ACTA MATHEMATICA VIETNAMICA 149
Volume 31, Number 2, 2006, pp. 149-165

THE UNIQUENESS OF VISCOSITY SOLUTIONS OF SECOND
ORDER NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS
IN A HILBERT SPACE OF TWO-DIMENSIONAL FUNCTIONS

TRAN VAN BANG

ABSTRACT. In this paper we prove the uniqueness of viscosity solutions of
the second order nonlinear partial differential equations associated with the
Stokes and Euler operators in a Hilbert space of two-dimensional functions.

1. INTRODUCTION

Since the early 1980s, the concept of wviscosity solutions introduced by M.G.
Crandall and P.-L. Lions ([1], [3]) has been used in a large portion of research in a
nonclassical theory of first-order nonlinear PDEs as well as in other types of PDEs.
For convex Hamilton-Jacobi equations, the viscosity solution- characterized by a
semiconcave stability condition, was first introduced by S.N. Kruzkov [6]. There
is an enormous activity based on these studies. The primary virtues of this
theory are that it allows merely nonsmooth functions to be solutions of nonlinear
PDESs, this theory provides very general existence and uniqueness theorems, and
it yields precise formulations of general boundary conditions. Let us mention
here the names of M.G. Crandall, P.-L. Lions, L.C. Evans, H. Ishii, R. Jensen,
V. Barbu, M. Bardi, G. Barles, Barron, L. Cappuzzo-Dolcetta, P. Dupuis, S.
Lenhart, S. Osher, B. Perthame, P. Soravia, P.E. Souganidis, D. Tataru, Y.
Tomita, N. Yamada,... and many others, whose contributions make great progress
in nonlinear PDEs. The concept of viscosity solutions is motivated by the classical
maximum principle which distinguishes it from other definitions of generalized
solutions. The results of viscosity solutions were generalized to infinite dimensions
by P.-L. Lions, H. Ishii, A. Swiech, D. Tataru... (see [4], [5], [7] and the references
therein).

Let 2 C R? be the open and bounded set with smooth boundary. Set

H = the closure of {z € D(Q;R?), div z = 0} in L*(Q;R?),
V = the closure of {z € D(;R?), div 2 = 0} in Hj(Q;R?)
and let Py be the orthogonal projection in L?(Q;R?) onto H. The operators

Ar = —PgAz and B(z,y) = Pu[(z.V)y] are called the Stokes and the Euler
operators respectively. Let (.,.) and |.| be the inner product and the norm in
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H space. This paper is concerned with fully nonlinear second order Hamilton-
Jacobi-Bellman-Isaccs equations in the H space

u(x) + (Az + B(z, z), Du(x))

*
) + F(z, Du(x), Dzu(:n)) =0, r € H.

The assumptions about F' will be given later in Section 3. The viscosity solution
approach is adapted to those equations under consideration and the uniqueness
of viscosity solutions is established.

We notice that, the equation (%) was studied in [4] without Euler operator,
and in [5] in case the function F' does not depend on the second order partial
derivatives of w.

This paper is presented in five sections. In Section 2, we give some preliminaries
on the abstract spaces and the Stokes and Euler operators. Section 3 is devoted
to the assumptions about F. In Section 4 and Section 5 we present the definition
of a viscosity solution and we prove a general uniqueness result for (*).

2. NOTATION AND PRELIMINARIES

2.1. Abstract spaces and the Stokes operator. We denote by W™P(Q; R?)
(or simply by W™P(Q)) the Sobolev space of order 0 < m € R and power
p > 1 of functions with values in R? (which can be seen as a product space
WmP(Q; R?) = [W™P(Q; R)]?). The norm of z € W™P(£2; R?) will be denote by
|Z|m.p- We will use the notation LP for W and H™ for W™2. We will also be
using the negative Sobolev spaces H ™. The space H can be alternatively defined
by

H = {z € L*(Q;R?), divz =0in D'(Q;R?),2.n=0in H_%(OQ)}

where n is the outward normal to the boundary (see [5]). The Stokes operator A
has the domain of definition

D(A) = H*(Q;R?) N V.

