
tively,

(1) P(x)=apz" + ...+ a1z + ag, Qy) =bpy™ + ...+ b1y + bo.

Then, we have

(2) P'(z) = nap(x — o)™ -+ (v — o)™,

(3) Q') = mbm(y — B1)™ - (y — )™,

where ny +...+npy=n—-1, mi+...+my=m—1, a1, ..., o are distinct
zeros of P', and (31, ..., [3; are distinct zeros of Q’. Define

A := {o| there exist ; such that P(a;) = Q(5;)},

(4) A := {3;] there exist o; such that P(a;) = Q(5;)}.

Setting
(5) I =#NA, J=#A.

Theorem 2.1. Let P(x),Q(y) be two nonlinear polynomials of degrees n > m,
respectively, such that P(x) — Q(y) has no linear factor. Suppose that k,l are
the derivative indezxes of P,Q, respectively. Then there exists no non-constant
meromorphic functions f and g such that P(f) = Q(g), if P and Q satisfy one
of the following conditions

i) k—I>2n—m+2,

() 1—J3>2

(i) k—1I=1 andny =n—m+ 2, where ny is the multiplicity of zero oy of
P’ such that oy ¢ A,
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(iv) I —=J =1 and By is a unique zero of Q" such that 31 ¢ A, then (1 is a
multiple zero.

Theorem 2.2. Let P(x),Q(y) be two nonlinear polynomials of degrees m,m,
respectively, n > m, and P(x) — Q(y) has no linear factor. A,A,I,J,n;,m; be
defined as above. Rearrange 3; € A so that mi > mo > ... > my.

If J > 2, P satlisfies the separation condition and P(cy;,) = Q(B:) for iy €
{1,2,...,1}, t = 1,2, then there exists no pair of non-constant meromorphic
functions f and g such that P(f) = Q(g) if one of the following conditions is
satisfied

(i) mo =2, my = ny, and mg = n;,, or

i . . mi+1 iy —mi

(i) ni, > my, mg = ni,,mg > 2 and T > S or

) ) mo+1 Njy —M2

(iii) mq = nyy, ng, >mo =2,m; >2 and T > s, or

i . ) mi+1 Rip —m mo+1 Njy —M2
(IV) Ny >my, Ny > mo > 2, “mi 2 Tma—2 and “ma 2 “mi—2 -

If J =1 and B1 € A with multiplicities my, then there exists no non-constant
meromorphic functions f and g such that P(f) = Q(g) if

Z ng — (n—m+2) = my > maxya,ea{n}-
tloyeA

Corollary 2.1. If the hypotheses of Theorem 2.2 are satisfied, then there exists
no pair of non-constant meromorphic functions f and g such that P(f) = Q(g)
provided J > 2 and my + mg — 3 = max{n;,, n;, }.

In the case P = @, we obtain the following result.

Theorem 2.3. Assume that P(z) is nonlinear polynomial of degrees n and P
satisfies the separation condition. Suppose that aq,... ,ay are distinct zeros of
P’ with multiplicities ny, ... ,ng, respectively. Rearrange «; so that ny > ng >
... = ng. Then there exists no non-constant meromorphic functions f # g such
that P(f) = P(g) if and only if k > 3 or k = 2 and min{ni,na} > 2.

3. PROOFS OF THE MAIN THEOREMS

Suppose that H(X,Y,Z) is a homogeneous polynomial of degree n and
C:={(X:Y:2)ecP*K) H(X,Y,Z) =0}

Put
X Y Y ~Z
W1:W(X,Y):dX dY" WQ:W(Y,Z):'dY dZ"
X 7
Wy =W(X,Z) = X dzl

Assume that R(X,Y,Z) and S(X,Y,Z) are two homogeneous polynomials in
P2(K). Let
R(X,Y, Z)

sy,

W; =
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with ¢ = 1,2,3. If R(X,Y,Z) and S(X,Y, Z) such that deg.S = deg R + 2 then
w; is a well-defined rational 1-form on P?(K).

Definition 3.1. Let C be an algebraic curve in P?(K). An 1-form w on C is said
to be regular if it is the pull-back of a rational 1-form on P?(K) such that the
pole set of w does not intersect C. A well-defined rational regular 1-form on C is
said to be an I1-form of Wronskian type.

