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ON CERTAIN SUBCLASS OF MULTIVALENT FUNCTIONS OF
COMPLEX ORDER

HALIT ORHAN", ELIF GUNES$* AND MASLINA DARUS**

ABSTRACT. The aim of the present paper is to show several properties of
functions belonging to a subclass M f;ﬂ (A, B, A\, b) (where b is complex number
with Re(b) > 0 and A ve B are two arbitrary constants with —1 < B <
A < 1). Coefficient estimates and some distortion theorems for this class
of functions are obtained. For this class we also derive the radii of close-
to-convexity, starlikeness, and convexity. Further, an application involving
fractional calculus for functions in M}, (4, B, A, b) is given.

1. INTRODUCTION

Let A,(n) denote the family of functions of the form:

[e.e]
(1.1) f(z)=2F = Z arz®  (ax>0; n,pe N=1{1,2,3,..}),
k=n+p

which are analytic and p—valent in the open unit disk
U={z:zeCand 2| <1}

Then the Hadamard product (or convolution) of a function f € A,(= A,(1))
defined by (1.1) and a function g € A, given by

(1.2) g(z) = 2P — Z bpz® (b >0; n,p e N),
k=n+p

is defined by

(1.3) (Frg)@) =2+ 3 abiz® = (g% ().

k=1+4p

The extended linear derivative operator of Ruscheweyh [1] type DM : A, — A,
is defined by setting
P
Ap _ z .
(1.4) DY f(z) = A= « f(z) (A>—p; fEA).
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One has
= A+k-1
(1.5) DMPF(2) = 2P — Z ( }I;_p >akzk (A>—p; fEA).
k=14+p

In particular, if we choose A =n (n € N), then DMPf(z) = D™P f(z) and
(2P f(2) ™)

(1.6) D™Pf(z) = " (n,p e N).
We have
(1.7) D' f(z) = (1—p)f(2) + 2f'(2),

— — z 2217 (2
(18) D2,pf(z) — (1 p)(22' p)f( ) —|—(2—p)zf/(z)—|— f2'( )’

and so forth.
We denote by Mf;Q(A, B, \, b) the class of functions f € A,(n) that satisfy the
condition

1+ Az
14+ Bz’

1. 2(DMf(2)%!
(1.9) 1+ -] D f ()"

b
where < denotes subordination, b # 0 is any complex number with Reb > 0, A
and B are arbitrary fixed numbers, —1 < B < A < 1. Some special cases of our
results can be found in [4]. Therefore, this paper presents the generalization of
the results in [4].

—(p—9Q)] <

2. COEFFICIENT ESTIMATES

We begin by proving a coefficient inequality.

Theorem 2.1. A necessary and sufficient condition for a function f € Ay(n) to
be in the class Mf;Q(A, B, )\ b) is

(2.1)
0 Abk—1\ kl(p—Q)
3 (=) +ba-p) - sl (A1) R ~
[b[ (A - B) T
Proof. (=) By definition of subordination we can write (1.9) as
1. 2(DMf(2))¥+! 14 Aw(z)
1+ (D 1(2)° _(p_Q)]_l—i—Tw(z) (w(z) € U),
2(DMPf () _ 2(DMPf ()
(22) =5~ (0= 9) = B(A-B)-B(Z i S~ (0= 9) (),
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p- () S (TR (§) -t

= —(p—-9Q)
<g>zf”—9—k:§+p< /\}L—Egl > ( Sk; >akzk_ﬂ
:<MA—R
B(@m(g)zmkip( Aj;ﬁgl > ( éa)(k_makzk Q
<g>z%n_%§;p<AZE;1>(:£>awmﬂ

That is,
o A+k—1>H@—Qﬂ .
—_— — k‘ arpz p
S0 ) -
[ A+k—1 )\ kl(p—Q)
1— — a2k
e ( k—p > PICEI
< [ A+k—1)Kk(p—Q) -
P> ( k—p >!&—QQP_MMﬁP
—(b(A-B) - B | = l Juw(z)
B ) f <A+k—1>H@—Qﬂaﬁw '
- 77 Yk
kmmtp k—p pl(k—Q)!
Since |w(z)| < 1,
- A+k—1>M@—Qﬂ .
Z ————(p—k)agz"""?
b o (P
= Adk—1\K@-—
< —B)— —B)— — —= _—Z P,
<|b(A-B)— > [b(A-B) - B(k pﬂ( k—p >ﬂ%_9ﬂ%z
k=n+p
Letting z — 17 through real values we have
> A+rEk—1)\Kkl(p—Q)!
S (-piba—B) - Bl —pl) ( X TEL) BRI 4,
D pl(k—Q)!
k=n+p
That is,