It is well known that A is linear, positive definite, self-adjoint, A~ is self-adjoint,
injective and compact. For v > 0 we denote by V, the domain of definition of

A%, D(A%), equipped with the norm
(2.1) x|y = |A% 2o 5.

For v < 0, the space V,, is defined as the completion of H under the norm (2.1).
If v > —3% the norm of V, is equivalent to the norm of H (see [5] or [8], [9]).
Moreover, the space Vi coincides with V. Identifying H with its dual, the space
V_, is the dual of V, for v > 0. We will also use the customary notation V’
for the dual of V and the duality pairing between V' and V will be denoted by
(.,.). The same symbol will also be used to denote the inner product in H if both
entries are in HL.

We recall below Sobolev imbeddings and other inequalities that we will need
in the remainder of the paper.
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-Sobolev imbedding type inequalities: If m > 0,mp <2 and p < g < 2_2;";110 then
WP (Q) — L1(Q), i.e.,
Zloq < Clatlmp, =€ W™P(Q).

(noting that when mp = 2 the imbedding holds for all p < ¢ < +00). Combining
the above with the equivalence of norm of V., and H7, we find that for v € (0, 1]
and q € [2, %] (g€ 2,400)if y=1)V, — LIQ), ie.,
(2.2) |Zlo,g < Claly, z €V,

-Interpolation inequality: If an operator S generates an analytic semigroup,
then there exists a constant C' such that, for every z € D(S) and 0 < vy < 1,

(2.3) 1572 < C|Sz||2|t .
Let v € (0,1], @ € (0,7). For every o > 0, these exists C, > 0 such that
(2.4) |A%z| < 0|A7z| + Cylz|, Vz e D(AY).
2.2. The Euler operator. We define the trilinear form b(.,.,.): VxVxV — R
as

by 2) = [ OO vew©)de
and the bilinear operator B(.,.): V x V — V’ as
(B(z,y),2) =b(z,y,2), zeV.

This is just another way to introduce the operator B that we have already used
in Section 1. By the incompressibility condition (divz = 0) we have

(2.5) b(z,y,y) =0, b(z,y,z)=—blz,z27vy).

2.3. Preliminaries on the operators and spaces of operators. Throughout
this subsection F will denote a real separable Hilbert space endowed with the
inner product (.,.) and the norm |.|. We denote by L(FE) the Banach space of
continuous linear operators T : F — E with the operator norm ||.||, and we set

> (BE)=A{T € L(E), T — sclf-adjoint}.

For any Hilbert spaces E and E, we denote by UC(E,E), BUC(E, E) the
Banach space of all functions ¢ : F — FE which are, respectively, uniformly
continuous, uniformly continuous and bounded on E with the usual norm

|l = sup|e(z)| g
zelR

We say that a function p : [0, +00) — [0, +00) is a modulus if p is continuous,
nondecreasing, subadditive, and p(0) = 0. Subadditivity in particular implies
that for all € > 0, there exists C: > 0 such that

p(r) < e+ Cer, for every r > 0.

Moreover, a function w : [0, +00) X [0, +00) — [0, +00) is a local modulus if w
is continuous, nondecreasing in both variables, subadditive in the first variable,
and w(0,r) = 0, for every r > 0.
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Let f: M C E — R be a functional on the subset M of E. Then function f is
called weakly sequentially lower (upper) semicontinuous iff, for each z € M, and
each sequence (z,) in M, z, — = (the weakly convergence) implies

lim inff(2,) > f()

(respectively: limsupf(z,) < f(z)).
n—oo
Function f is called weakly sequentially continuous iff it is both weakly sequen-
tially lower semicontinuous and weakly sequentially upper semicontinuous.

Proposition 2.1 (see [10]). Suppose that the functional f : E — R has the
following two properties

(i) f is weakly sequentially upper semicontinuous;

(ii) f(z) — —o0 as |z| — +o0.

Then f has a global mazxima.

Next, we will give an important property of partial sup-convolution.