Notice that to solve the functional equation P(f) = Q(g), is the same as to find
meromorphic functions f, g on K such that (f(z),g(z)) in curve {P(z) — Q(y) =
0}. On the other hand, if C is hyperbolic on K and f, g be meromorphic functions
such that (f(z),g(z)) € C, for all z € K, then f and g are constant (see [6]).
Therefore, to show that this equation has no non-constant solution, we shall
prove the hyperbolicity of { P(z) — Q(y) = 0}. By Picard-Berkovich’s theorem in
the p-adic case, a curve C'in K is hyperbolic if and only if the genus of the curve
C is at least 1.

It is well-known that the genus g of a algebraic curve C is equal to the dimension
of the space of regular 1-forms on C. Therefore, to compute the genus, we have
to construct a basis of the space of regular 1-forms on C.

Let P and @ be two nonlinear polynomials of degrees n and m, respectively,
in K, defined by (1). Without loss of generality, we can assume that n > m. We
set

H(z,y) = P(z) — Q(y).

o X Y
) F.2)= 2Py - A
(7) C:={(X:Y:2)cP!K) |F(X,Y,Z) =0}.
Define x v
P(X,2):=2""P(Z), Q(Y.2)=2""Q(5),

then

oF

ox = P'(X.2),

oF n—m

5y = 2 e 2),

oF i . irrn—1—i a . j on—1—j

57 = 2 (n—D)aiXZ" T = (0 — )by 2

i=0 Jj=0

where

m if n>m.

, {n -1 if n=m
m =
Then, by Euler’s theorem, for all points (X : Y : Z) € C, we have
oF oF oF
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The equation of the tangent space of C' the point (X : Y : Z) € C' is defined by

(9) g—XdX + g—idY + g—];dZ = 0.
From (8) and (9), we obtain
‘ Y Z‘ 'Z X
OF |dY dZ|oF OF |dZ dX|OF
X | x Y‘a_z’ Yy | Xx Y‘G_Z'
dX dY dX dYy
Hence,
10) W(Y,2) _W(Z,X) _W(X,Y)
oF oF oF
0X Y BY4
Setting
W, Z) W(Z,X) W(X,Y)
T=T9F T T oF T T OF
X Y BY4
we obtain
WY, Z)  W(X,Z)
"= P(X,2) T Z2rmQ(Y, Z)
(11) W(X,Y)

S (n = i)a; XiZn= 1 — S (n = )bV Zn 1
In order to prove the main results, we need the following lemmas.

Lemma 3.1. Let P,Q be two nonlinear polynomials of degrees n, m, respectively,
where, n > m, and C be a projective curve defined by (7). If P(a;) # Q(B;) for
all zeros a; of P' and B; of Q', then we have the following assertions

(i) Ifn=m orn=m+ 1, then C is non-singular in P?(K).

(ii) If n —m = 2, then the point (0 :1:0) be a unique singular point of C in
P2(K).

Proof. By the hypothesis of the Lemma, P(«;) # Q(f;) for all zeros «; of P’ and
B; of Q', we conclude that C' is non-singular in P*(K) \ [Z = 0]. Now we consider
the singularity of C' in [Z = 0]. Assume that (X : Y : 0) is a singular point of C.
We have

oF oF oF
8X(X Y,0) = OY(X Y,0) = 97

If n =m or n = m + 1, then the above system has no root in P?(K).

If n —m > 2, then the system has a unique root (0 : 1:0) in P?(K).

Thus, if n = m or n = m + 1 then C' is a smooth curve. If n — m > 2 then C
is singular with a unique singular point at (0:1:0). U

“—(X,Y,0) =0.
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Remark 3.1. (i) We also require that the 1-form, defined by (11), is non trivial
when it restricts to a component of K. This is equivalent to the condition that the
nominators are not identically zero when they restrict to a component of C' i.e.,
the Wronskians W (X,Y), W (X, Z),W(Y, Z) are not identically zero. It means
that the homogeneous polynomial defining C' has no linear factors of the forms
aX —bY, aY —bZ, or aX —bZ, with a,b € K if P # Q. Indeed, on the contrary,
suppose that aX — bZ is a factor of curve C defined by (7). Without loss of
generality, we can take a # 0. Since aX — bZ is a factor of F(X,Y, Z), we have
b N Y Lo b Y
0=F(22,Y,2) = Z{P(“2) - Q(;))} = Z"{P(>) - Q(5)}.
which gives P(g) = Q(%) for all Y, Z, a contradiction.

