
ACTA MATHEMATICA VIETNAMICA 137
Volume 31, Number 2, 2006, pp. 137-148

ON CERTAIN SUBCLASS OF MULTIVALENT FUNCTIONS OF
COMPLEX ORDER

HALIT ORHAN∗, ELIF GUNEŞ∗ AND MASLINA DARUS∗∗

Abstract. The aim of the present paper is to show several properties of
functions belonging to a subclass Mp

n,Ω(A,B, λ, b) (where b is complex number

with Re(b) > 0 and A ve B are two arbitrary constants with −1 ≤ B <
A ≤ 1). Coefficient estimates and some distortion theorems for this class
of functions are obtained. For this class we also derive the radii of close-
to-convexity, starlikeness, and convexity. Further, an application involving
fractional calculus for functions in Mp

n,Ω(A,B, λ, b) is given.

1. Introduction

Let Ap(n) denote the family of functions of the form:

(1.1) f(z) = zp −
∞∑

k=n+p

akz
k (ak ≥ 0; n, p ∈ N = {1, 2, 3, ...}),

which are analytic and p−valent in the open unit disk

U = {z : z ∈ C and |z| < 1}.
Then the Hadamard product (or convolution) of a function f ∈ Ap(= Ap(1))
defined by (1.1) and a function g ∈ Ap given by

(1.2) g(z) = zp −
∞∑

k=n+p

bkz
k (bk ≥ 0; n, p ∈ N),

is defined by

(1.3) (f ∗ g)(z) = zp +
∞∑

k=1+p

akbkz
k = (g ∗ f)(z).

The extended linear derivative operator of Ruscheweyh [1] type Dλ,p : Ap → Ap

is defined by setting

(1.4) Dλ,pf(z) =
zp

(1− z)λ+p
∗ f(z) (λ > −p; f ∈ Ap).
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One has

(1.5) Dλ,pf(z) = zp −
∞∑

k=1+p

(
λ+ k − 1
k − p

)
akz

k (λ > −p; f ∈ Ap).

In particular, if we choose λ = n (n ∈ N), then Dλ,pf(z) = Dn,pf(z) and

(1.6) Dn,pf(z) =
zp(zn−pf(z))(n)

n!
(n, p ∈ N).

We have

(1.7) D1,pf(z) = (1− p)f(z) + zf ′(z),

(1.8) D2,pf(z) =
(1− p)(2− p)f(z)

2!
+ (2 − p)zf ′(z) +

z2f”(z)
2!

,

and so forth.
We denote by Mp

n,Ω(A,B, λ, b) the class of functions f ∈ Ap(n) that satisfy the
condition

(1.9) 1 +
1
b
[
z(Dλ,pf(z))Ω+1

(Dλ,pf(z))Ω
− (p− Ω)] ≺ 1 + Az

1 +Bz
,

where ≺ denotes subordination, b 6= 0 is any complex number with Reb > 0, A
and B are arbitrary fixed numbers, −1 ≤ B < A ≤ 1. Some special cases of our
results can be found in [4]. Therefore, this paper presents the generalization of
the results in [4].

2. Coefficient estimates

We begin by proving a coefficient inequality.

Theorem 2.1. A necessary and sufficient condition for a function f ∈ Ap(n) to
be in the class Mp

n,Ω(A,B, λ, b) is

∞∑
k=n+p

[(k− p) + |b(A−B) −B(k − p)|]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

|ak |

|b| (A− B)
≤ 1.

(2.1)

Proof. (⇒) By definition of subordination we can write (1.9) as

1 +
1
b
[
z(Dλ,pf(z))Ω+1

(Dλ,pf(z))Ω
− (p− Ω)] =

1 + Aw(z)
1 +Bw(z)

(w(z) ∈ U),

(2.2)
z(Dλ,pf(z))Ω+1

(Dλ,pf(z))Ω
−(p−Ω) = [b(A−B)−B

(z(Dλ,pf(z))Ω+1

(Dλ,pf(z))Ω
−(p−Ω)

)
]w(z),
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(p− Ω)
(
p
Ω

)
zp−Ω −

∞∑
k=n+p

(
λ+ k − 1
k − p

)(
k
Ω

)
(k − Ω)akz

k−Ω

(
p
Ω

)
zp−Ω −

∞∑
k=n+p

(
λ+ k − 1
k − p

)(
k
Ω

)
akzk−Ω

− (p− Ω)

=

(
b(A− B)

− B
( (p− Ω)

(
p
Ω

)
zp−Ω −

∞∑
k=n+p

(
λ+ k − 1
k − p

)(
k
Ω

)
(k − Ω)akz

k−Ω

(
p
Ω

)
zp−Ω −

∞∑
k=n+p

(
λ+ k − 1
k − p

)(
k
Ω

)
akzk−Ω

− (p− Ω)
))

w(z).