Let E be a separable infinite dimensional Hilbert space which is written as a
product E = Z x W where Z, W are Hilbert spaces and Z is finite dimensional,
u: F — R is a functional. We define the partial sup-convolution of u by

(z,w) = sup (u(z, @) — g|a€) - w|2), a> 0.
WeW 2

Proposition 2.2 (see [2]). Let u be a weakly sequentially upper semicontinuous
functional and satisfy

K
u(z,w) ag+ Flwl, forz € 2,2/ <R,

where ap > 0 for R > 0 and K > 0. Then u is also weakly sequentially upper
semicontinuous.

Let A:D(A) C E — E be a linear operator. We will call that
A is monotone iff (Av,v) > 0,Vv € D(A);
A is maximal monotone iff A is monotone and R(I + A) = E.

Proposition 2.3 (see [11]). Let A : D(A) C E — E be a linear symmetric
monotone operator. Then A is mazximal monotone iff it is self-adjoint.

Proposition 2.4 (see [11]). Let A: D(A) C E — E be mazimal monotone on
E. Then, it follows from Av, — b and v, — v as n — oo that Av =b.
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3. THE ASSUMPTIONS ON F'

Let Hy C Hy C --- be finite dimensional subspaces of H generated by eigen-
vectors of A such that U_;Hy = H. Given any N € N, denote by Py the
orthogonal projection in H onto Hy. Let Qn = I — Py and let Hﬁ = QnH.
We then have an orthogonal decomposition H = Hy x Hﬁ and we will denote
by znx an element of Hy and by :EJN an element of Hﬁ For x € H, we will write
x = (Pyx,Qnx). We make the following assumptions about F.

Hypothesis F':

(Fy) There exists 3 € (0, 3) such that the function F: Vg x Vg x S (H) — R is
continuous (in the topology of Vg x Vg x > (H));

(F1) F(z,p,51) < F(z,p,S2), Vr,p € Vg, VS > Sy, where S1 > S iff S — Sy

is monotone;
(F) There exists a modulus p such that

|F(2,p,51) = F(,q,82)| < p((1+ |2lg)lp — alg + (1 + [2]3) | S1 = Sal),
Vz,p,q € Vg and VS;, Sp € > (H);

(F3) There exists a modulus w such that, Ve > 0,VN > 1,n=1— §,Vz,y € Vg
and X,Y € > (Hy) such that

(3 1) X 0 < g PyAT"TPy —PyA TPy
) 0 -Y/) ™ ¢ —PNATT Py PNyAT"TPy

we have
(A ) (A

g
> —w(lw—ylﬁ(l + @)%

(Fy) For every R < +00,|A| < R,z,p € Vg,
Sup{|F($7p7 SN+AQN) _F(:Evpv SN)| :
Sy = PnvSPw, |5 < R} — 0as N — oo.

Remark. By the properties of moduli, condition (F3) guarantees the existence
of a constant C' such that for all z,p € Vg, for all S € > (H),

(382)  |[F@,p, 9 <C(1+ 1+ lalg)lpls + (1 + |23)IS]) + [F(2,0,0)]
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4. VISCOSITY SOLUTIONS

The definition of a viscosity solution that we propose here has its predecessors
in [4] and [5].

Definition 4.1. A function ¢ : H — R is a test function for (*) if
U(@) = () + 0z,

where
(1) 6 > 0;
(2) ¢ € C?(H) and is weakly sequentially lower semicontinuous;
(3) D € UC(H,H) N UC’(D(A%_e),V), for some € = £(p) > 0;
(4) D?>p € BUC(H, Y (H)).

Definition 4.2. A weakly sequentially upper (lower) semicontinuous function
u: H — R is a viscosity subsolution (respectively: wiscosity supersolution) of (*)
if for every test function 1, whenever u — 1 has a local maximum (respectively:
u + 1 has a local minimum) at x then z € V and

u(®) + (Az + B(x, 2), Dy (x)) + F(x, Dip(x), D*)(x)) < 0
(resp.: ’LL(ZE) + <A$ + B($7 :E)a _D¢($)> + F($7 _D¢($)v _D2¢($)) > 0)7
where (Az,y) := <A%:1:, A%y>, Ve,y € V.
A function u is a wviscosity solution of (*) if it is both a viscosity subsolution
and a viscosity supersolution.