& At k—1 Y\ kl(p— Q)
D R G k- = {1

[b[ (A - B) B
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(<) Let (2.1) be true. Since |w(z)| < 1, from (2.2) we see that

(2.3)
2(DMf(2) = (p = Q) (DMPf(2))
b(A — B)(DMP f(2)) — Blz(D M f(2)) ! — (p — Q) (DM f(2))Y]

> <A+k—1>(p—mmw—ﬂﬂ k—p

- k=n+p k—p pl(k —Q)! e <1
a kS At k—1)\ kl(p—Q) '
b(A— B) — b(A— B) — B(k — AP TR ok

(4=B)= 5 A-B) - B p>1( . )pl(k_m!akz

We must show that (2.3) is true. By applying the hypothesis (2.1) and letting
|z| =1 we find that

> <A+k_1>mwtgﬂw—@%%ﬂ

kmrtp k—p pl(k—Q)!
% Atk—1\K(p-_Q)
b(A— B) — b(A— B) — B(k — M) ke
(A=B)= & pa-p)-sk-p) (0T ) = e
< (Afk—1)k(p— Q!
MAP TR g
k:%p( S L
- e NrE_1\ K-
bl (A - B) — b(A - B) - B(k —
pA=B)- & wa-p-s-pl (M) S e
00 AM+Ek—1 )\ kl(p—Q)
pa-m- 5 pa-m-ste-pl (A1) EE=
< k=n-+p p p.(k‘ — Q) <1
= = Ak—1\EK(pE-9 —
bl (A - B) — b(A—- B) — B(k —
HA=B)- S wa-p-s-pl (A1) e
Hence we find that (2.3) is true. Therefore f € Mf;Q(A, B,\,b). O

3. DISTORTION THEOREMS

In this section we shall prove some distortion thorems for functions belonging
to the class Mf;Q(A, B, )\ ).

Theorem 3.1. If f € MiQ(A,B,/\,b) then

e i) <1f()
n - Mo — o) =
e (R
bl(A-B)

S ,r.il’ + TP‘F”

(”+WA—B%J%D<A+n+p—1>@+nmp—M!

n pl(p+n—Q)!
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(|z] =), with equality for
|b] (A - B)

f(z) = 2P — Lptn

(n+ [b(A— B) — Bn|) ( /\—I—n;IL—p—l > (Z!&?!ép_—é;!)!
Proof. By (2.1) we have
e A+k—1\ El(p—Q)!
k:zn;p((k;—p)—i—w(A—B)—B(k‘—p)|)( k—p >m|ak|
< [b| (A - B).
= |b| (A—B)
B Y Jul < A
k=n-+p (n+ |b(A— B) — Bnl) ( A—i—n;l;p— ' > (z!—(;_glép_ QS;l)'

From (1.2) and (3.1) it follows that

[e.e]
1f(2)] = 12P = Z Jag| [ = 77 =Yy

k=n+p k=n+p

>,r,p_,r,n+;n |b| (A_B)

An+p—17Y (p+n)lp-!
A—-B)-B
It ) nD( n > plp+n—Q)!
Similarly,
FEI< P+ Y Jawl[2F <rP 0™ > g
k=n-+p k=n+p
<,r,p_|_,r,n+;n |b| (A_B)
B An+p—17Y (p+n)lp-Q
A-B)—-B
eI )= ol ( n > pl(p +n—Q)!
This completes the proof. O
Theorem 3.2. If f € M} (A, B, \,b) then
R (b + ) [b](4 - B)

i < /')
(n+|b(A—B)—Bn|)<A+n:p_1>(z!z;ﬁ!ép_é;!)!

(p+n) bl (A—B)

oo (7

Sprp_l _|_,r,n+;n—1

(|z] =), with equality for
|b] (A - B)

e (T

f(z)=2P — Sntp
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Proof. By (3.1) we have

(3.2)
Z k‘|ak| < A+n-+ '
= _B)_ Bn n+p-1Y (@+n)p-9Q)
k=n-+p (n+1b(A— B) — Bn|) ( n > pl(p+n—Q)!