That is,
∞∑

k=n+p

(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

(p− k)akz
k−p

1 −
∞∑

k=n+p

(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

akzk−p

=(b(A−B) −B




∞∑
k=n+p

(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

(p− k)akz
k−p

1−
∞∑

k=n+p

(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

akzk−p


)w(z).

Since |w(z)| < 1,
∣∣∣∣∣∣

∞∑

k=n+p

(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

(p− k)akz
k−p

∣∣∣∣∣∣

≤

∣∣∣∣∣∣
b(A− B) −

∞∑

k=n+p

[b(A− B) − B(k − p)]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

akz
k−p

∣∣∣∣∣∣
.

Letting z → 1− through real values we have
∞∑

k=n+p

[(k−p)+|b(A−B) −B(k − p)|]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

|ak | ≤ |b| (A−B),

That is,
∞∑

k=n+p

[(k− p) + |b(A−B) −B(k − p)|]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

|ak |

|b| (A− B)
≤ 1.
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(⇐) Let (2.1) be true. Since |w(z)| < 1, from (2.2) we see that

∣∣∣∣∣
z(Dλ,pf(z))Ω+1 − (p− Ω)(Dλ,pf(z))Ω

b(A−B)(Dλ,pf(z))Ω − B[z(Dλ,pf(z))Ω+1 − (p− Ω)(Dλ,pf(z))Ω]

∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣

∞∑
k=n+p

(
λ+ k − 1
k − p

)
(p− k)k!(p− Ω)!

p!(k − Ω)!
akz

k−p

b(A− B) −
∞∑

k=n+p

[b(A−B) −B(k − p)]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

akzk−p

∣∣∣∣∣∣∣∣∣
< 1.

(2.3)

We must show that (2.3) is true. By applying the hypothesis (2.1) and letting
|z| = 1 we find that
∣∣∣∣∣∣∣∣∣

∞∑
k=n+p

(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

(p− k)akz
k−p

b(A−B) −
∞∑

k=n+p

[b(A− B) − B(k − p)]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

akzk−p

∣∣∣∣∣∣∣∣∣

≤

∞∑
k=n+p

(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

(k − p) |ak |

|b| (A− B) −
∞∑

k=n+p

|b(A−B) −B(k − p)|
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

|ak|

≤
|b| (A− B) −

∞∑
k=n+p

|b(A−B) −B(k − p)|
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

|ak|

|b| (A− B) −
∞∑

k=n+p

|b(A−B) −B(k − p)|
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

|ak|
≤ 1.

Hence we find that (2.3) is true. Therefore f ∈Mp
n,Ω(A,B, λ, b). �

3. Distortion theorems

In this section we shall prove some distortion thorems for functions belonging
to the class Mp

n,Ω(A,B, λ, b).

Theorem 3.1. If f ∈Mp
n,Ω(A,B, λ, b) then

rp − rp+n |b| (A− B)

(n + |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

≤ |f(z)|

≤ rp + rp+n |b| (A− B)

(n + |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!
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(|z| = r), with equality for

f(z) = zp − zp+n |b| (A− B)

(n+ |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

Proof. By (2.1) we have
∞∑

k=n+p

((k − p) + |b(A−B) −B(k − p)|)
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

|ak|

≤ |b| (A−B).

(3.1)
∞∑

k=n+p

|ak | ≤
|b| (A−B)

(n+ |b(A−B) −Bn|)
(
λ+ n + p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n − Ω)!

.

From (1.2) and (3.1) it follows that

|f(z)| ≥ |z|p −
∞∑

k=n+p

|ak| |z|k ≥ rp − rn+p
∞∑

k=n+p

|ak |

≥ rp − rn+p |b| (A−B)

(n+ |b(A−B) −Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

.

Similarly,

|f(z)| ≤ |z|p +
∞∑

k=n+p

|ak| |z|k ≤ rp + rn+p
∞∑

k=n+p

|ak |

≤ rp + rn+p |b| (A− B)

[n+ |b(A− B) − Bn|]
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

.

This completes the proof. �

Theorem 3.2. If f ∈Mp
n,Ω(A,B, λ, b) then

prp−1 − rn+p−1 (p+ n) |b| (A− B)

(n+ |b(A−B) −Bn|)
(
λ+ n + p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n − Ω)!

≤
∣∣f ′(z)

∣∣

≤prp−1 + rn+p−1 (p+ n) |b| (A−B)

(n+ |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

(|z| = r), with equality for

f(z)=zp − zn+p |b| (A−B)

(n + |b(A− B) − Bn|)
(
λ+ n + p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n − Ω)!