5. THE UNIQUENESS OF VISCOSITY SOLUTIONS

We denote by X the class of functions u : H — R such that u is weakly sequen-
tially continuous, bounded and Lipschitz continuous in |.|—, norm on bounded
subsets of H.

Theorem 5.1. Let Hypothesis F hold. Let u, —v < M for some constant M, u be
a viscosity subsolution of (*) and v be a viscosity supersolution of (*). If u and
—v are Lipschitz continuous in |.|—, norm on bounded subsets of H then u < v
on H. Moreover, if (*) has a viscosity solution u € X then it is unique.

First, we need some prepairing.

Let E be a Hilbert space, u : E — [—00,+0o0] be a functional. If & € E and
(p, X) € E x Y (E) we say that (p, X) € J>*u(2) provided that

1
u(z) <ul@) +{px — 3) + (X (@ =), 2= &) + o]z — &)
as ¢ — . The closure of J*>%u(z), J>tu(z), is defined as follows:
Tru(z) = {(p,X) €EE XY (E): Han,pn Xn) EE X Ex > (E):

(pos Xn) € T2 () and (@, w(wn), pas Xo) = (@, u(2),p, X) }.
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We are interested in the situation where £ = E; x E5 is the product of two
spaces and u(x1,x2) = uy(z1) + uz(we). The proposition below is a straightfor-
ward corollary from Theorem 3.2 in [3].

Proposition 5.1. Let u;, i = 1,2 be upper semicontinuous on RN and ¢ be twice
continuously differentiable on RN . Suppose that

ui(z1) + uz(w2) — @(x1, 2)

has a local mazimum at (21, 22) € R2N. Then, for every a > 0 there are X1, Xo €
ST(RY) such that

(Dp,0(2), Xi) € J>Tuy(dy), i=1,2,

and the block diagonal matriz with entries X; satisfies
1 X; 0 9
~(2+ten)r< (5 g,) <o+ad?
where ¢ = D?p(%) € S_(R?N).

The norm of the symmetric matrix ¢ used above is

@]l = sup {|A| : A is an eigenvalue of ¢} = sup {|(#¢, &)| : |¢] < 1}.

Remark 5.1. Proposition 5.1 is also true if we take the finite dimensional Hilbert
space Hy instead of RY. Then, for

uy(r1) = W (on), wa(w2) = —01(yn)
and
1 -n
o(rn,yn) = %<PNA Pn(zny —yn), N —yn), 2zn,yn € Hy
we have
A L 1 _ R R
Dyyo(ZN,UN) = —Dyy@(In,IN) = EPNA "Pn(ZN — UN)
and
1 PnA~"TPy —PNyA Py
¢ = D*p(2N, GN) = Z
—PyA Py PnA~"Py
Thus

) 9 (P]\[A_nPN)2 —(P]\[A_nPN)2
=
€ —(P]\[A_nPN)2 (P]\[A_nPN)2
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We notice that, if 0 < A\ < Ay < - are eigenvalues of operator A then we
obtain

A" 0 A" 0
L 0 Ay 0 2y
N 0 AL" 0
0 2y 0 Ay
AL 0 A 0
5| O AV 0 2"
¢’ ==
2
S 0 AT 0
0 A" 0 AV

Therefore, if we choose a = 55 with A = sup{/\j_"} then it follows from Proposi-

j
tion 5.2 that there exists Xy, Yy € > (Hy) such that

1 . . .
(EPNA_”PN(!EN —9n), XN) € TP T (dn),

1 . N SN
(- EPNA_"PN(!EN —in), —Yn) € J2F(=01) (9n)
and Xy, Yy satisfy
XN 0 PyATTPy —PyA Py
<o+ ag’ <
0 -Yy —PNATT"Py  PyATPy

(LI )

Remark 5.2. Let (p, X) € J>%u(z). Then by the definition of J%%u(Z), there
exists (Zn, P, Xn) € RY x RN x ST(RM), (pn, X,) € J>Hu(x,) and

(@n, u(n), pn, Xn) = (Z,u(Z), p, X) as n — oo.
Since (pn, Xn) € J>Tu(zy), as © — x, we have

u(e) < ulen) + (5, — ) + 50X = 20),2 = ) + ol = ).