From (1.1) and (3.2) it follows that

[ [
_ fe— _ _
@) ZplP™ = >0 klarl[2[*7 = prP = eI g
k=n+p k=n+p

(p+n) bl (A—B)

(n—|-|b(A—B)—Bn|)</\+n:L_p_1 > (z!—(l;??!ép_—é;!)!-

> p,r,p—l _ ,r,n—l—p—l

Similarly,

F@]<plelPT+ > klarl [2[F <pret 4 em TN kg
k=n+p k=n+p
(p+n)|b| (A - B)

(n+ [b(A— B) — Bn|) ( /\—I—n;il—p—l > (z!—(l;??!ép_—é;!)!-

< p,r,p—l + ,r,n—l—p—l

The proof is complete. U

4. CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

In this section, radii of close-to cenvexity, convexity and starlikeness are derived
for the class Mf;Q(A, B, )\ ).
A function f € A,(n) is said to be close-to-convex of order § (0 < ¢ < 1) if

(4.1) Re{f'(2)} > ¢

for all z € U. A function f € Ap(n) is said to be starlike of order § if
2f'(2) }
4.2 Re > 0.
) S

A function f € A,(n) is said to be convex of order § if and only if z f/(z) is starlike
of order 4, that is,

(4.3) Re {1 + z;,/;z)} > 6.
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Theorem 4.1. If f € M? (A, B, \,b), then f is close-to-convex of order & in
|z| < r1(p,m,Q, A, B,b,\,d) where

Tl(p;naﬂaA;Baba)\75):

)\+k—1> Kp— O\ E—p

y = Dlo-0+ta-5) - s -p) (M) EEE O

i kb (A— B)

Proof. 1t is sufficient to show that

(4.4) 2ag —p1 < 3 klallel T <p-s
k=n+p
By (2.1) we have
- Adk—1) Kl(p—Q)!
w2 B BB B (ArEh) ety
< |bl(A— B).

Observe that (4.4) is true if

A+k—1)\K(p-Q)
o (k=p+bAa-B) -BE-plI T ) S
kleffr P i ( k—p >

S H(A_B)

Solving (4.6) for |z| we obtain

1
Atk—1\ K-\ k—p
. - 0lh—) -+ a5 - s -l (M5 1) B
“a= ko] (A — B)
(p # k;p, k € N), which completes the proof. O

Theorem 4.2. If f € MiQ(A,B,/\,b), then f is starlike of order § in |z| <
ro(p,n, Q, A, B,b, \,0) where

ro(p,n, Q, A, B, b, \,0)

A+k—1>M@—Qﬂ F—p

N -0 -p+ia-5) - se-p) (1Y) =k

k (k —0) ([o[ (A = B))
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Proof. We must show that
, S (k= ) laxl |27
2f'(z) ' < k=pin

e 1= 5 a2

k=p+n

(4.7)

<p-09.

We see from (4.5) that (4.7) is true if

Gy pr =m0~ B) B -
e o(A=B)

Atk—1) El(p— Q)
k—=p ) pl(k—Q)!

(4.8)

Solving (4.8) for |z| we obtain

1
-olo-+bta— 5 - se-p) (M5 T) SEZ F
A= G )bl (A B)]
(p # k;p,k € N). The proof is complete. 0

Theorem 4.3. If f € M? (A, B,\,b), then f is convex of order ¢ in |z| <
r3(p,n,Q, A, B,b, \,0) where

T3(p7 n, Qv Av B7 bv Av 5)

A+k_5kﬂp—ﬂy F—p

:mfp@—ﬁdk—m+m0%4ﬂ—3%—MD<k_p i

k k(k —0)[lp| (A = B)]

Proof. We must prove that
) S k(k — p) ax] |*7
2f"(z) I < k=pin

! o0
') p— S klagl |zt
k=p+n

(4.9) P+ s

From (4.5) we see that (4.9) is true if

(4.10)

i e D) A= B) Bk
plp—90) b[ (A — B)

Atk =17 kp—O)!
k—p ) plk—Q)
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Solving (4.10) for |z| we obtain

1
_ | _ | 7
o= 0) (k= )+ A~ B) — 5= p)) () TN R
A= K= (WA~ B))
(p # k;p, k € N), which is completes the proof. O

5. AN APPLICATION IN THE FRACTIONAL CALCULUS

Let us begin by recalling the following definitions of the fractional calculus
which were introduced by Owa in [3].

Definition 5.1. The fractional integral of order ¢ is defined, for a function f(z),
L = f(®)
DI°f (2) =
20 (2) F(d)bf‘(z—t)l_é
simply connected region of the z—plane containing the origin, and the multiplicity
of (z—1)%~! is removed by requiring log(z — ¢) to be real when (z —t) > 0.

dt, where § > 0, f(z) is an analytic function in a

Definition 5.2. The fractional derivative of order ¢§ is defined, for a function

£ by D ) = rr— 22 | T

function in a simply connected region of the z—plane containing the origin, and
the multiplicity of (z — )™ is removed by requiring log(z — ¢) to be real when
(z—1t)>0.