.
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Proof. By (3.1) we have
(3.2)

∞∑

k=n+p

k |ak| ≤
(p+ n) |b| (A−B)

(n + |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

.

From (1.1) and (3.2) it follows that

∣∣f ′(z)
∣∣ ≥ p |z|p−1 −

∞∑

k=n+p

k |ak| |z|k−1 ≥ prp−1 − rn+p−1
∞∑

k=n+p

k |ak |

≥ prp−1 − rn+p−1 (p+ n) |b| (A−B)

(n+ |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

.

Similarly,

∣∣f ′(z)
∣∣ ≤ p |z|p−1 +

∞∑

k=n+p

k |ak| |z|k−1 ≤ prp−1 + rn+p−1
∞∑

k=n+p

k |ak |

≤ prp−1 + rn+p−1 (p+ n) |b| (A−B)

(n+ |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

.

The proof is complete. �

4. Close-to-convexity, starlikeness and convexity

In this section, radii of close-to cenvexity, convexity and starlikeness are derived
for the class Mp

n,Ω(A,B, λ, b).
A function f ∈ Ap(n) is said to be close-to-convex of order δ (0 ≤ δ < 1) if

(4.1) Re{f ′(z)} > δ

for all z ∈ U . A function f ∈ Ap(n) is said to be starlike of order δ if

(4.2) Re
{
zf ′(z)
f(z)

}
> δ.

A function f ∈ Ap(n) is said to be convex of order δ if and only if zf ′(z) is starlike
of order δ, that is,

(4.3) Re
{

1 +
zf ′′(z)
f ′(z)

}
> δ.
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Theorem 4.1. If f ∈ Mp
n,Ω(A,B, λ, b), then f is close-to-convex of order δ in

|z| < r1(p, n,Ω, A, B, b, λ, δ) where

r1(p, n, Ω, A, B, b, λ, δ) =

inf
k




(p − δ)[(p − k) + |p(A − B) − B(k − p)|]
(

λ + k − 1
k − p

)
k!(p − Ω)!
p!(k − Ω)!

k |b| (A − B)




1
k − p

.

Proof. It is sufficient to show that

(4.4)
∣∣∣∣
zf ′(z)
zp−1

− p

∣∣∣∣ ≤
∞∑

k=n+p

k |ak | |z|k−p ≤ p− δ.

By (2.1) we have

∞∑

k=n+p

[(k − p) + |b(A− B) − B(k − p)|]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

|ak|

≤ |b| (A− B).

(4.5)

Observe that (4.4) is true if

(4.6)
k |z|k−p

p− δ
≤

[(k− p) + |b(A−B) −B(k − p)|]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

|b| (A−B)
.

Solving (4.6) for |z| we obtain

|z| ≤




(p− δ)[(k − p) + |b(A− B) − B(k − p)|]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

k |b| (A− B)




1
k − p

(p 6= k; p, k ∈ N), which completes the proof. �

Theorem 4.2. If f ∈ M
p
n,Ω(A,B, λ, b), then f is starlike of order δ in |z| <

r2(p, n,Ω, A, B, b, λ, δ) where

r2(p, n,Ω, A,B, b, λ, δ)

= inf
k




(p− δ) ((k − p)+|p(A−B) −B(k − p)|)
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

(k − δ) (|b| (A− B))




1
k − p



144 HALIT ORHAN, ELIF GUNEŞ AND MASLINA DARUS

Proof. We must show that

(4.7)
∣∣∣∣
zf ′(z)
f(z)

− p

∣∣∣∣ ≤

∞∑
k=p+n

(k − p) |ak | |z|k−p

1 −
∞∑

k=p+n

|ak| |z|k−p
≤ p− δ.

We see from (4.5) that (4.7) is true if

(4.8)
(k − δ) |z|k−p

p− δ
≤

[(k − p) + |b(A− B) − B(k − p)|]
(
λ+k−1
k−p

)
k!(p−Ω)!
p!(k−Ω)!

|b| (A− B)
.

Solving (4.8) for |z| we obtain

|z| ≤



(p−δ)[(p−k)+|p(A− B) − B(k − p)|]

(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

(k− δ)[|b| (A− B)]




1
k − p

(p 6= k; p, k ∈ N). The proof is complete. �

Theorem 4.3. If f ∈ Mp
n,Ω(A,B, λ, b), then f is convex of order δ in |z| <

r3(p, n,Ω, A, B, b, λ, δ) where

r3(p, n,Ω, A,B, b, λ, δ)

= inf
k



p(p−δ) ((k − p)+|p(A−B)−B(k−p)|)

(
λ+k−1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

k(k − δ)[|p| (A− B)]




1
k − p

.