Setting
1 1 )
on(z) = u(zy) + (P, T — Tpn) + §<(Xn + EI)(:E — Tp), T — Tp) + 0|z — x,]%),
we obtain ¢,, € C*(RY), Do, = p,, D*¢, = X,, + 1. Moreover, u — ¢, has a
local unique, strict maxima at x,,. Global strict maximum at x,, of u— ¢, may be
achieved by first restricting v to some compact neighborhood K of x, and then
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extending the restriction to R by u(z) = inléu(:p) if v ¢ K (still writing u). The
R
compactness of K guarantees that u is still upper semicontinuous on R¥.

Proof of Theorem 5.1.
Step 1: For €, > 0, we consider the function

lz —y|2
®(x,y;¢,0) = u(x) —v(y) — Tn

We will prove that ® has a global maximum at (z,¥) (Z,y depend on ¢ and 0¢)
satisfying

= a(jzl* + [y]*).

(5.1) lim sup lim sup §(|z|* + |7]?) = 0
N0 e\.0
and
-y
(5.2) lim sup <&> =0 for fixed § > 0.
e\0 2e

Since u, —v are bounded from above, weakly sequentially upper semicontinu-
ous, and A~! is compact, the function ® is also weakly sequentially upper semi-
continuous in H x H. Therefore, by Proposition 2.1, it has a global maximum at

(2,9).
Setting
mi (e, 0) := sup ®(z,y;¢,0),
z,ycH
ma(8) == sup {u(x) —v(y) — (> + |y[*)},

z,ycH
we have that
m = (%immg(é) and ma(d) = limm (g, ).

.0 e\0
Now
— &(7 i — (7 = |j_37|2—77 =12 4 (52
mi(e,d) = ®(z,7;¢,6) = u(z) —v(y) — e o(|z]" + 19]%)
and, for fixed 9,
(e )+ Z2I00 @y oy - 2T sgap g
’ 4e 4e
< m1(2z—:,5).
Thus )
% < ma(2e,6) — ma(e, 0).

This gives (5.2). Similarly,

ma(e, 8) + 5 (121 + [71%) = ul

S]]
N—
|
[~
—~
N
N—
|

J [z —gl2
2
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which gives

5 5

§(|53|2 +17*) <mae, 5) —ma(e,9).
From this we obtain (5.1).

Step 2: Next we will prove that z,y € V.
We now fix NV € N. Then

lz—y[2, = (A7 (z —y),z—y)
= (PNAT"Py (2 —y),x —y) + A7 Qu(z — ),
and we have
A7 Qn(z —y)I < 2AQnAT"QN(E —§), 7~ y)
—(QNAT"QN(Z - §), 2 — )
+2147 Qn (e — ) + 2147 Qu(y — 9
with equality if and only if x = Z,y = §. Therefore, if we define
ur(z) = u(e) - LCATCNET 9] QuATONTZ9), )
|ATE2Qn(z — 2)|
€

2
— dlaf?

and

(Y, QNATTQN(Z — ) + A" 2Qn(y — )

+ 6|y,
g g

v1(y) = v(y)

it follows that the function

ba,y) 1= wa(a) — wi(y) - AT )2 0]

always satisfies ® < ® and attains a strict global maximum at z, §. Moreover,

®(z,9) = (7. 9).
We now define, for xzy,yy € Hy, the functions
G1(zn) == sup wi(zn, 2n), Oi1(yn) = inf oi(yn,yn).
x5 €HR yx €l