(ii) Assume that P(a;) # Q(B;) for all zeros o of P’ and f; of Q" and m > n.
If m = n+ 1 then C is non-singular in P?(K). If m —n > 2 then the point
(1:0:0) is an unique singular point of C' in P?(K).

Next, we recall the following notations. Let C' be a curve on K defined by a
homogeneous polynomial F(X,Y, Z) = 0 and let p be a point of C. A holomorphic
map

¢ = (d1, 02, 03) : De = {t €K|[t| < e} = C,
with ¢(0) = p, is referred to a holomorphic parameterization of C' at p. Local
holomorphic parameterization always exists for sufficiently small e. If ¢ is a local
holomorphic parameterization of C at p, then the Laurent expansion of F' o ¢(t)
at p has the form

q
Fog(t) = Zciti, cp # 0.
i=p

The order of F at p (it is also the order of F' o ¢(t) at t = 0) is defined by p and
denoted by
p:=ord, 4F = ord;—o F(¢(t)).
Assume that ¢(z,y) is an analytic function in z,y and is singular at (a,b). The
Puiseux expansion of ¢(z,y) at p := (a,b) is given by
[ = a+ ant® + higher terms, y=0b+ bgtﬁ + higher terms],

where a, 3 € N* and a4, bg # 0. The « (respectively, 3) is the order (also the
multiplicity number) of z at p (respectively, the order of y at p) for F' and is

denoted by
a:=ord,,(x) (respectively, 8 :=ord,,(y)).

Denote by a1, . .. , aj zeros of P/ with multiplicities nq, ... ,ng, and by 31,..., 5
zeros of Q" with multiplicities my,... ,my, respectively, then singularities of C' in
P2(K)\[Z = 0] are («; : §; : 1), which satisfy P(a;) = Q(8;). Let

I''={(e:06;:1) ]| (a; : Bj: 1) is a singular point of C'},
(12) A= {a; | (o : B : 1) is a singular point of C'},
A:={B; | (o : B : 1) is a singular point of C'}.
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Setting I = #A, J=#A, wehave k > I, | > J. Without loss of generality, we
can take
(13) A= {041,... ,Oq}, A= {517--- ,ﬂj} and mq ng Z ij.

Lemma 3.2. Suppose that A, A\, a;,Bj,n;,m; be defined as above. Then, the
1-forms

W)
- Ljgea V=627
Zr-mW (Y, Z)
o =

Hi\ai%A(X — o Z)mi’
are reqular on C.

Proof. By the hypotheses of the lemma, 6 is regular on C' because no point of
the set {(o; : B5:1)| B ¢ A,i=1,2,... k}isin C.
Note that
2 heaX —0i2)”
= - ,
Hj:l(X —a;Z)"
pZ" M o a (X — g Z)™
_ Hz\aZGA( 4 ) W(Y, Z)
P(X,Z7)
. pHi|a¢€A(X - aZZ)nZ
a QY. Z)
where, p = na,, # 0. Because Q'(Y,Z) |x=0,y=1,z=0= mby, # 0 and no point of
the set {(o;: B :1)| o € A,j=1,2,...,1} isin C, o is regular on C. O

W(Y,2)

W(X,Z),

Proposition 3.1. Suppose that n > m, P(x) — Q(y) has no linear factor and
EL,AN T, J,n;,m;j be defined as above. Then the curve C' is hyperbolic if one
of following conditions is satisfied

() Dijasgani =n—m+2,

() 2518,¢a ™5 2 2
Proof. Set

9 1= Z215Ea 2

By Lemma 3.2, 9 is a well-defined regular 1-form of Wronskian type on C if
ZjlﬁjéA mj > 2. Hence go > 1, that is, C' is hyperbolic, if Zj\ﬁjeéA mj = 2.