Definition 5.3. Under the condition of Definition 5.2, the fractional derivative

of order n + § is defined by D" f(z) = j—nD‘;f( ), where 0 < § < 1 and
n=01,2,..

dt, where 0 < § < 1, f(z) is an analytic

Using the above definitions we can the following results.
Theorem 5.1. If f € Ap(n) is in the class M} (A, B, X, b) then

1)
1 |b: ) L(p+ p+o [ 4
(5. ‘ TOI< tpro+ *

(p+n) (bl (A - B))

n YT IZI>
(p+n+0) (n+|b(A~ B) - Bn) (Hn;p— 1> (zléﬁ!ép_ Qs;')'
and
Plp+1) |
(5.2) ‘D If(2) _mlzl+5

(p+n)[[bl (A = B)]

g |-
(p+n+5)(n+|b(A—B>—Bnl><Hn;p_l>(§!Zg+)!q(1p—s§?!
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Proof. From Definition 5.1 we see that

o

_5 ~ TIp+1) 5 IP(k+1) kt6
63 DO =T kgnf(kﬂﬂ)akz ’

(6>0; k>p+n; pneN)
For convenience, let

T(k+1)
)= Frrsr )

It is clear that ¢(k) is a decreasing function of k£ and

F'p+n+1)
T(p+n+d+1)

0<¢(k) <¢(p+n)=

By (2.1) we have

> |b] (A — B)
(54) Y x| < — n)lp—Q
k=n-+p (n+ [b(A = B) — Bnl) ( Hn;p 1 > (Zéﬁ!ip_ QS;')'

From (5.3) and (5.4) it follows that

_ » I(p+1) -
‘Dz éf(z)‘ < 7| o (F(p—l—é—l—l) + ¢(p +n) |2] k%;rnak)

I'(p+1) +6
< — " 77 AP 1
ST ES *

(p+n)[[bl (A — B)]

(-4 6) o = B) = (A1 P ) Rl

+ |2|

which is equivalent to (5.1) and

_ » L(p+1) -
‘Dz éf(z)‘ > |2|Pt? (F(p+5+1) —¢(p+n) 2| k%;rnak)

L(p+1) +6
> WD) e (g
ZTp+rotD

B (p+n)[[bl (A — B)] 2

(p+n+6)(n+|b(A~ B) — Bn|) ( Mbnipo > (;Z?vi)!ép_—ﬁs;)!

which is equivalent to (5.2).
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Theorem 5.2. If f € Ay(n) is in the class M? (A, B, A, b), then
Fp+1) -5
55) DI < s 1 1
65 |pie) < s

(p+n)[|bl (A - B)]

- I
(4= 6) 0 o = B) = (A7 P ) Rl
and
I'(p+1) —
(5.6) ‘Dgf(z)‘ = m || ’ (1_

(p+n)[|bl (A - B)]

(p+n—26)(n+|b(A— B) — Bnl|) ( AJr“;rp—l > (z!z;?!qu—_ﬂss!)

-4

Proof. By using Definition 5.2 we have

o

Plp+1) . L(k+1) k8
5.7 D? — P pb Akl
k=p+n
0<dé<1l; k>n+p; n,peN).
Let ( )
IN'k+1
)= o)
(k) Nk—0+1)
Since (k) is a decreasing function of k we have
(p+n+1)

0<¢(k:)§¢(p+”):p(p+n—5+1)'

By (5.4) we have

(5.8)
Z klag| < ) '
=n+p n — — Bn +n+p-1 (p—l—n)!(p—Q)!
k=n+ (n+|b(A-B)—-B |)< n > pl(p+n—Q)

From (5.7) and (5.8) it follows that

ps [ _Llp+1) S
D) < o (W +u(p+n) 2’”)

I'(p+1) o
“Tp-s+D 5(”
(p+n) (o] (A— B))

(p+n— ) (n+|b(A— B) — Bnl) ( Amtpol > (z!&?ﬁp__&;?!

_|_

2]
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which is equivalent to (5.5) and

5 ps [ Tlp+1) o) s = a

DL 21 | 5, s~ | | 2 ke

> F(p—l— 1) |z|p—5 1
L(p—0d+1)

B (p+ n)[[bl (A = B)] F

Adn+p—1Y\ (p+n)lp—Q)!
(p+n—5)(n+|b(A—B)—Bn|)< n > it
which is equivalent to (5.6). O

Remark. Puttingn =1, Q2 = 0 and A = n+ 1 in Theorems 5.1 and 5.2 we
obtain the results of [4] .
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