Since the assumptions about u, —v and the weakly sequentially continuity of the
inner product, using Proposition 2.2 with w = 0 we see that 4; and —0; are upper
semicontinuous on Hy. Moreover, by the definition of u1,v; and by the form of
@, it follows that

(5.3) 1 (PNT) = u1(Z), 01 (Pny) = v1(9).
Now define the map &5 : Hy x Hy — R as

(PNAT"Pn(xN —YN), TN — UN))
2e

Py (zN,yN) = U1 (zN) — V1(yn) —

= sup <i>(($N,$J]\7)v(yN7y]J\7))'

1 yleml
Ty €y
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It is not difficult to check that ® attains a strict global maximum over Hy x Hp
at (Zn,yn) = (PnZ, Pny). By Remarks 5.1 and 5.2, for every n € N, there exist
', yn € H such that

(5.4) TN = TN, Yy — YN, w(zy) — (@), 01(yy) — 01(IN)

as n — oo, and there are functions ¢,,1, € C?(Hy) such that @; — ¢, and
—01 + %, have unique, strict, global maxima at z%; and yy; respectively, and

1
Dpp(zh) = —PNAT"PN (TN — UN),
(5.5) i
D (yn) — EPNA_nPN(jN — UN),

(5.6) Do (2) — Xn,  D*u(yf) — Yu,
where Xy, Yy satisfy (3.1).

Consider finally the map ®% : H x H — R defined as
(5.7) O (2, y) := ur(x) — v1(y) — @n(Pnz) + Yn(Pry).

This map has the variables split and, by the definition of u; and vy, attains its
global maximum at some point (2", ¢"). This point depends also on N but we
will drop this dependence since N is now fixed. Setting now

(z, QNATTQN(Z — 7)) n |A"2Qn(z — 7)[?
& &

PNn() = + n(Pri),

we easily see that ¥ (x) = @y, (x) + §|z|? is a test function of (*). From (5.7) it
follows that u(x) — 1 (x) has a maximum at z". Therefore, by the definition of
viscosity subsolution, " € V and

w(@") + (Az", Dp(2")) + (B(2", 2"), Dy (3"))

(5.8) + F(&", Dy("), D*p(3")) <0
where
DU") = D (Pyi) + T 2ETINED) o
D*)(i") = D?pn(Pna™) + @ +201.

We now write
" = (Pn2", Qni"™), 4" = (Png", QNG").
Then, for every :EJN, y]%, € Hy we have
U1 (Png") — 01(PNG") — on(PNE") + Yn(PNg"™)
> uy (Pya", Qna"™) — vi(Png", QnNG") — on(PNE™) + n(PNG"™)

> ur(a, 2n) — V1Y Yn) — onl2h) + Yn(yR)-
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Therefore taking suprema over :EJN and y]%, in the above inequality we obtain
U1 (PN2") — 01(PNG") — pn(PNE") + ¢Yn(PNg")
> uy (Py2", Qni"™) — vi(Png", QnG") — on(PnE"™) + n(PNG")
> ay () — v1(yn) — en(@N) + Unlyn)-
This implies that
Pyi™ =z, Pny" =yy, w(Z")=di(zy), vi(9")=01(yn),
which, together with (5.4) and (5.3), yields
(5.9) up (") = ur(x), v1(g") = vi(y) asn — oc.
Finally, since
ur(2") = w (Py2"), vi(9") = o1 (Png")
and
ur(Z) = u (Pnz),  vi(y) = 01(Pny),
formula (5.9), together with the weakly sequentially upper semicontinuity of wu;
and —vq, implies
(5.10) " —z, 9" —1y asn— oo.
Therefore, since
(A", DY (™)) = (A23", A2 D@y (7)) + 26| A23" 2,
using (5.10), (5.9), (3.2), (Fy) and (2.4), it follows from (5.8) that |AZ"| are
bounded independently of n. Then there exists a subsequence of A3 gn (still writ-
ten as A%:ﬁn) converges weakly to b. Thanks to (5.10), since A? is maximal

monotone (by Proposition 2.3) and Proposition 2.4, we have b = A%z, Thus
z €V and

(5.11) A
Similarly, we also get y € V.