Setting

¢ = Z2ijazea i (n=m+2)

)

and arguing similarly as above, we can that the curve C' is hyperbolic if
Z n; =>n—m++ 2.
i €A

This completes the proof. O



174 NGUYEN TRONG HOA

Assume that (a; : 3 : 1) is a singular point of C. Then

n

P(z) = Plog) = > a(z— ),

L
Qly) — Q(B)) = Zm: bi(y — 6;)",
when @y, 11 # 0,byn, 41 # 0, P(ay) = Q(;j;j;;erefore, we have
F(X,Y,2) = Z'{P(5, Q(%)}

= Y w(X —wz) -z Z (Y - 8,2)".

t=n;+1 t=mj+1
Using the Puiseux expansion of F(X,Y,Z) at p;; = (o5 : ;1 1), we have
(14) (n; + )ordp” F(X —a;Z) = (mj + 1)ordpij,F(Y - B;Z).
Suppose that p1 = (o4, : B, : 1) and p2 = (o, : Bj, : 1) are two distinct finite
singular points of C. Setting
(X — 0, Z) — Z;z:g;i (Y — B z) if Biy # Bja
(Y_QJQZ)_M(X_aiQZ) ifah #aiz’

Qg — Qi

Lig =

we conclude that Lis(a;,, Bj,,1) = L12(0y,, Bj,,1) = 0 and
ord,, pLi2 > min{ord,, p(X — ;,Z),0rd,, r(Y — 3;,2)}.
Hence, by (14) we have

ord,, p(X —a;, Z) if mj, <ny,

(15) ordy, pliz > .
” Ordpt,F(Y - ﬂjt Z) if mj, = N,

fort=1,2.
We have the following proposition.

Proposition 3.2. Let P,Q be nonlinear polynomials such that P(x) — Q(y) has
no linear factor. Let C' be a projective curve defined by (7), I' = {(a; : B; : 1)}
be the set of all finite singular points of C, and let A = {p1,...,Bs} (defined
by (12)), where my > mge > ... = my. In addition, assume that (cy, : [y :
1), (i, : B2 : 1) €T, and P satisfies the separation condition. Then the curve C
is hyperbolic if J > 2 and one of following conditions is satisfied
(i) m2 =2, my =n; and mg = ny,, or

d m1_+1 > Pip T

(ii) ni, > my, ma =ng,,me >2 an >~ or
ma+1 Tiy —M2
(ili) m1 > ngy, ni, > mo = 2,myg > 2 (md s > g, O
mi+1 N —ma mo+1 Njy —M2
(1v)n“>m1,nzg>m2>2 bl > 0L gpd metl > Mo
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Proof. By the hypotheses, if p1 = (a;, : f1: 1) # p2 = (a4, : B2 : 1) then [y # fo.
Indeed, assume to the contrary that 5, = (2. Since p; # p2, we obtain a;, # a,.
Hence P(a;,) = Q(61) = Q(B2) = P(«y,), which is a contradiction. Let

L:=(X-a;7)— %(Y — B2).

By (14) and (15) we get

(16) ord, pL > ord,, p(X —a;, Z) if my <ny,
PRI T Nord,, p (Y — BZ)  if my =y,
for t = 1,2. The rational 1-form
Lm1+m272
w = W(X, Z),

Y = 52)" (Y - p2)™
is well-defined (since m; > mg > 1). We claim that w is regular. To prove this
we need only to check the regularity at p; = (o, : B : 1), for t = 1,2. The w is
regular at p; if the 1-forms

Lm1+m272
= ——00o0W(X,Z

Xt (Y — ﬂtz)mt ( ’ )a

are regular at p, with t =1, 2.
First of all, we check the regularity of x1 at p;. If my > n;,, by (16) we have

I +mo—2

(17) OI'dpLFW 2 (m2 — 2)01‘dp17F(Y — ﬂlZ)
If n;, > my, by (16), we obtain
Lm1+m2—2
Ordpl,FW = (m1 —+ mo — 2)Ordp1’F(X — Oé“Z) — mlordpl,F(Y — /81Z)
(m1 + 1)(m2 — 2) — ml(nil — ml)
(18) — ordy, ¢ (Y — Bi2).
ni, + 1 P

From (17) and (18) it follows that

q Jmtma—2 S (TRQ — 2)01‘dp17F(Y — ﬂ1Z) if my = Ngq
or Py e——— m mo—2)—m1(n;, —m .

Py — g zym 7 2nf1)+1 L= dy, p (Y — 1 Z) i my < g,

Thus, x1 is regular at p; if one of following conditions is satisfied

(i) m1 = n;, and mg > 2, or

(ii) ng;, > My >m2>2andmﬁl—fl>%.