[

1_
" — A2F asn — oo.

Step 3: We now would like to pass to the limit as n — oo in (5.8) keeping ¢, §, N
fixed.
. n .
Since A2 is compact we conclude that, as n — oo,
n

(5.12) A gn = AmH (4R - A3 (4dn) = A
USing (5'4)7 (5'5)7 (5'6)7 (5-10) we have, as n — oo,

1
Dy(z") — gA‘”(:ﬁ — ) + 26z,

24~
D*)(i") — Xy + fQN +201 < Xy +

2| A=
AN | o5,
3

which together with (5.11), (5.12) and the weakly semicontinuity of the norm
implies that
1—n
L ATH(T—17
lim inf(AZ", Dy (37)) > <A17”:r:, M> + 26| A3 7|2,
€

n—oo
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Therefore, using the last inequality, (2.5) and (F}), letting n — oo in (5.8) we

get

B+ (ATTE AT E - 7)) + (B, 7), A7 - 1)

—

(5.13) +20|Z|? + F(z, =A™ (2—7) + 207,
1

™

X+ 2|47 Qy +261) <0
We now eliminate the terms with § and N. Using (F3) we have
(2,247~ 5). X + 2 A7 Qw) — p(do(1 +|7[3))
(5.14) < ) < 5
< F(2, 2473 - §) + 202, Xy + Z| A7 Qu +201)
for some constant d > 0. Now, given 7 > 0, let K be such that
p(s) < 7+ Krs.
Applying (2.4) with a = g and v = % we obtain
p(do(1+1z[3)) < ||} + 0C-|Z|* + 7 + Krdb
for some constant C; > 0 independent of ¢ and €. It then follows from (5.1) that

(5.15) lim suplim sup <p(d5(1 +1z(3)) — 5|:i|%> <0
SN0 e\O
Setting
wi(e, 8) == p(dd(1 + |2[3)) - 8lzl3,
using (5.14) and (Fy) in (5.13), we obtain
u(@) + (AT 5 AT @ ) + < (B2, 8), AE — )

1

< w1(€7 5) + WQ(N; &, 5)7
where limy_, oo wo(N;e,0) =0 if €, are fixed.
Similarly, we have
1

o(f) + (AT AT @ - 9)) + (B, 9), A7z - 9)

1 _ I
(5.17) —dlg3 + (5, A7z — 9), Y)
> —wi(g,0) — w2 (Nse, 6).

Step 4: Finally, we will prove that

lim suplim sup(u(z) — v(g)) < 0.
N0 e\.0

If this is true, for any « € H we have
u(z) —v(x) — 20|z> = ®(z,3;¢,0) < (7, P, 6) < u(Z) — v(y).
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Letting € \, 0,0 \, 0 we will get u < v on HL
Subtracting (5.17) from (5.16), using (F'3), and letting N — 0o, we obtain

w(z) — v(H)+6(|z[7 + 717)

1

~(b(z, 2, A"z —5)) - b(7, 5, AT — 7
(515 +€<( (7 —19)) (yy1 ( yD)

@4m—gm@+gm—m@ -z -al,

+ 2w1(6, 5)

We are now going to estimate the crucial second line in (5.18). The following
techniques are originated from [5]. We have

b(jv z, A_n(j - g)) - b(gv Y, A_n(j - g))
=b(z—-9,2, A7 (Z—79)) + b5,z -y, AT - 7))
The two terms on the right-hand side of this equality can be estimated similarly,

hence we will only show how to estimate the first one. We have, by the Holder
inequality,

Lo s -
1
(5.19) = —[b(z — 5, A7z — ), 7)|
C _ el _ _ _
< Z1alogl AT = DloaplE — o

where we took p and ¢ such that % + % =1, and later p will be sufficiently small.

To continue we choose 7 such that 0 < 7 <n— % (this choice is possible because
ofn e (%, 1)), and notice that if p is sufficiently close to 1, the Sobolev imbedding
(2.2) guarantees that

AT (T = )lozp < CIATEE (7 — )
We now set S = A% and z = A~3(z —7) in (2.3). Then
AT (3 — )| = ST
< C|Sz|1—77+7'|z|77—7'
Lo _ N[ 1—n+7| = —|\n—T

=ClA= (z -9z -yl

To estimate |Z — g|o,2p in (5.19) we again use the Sobolev imbedding
1Z = lo2p < ClZ — Ylr1—y)

that holds if p is small enough, and set S = A and 2 = & — g in (2.3). We
then obtain

&~ Gl = 572 < CIS2[|2

1—
=ClAT @ -yllz -9
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Therefore, plugging above results in (5.19), and estimating further

[Zlo,g < Clzh

we get
r.._
ZIb(z —5,2,47"(z ~ 9))|
c T T —
< Slahle - ghzy e - gl lz - gl
which, upon using |Z — y| < C|Z — §|1—y, yields
g’b(f -, j7A_77(j - g))’
(5.20) - n—
_ |517_y|1—77|$ y| 77 e g
< C 77+T‘
We now notice that
(5.21) ®(z,7;¢,0) > max {P(z,7;¢,0),P(y,7;€,0)}.

163

We use the fact that « and v are locally Lipschitz continuous in |.|, norm and

|Z|, |y| < Rs independently of ¢, for a fixed ¢ to deduce from (5.21) that

|z —y|*

— < K|z — gl
for some K5 > 0. This implies that
L
z -2,
— < VK.
NG V Ks
Therefore
1
e /| T N
— = 7 Lz — g7 2 < VEKslz -T2 —0
as e\, 0 (by (5.2) and  — 3 +7 > 0). Using this in (5.20) we thus obtain
_ e - 1T =yh
Z1b( — 5,7, A7 = )] < ol T ()
(5.22) P
_ T—Yh
< olzlt 0
# + e e, 0)
for some local moduli o; and 9. Similarly we obtain
n |j _gﬁ—n
(5.23) —!b .=y, A7z —g))| <olyli + 5 02(8,0)-

Having the results in (5.22), (5.23) and returning to (5.18) we get

u(z) —v(5) <w(|z - gls(1+ 2

€

B =~ _ 2
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Set r = |T — §|1—y,. By the interpolation inequality (2.4) and the properties of the
modulus, for all i, 0 > 0 there exists C,, K, > 0 such that

,r,2 2

w(z) —v(y) < p+ (0a(e, 0) — 1)? + K, (0% + ng

T+ r) + 2w (g, 9).

If £, 6 are small enough we will have os(e,d) — 1 < 0. Thus, for u fixed, we can
choose o such that K,0 4 02(e,d) —1 < 0. Then, in the right-hand side of the
previous inequality, we have a polynomial of order 2 in \/LE which is bounded from

above and we get

Cor|Z—G|—n\ 2
KR (Ve + St
4(1 — Ko — 02(¢,0))
Applying (5.2), (5.15) and (5.24) yields

(5.24) u(z) —v(y) < p+ + 2w (g, 9).

lim sup limsup (u(Z) —v(y)) < p

N0 e\.0
for all g > 0. Thus, we have already proved that v < v in H. This proves the
uniqueness of continuous viscosity solutions in the class XK. O

Remark 5.3. In case Q C RF for k > 3, the verification shows that the proof
above is not applicable. For example, in the case k& = 3 the imbedding (2.2)
. 3 6

becomes: for v € (0,3],q € [2, m],
(5.25) Vy — L)

The imbedding will be used for estimating the absolute value of

b(j - gv iv A_n(j - Zj))

In (5.19) we need V «— L4(Q2), which implies from (5.25) that 2 < ¢ < 6. Since
%—I—%zl, Wehaveng.

On the other hand, the inequality after (5.19) requires V, «— L?P(Q) for 0 <
7 <n — 3. Then it follows from (5.25) that

(5.26) 2 <

3—27°
In general we want to have small values of p and the smallest one is g. So
(5.26) implies 7 > 2, this is contrast to the requirement 0 < 7 < — 1.
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