The regularity of y2 at ps can be checked similarly. Thus, w is regular on C' if
one of conditions of the proposition is satisfied. O

In the case J = #A =1, we obtain following result.

Proposition 3.3. Let P,Q be two nonlinear polynomials such that P(x) — Q(y)
has no linear factor, C' be a projective curve defined by (7). Assume that T' =
{(c; : B1 : 1)} is the set of all finite singular points of C, where oy, aq, ... ,ar are
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zeros of P’ with multiplicities ny,no, ... ,ny, respectively; 31 is zero of Q' with
multiplicities my. Then the curve C is hyperbolic if

1
Zni —(n—m+2) > my > max{n;}.
1=1

I>i>1
Proof. Let
ZZf: ni—(2+m1)(y _ g, 7)™
¢i= 2 Y =52y, z),
[Tizi (X — i Z)™
Then
Z5 = @rm)(y — B 2y [ (X — a  Z)

[T (X — o Z)m
B pZZ{:l "i*(2+m1)(Y - Z)m™ Hj|o<j§éA(X - ajZ)nj

Y. Z
P’(X'7 Z) Wiy, )
I i —(n—m m n—m m mng
_ pZEen ) Zne Y — B2)" [, ea (X — 052) WX, 2)
- Zn—mQ/(Y’ Z) ’
I ;—(n—m m ng
_ pZze O ga (X — 0y 2)" W(X,2)

[lio(Y —BiZ)™
where A = {ay,9,... ,ar}, p=mna, # 0, is regular in C N [Z = 0] if

I
Zni—(n—m+2+m1)20.
i=1

By (14),
(ni + 1)ordpi,F(X — OziZ) = (m1 + 1)0rdpi,F(Y — ﬁlZ),
We have
myord,, (Y — 1Z) — njord,, p(X — a; 2)
= OrdphF(X — OéZZ) — Ol‘dp“F(Y — 612),
for all a; € A and p; := (o : 41 : 1). Hence, ¢ is regular at point p; if
ord,, p(X —a;Z) —ord,, p(Y — 1 Z) > 0,
that is, mq > n; for all ¢ such that a; € A. Therefore, ¢ is regular in C' if
I
. —(n— >my > 1
Z;nz (n—m+2)>m; > Ir;lg(l{nz}
1=
This completes the proof. O
Remark 3.2. If m; + my — 3 > max {n;,,n;,}, then

(m1 + 1)(m2 — 2) — ml(nil — ml) _ (m1 + mo — 2)(m1 + 1) B
nil +1 nl'l +1
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(mg + 1)(m1 —2) —ma(ngy, —ma)  (m1+ma —2)(mg + 1)
= —mg > 1.
N, + 1 ni, + 1

Lm1+m272
Y =1 2)" (Y = p2)™

Thus, we have w = W (X, Z) is regular on C.

Lemma 3.3. If k=1 =J =1=1, then there exist non-constant meromorphic
functions f,g such that P(f) = Q(g).

Proof. If k = I = J =1 = 1, then can rewrite the equation P(f) = Q(g) in
the form (f — a)™ = (bg — 3)™, where b # 0. Assume that h is a non-constant
meromorphic function. Set

1 p

= K", g=-h"+—.

f=a+h™ g 5 + b
Then f and g are non-constant meromorphic solutions of equation P(f) = Q(g).
]

Proof of Theorem 2.1. From Proposition 3.1, if ZjlﬂjgéA m; —22>0,ie,p=
ZjlﬁjéA m; > 2, then the functional equation P(f) = Q(g) has no solution in
the set of non-constant meromorphic functions. As m; > 1, we conclude that
ifl—J > 2then p > 2. If | — J = 1, then there only exists a unique zero (;
with multiplicity mq of @’ such that P(a) # Q(f1), with all zeros a of P’. Since
mq > 2, we have p = my > 2. Therefore, (ii) and (iv) are valid.

Note that Zi|a¢¢A n; = k — I. Therefore, if k — I > n — m + 2 then the curve
C is hyperbolic. If k — I =1 and ny > n —m + 2, then

Z n;,=ny=>n—m-++ 2.
tlai €A

Thus, we obtain (i) and (iii). This completes the proof. O

Proof of Theorem 2.2 and Corollary 2.1. Theorem 2.2 can be derived from Propo-

sitions 3.2 and 3.3. Corollary 2.1 follows from Theorem 2.2 and Remark 3.2. [

Proof of Theorem 2.3. Let

H*(z,y) == w
-y
F*(X,Y,Z) := Z”—lﬂ*é, %).

Cc* = {(X,Y,Z) € P*(K) |F*(X,Y, Z) = 0}.

By Remark 3.1, F*(X,Y, Z) has no factor of the forms aX —bY, aX—bZ, aY —bZ.
Assume that F*(X,Y, Z) has no factor of the form aX 4+bY +cZ. Then, the curve
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C* is only singular in P?(K) at p; = (a; : a; : 1), with {o; | i = 1,2,... ,k} being
the set of distinct zeros of P’. We have

OF*  P(X,Z) - F*(X,Y,Z)

oxX X-Y ’

OF*  —P(Y,Z)+ F*(X,Y,Z)

oy X-Y ’
OF* n—1 i—1

o7 = Z (n —i)a; 2" Z Ximtlyt,

i=1 =0
Note that if (X :Y : Z) € C* then F*(X,Y,Z) = 0. From (11) we obtain

X-Y)W(Y,Z) (X-Y)W(X,2)
P(X,7) N PI(Y,7Z)
(X —YW(X,Y)

Z?:_f (n —i)a;(Xi — Yi)zn-1-i’

Let
(X —Y)"3W (X, Z)
(Y — 041Z)"1 c. (Y — OékZ)nk '
Since ord,, p<(X —Y) > ord,, p+(X — a;Z) = ord,, p<(Y — a; Z),
(X —Y)n=3
i7F*
"I (Y - a2

6 :=na,(X —Y)" 4y =

ord

= (n —3)ord,, p<(X = Y) — nsord,, p=(Y — a; 2)

> (n —n; — 3)ord,, p- (Y — o 2)

k
= () m—2)ord,, m (Y — 0; 7).
i#t=1

This implies that if Zf#:l ng > 2 then 6 is regular at p;, with i = 1,2,... k.
Sinceni = ng > ... = ng > 1, we conclude that if k > 3 or k = 2 and min{ny,ny} >
2 then the curve C* is hyperbolic.

Now we consider the cases k = 1 and k£ = 2, min{ny,no} < 2.

If £ =1 then P(x) = a(z — a)” + b,with a,b € K, a # 0. Let 1 # ¢ € K
such that €® = 1 and h is any non-constant meromorphic function. We set
f=h+a, g=eh+a. Then P(f)=Q(g).

In the case k = 2 and min{ny,n2} < 2, we have ny =ng =lormn; > 2, ng = 1.
If ny = ng = 1, then n = 3 and P = ax® + bx? + cx + d with a # 0, b? — 3ac # 0.
From the equation P(f) = P(g) and the fact f # g we have

a(f +9)* +b(f +g) +c=afg.
Let f =u+wv, g =u—v. We observe that

b2 — 3ac

(1= v+ o)t v+ ) = o,
V3 3a V3 3a 9a?
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with 2 = —1. Assume that h is any non-constant meromorphic function. Setting
i b b*—3ac i b 1
u—%v—f—gzwh, u+%v+£zﬁ’
we see that
b> —3ac) | i— /3 i+vV3 |1 b
f:{ 942 } 22{ ht J;;[ h 3a

and

=
S| =

2 . .
g:{b . gac}{z+ﬁ}h+{z : } b
a 21 27 3da
constitute a solution of the equation P(f) = P(g).

If £k =2,n1 > 2 and ny = 1, by Proposition 1 ([9]) the curve C* has only
one singular point p; = (a1 : @y : 1) with multiplicity n;. Assume that F™* is
reducible at pq, i.e., F* = HG where H is a proper irreducible factor of F*. Let
ng,ng be the multiplicity of p; in H = 0 and G = 0, respectively. Then we have
ng +ng = ny and deg H + degG = deg F* = n —1 = ny + 1. Since deg H >
nyg, deg G > ng, by Bezout’s theorem we obtain ngng = (deg H)(deg G). Then
we have ng = deg H, ng = deg G and ny = n; + 1, a contradiction. Therefore,
F* is irreducible and curve C* has genus zero. This completes the proof. O
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