Proof. We must prove that

(4.9)
∣∣∣∣1 +

zf ′′(z)
f ′(z)

− p

∣∣∣∣ ≤

∞∑
k=p+n

k(k − p) |ak| |z|k−p

p−
∞∑

k=p+n

k |ak | |z|k−p
≤ p− δ.

From (4.5) we see that (4.9) is true if

k(k − δ) |z|k−p

p(p− δ)
≤

[(k − p) + |b(A− B) − B(k − p)|]
(
λ+ k − 1
k − p

)
k!(p− Ω)!
p!(k − Ω)!

|b| (A−B)
.

(4.10)
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Solving (4.10) for |z| we obtain

|z| ≤



p(p− δ) ((k − p) + |b(A−B) −B(k − p)|)

(
λ+k−1
k − p

)
k!(p− Ω)!
p!(k− Ω)!

k(k − δ) (|b| (A− B))




1
k − p

(p 6= k; p, k ∈ N), which is completes the proof. �

5. An application in the fractional calculus

Let us begin by recalling the following definitions of the fractional calculus
which were introduced by Owa in [3].

Definition 5.1. The fractional integral of order δ is defined, for a function f(z),

by D−δ
z f (z) =

1
Γ(δ)

z∫
0

f(t)
(z − t)1−δ

dt, where δ > 0, f(z) is an analytic function in a

simply connected region of the z−plane containing the origin, and the multiplicity
of (z − t)δ−1 is removed by requiring log(z − ζ) to be real when (z − t) > 0.

Definition 5.2. The fractional derivative of order δ is defined, for a function

f(z), by Dδ
zf (z) =

1
Γ(1− δ)

d

dz

z∫
0

f(t)
(z − t)δ

dt, where 0 ≤ δ < 1, f(z) is an analytic

function in a simply connected region of the z−plane containing the origin, and
the multiplicity of (z − t)−δ is removed by requiring log(z − ζ) to be real when
(z − t) > 0.

Definition 5.3. Under the condition of Definition 5.2, the fractional derivative

of order n + δ is defined by Dn+δf(z) =
dn

dzn
Dδ

zf(z), where 0 ≤ δ < 1 and
n = 0, 1, 2, ...·

Using the above definitions we can the following results.

Theorem 5.1. If f ∈ Ap(n) is in the class Mp
n,Ω(A,B, λ, b) then

∣∣∣D−δ
z f(z)

∣∣∣ ≤ Γ(p+ 1)
Γ(p+ δ + 1)

|z|p+δ

(
1+(5.1)

+
(p+ n) (|b| (A− B))

(p+ n+ δ) (n+ |b(A−B) −Bn|)
(
λ+n+p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n − Ω)!

|z|
)

and
∣∣∣D−δ

z f(z)
∣∣∣ ≥ Γ(p+ 1)

Γ(p+ δ + 1)
|z|p+δ

[
1−(5.2)

− (p+ n)[|b| (A−B)]

(p+ n+ δ) (n + |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

|z|

]
.
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Proof. From Definition 5.1 we see that

(5.3) D−δ
z f(z) =

Γ(p+ 1)
Γ(p+ δ + 1)

zp+δ −
∞∑

k=p+n

Γ(k + 1)
Γ(k + δ + 1)

akz
k+δ,

(δ > 0; k ≥ p+ n; p, n ∈ N)
For convenience, let

φ(k) =
Γ(k + 1)

Γ(k + δ + 1)
.

It is clear that φ(k) is a decreasing function of k and

0 < φ(k) ≤ φ(p+ n) =
Γ(p+ n + 1)

Γ(p+ n+ δ + 1)
.

By (2.1) we have

(5.4)
∞∑

k=n+p

|ak | ≤
|b| (A−B)

(n+ |b(A−B) −Bn|)
(
λ+ n + p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n − Ω)!

.

From (5.3) and (5.4) it follows that

∣∣∣D−δ
z f(z)

∣∣∣ ≤ |z|p+δ


 Γ(p+ 1)

Γ(p+ δ + 1)
+ φ(p+ n) |z|

∞∑

k=p+n

|ak |




≤ Γ(p+ 1)
Γ(p+ δ + 1)

|z|p+δ

(
1+

+
(p+ n)[|b| (A− B)]

(p+ n + δ) (n + |b(A−B) −Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

|z|

)

which is equivalent to (5.1) and

∣∣∣D−δ
z f(z)

∣∣∣ ≥ |z|p+δ


 Γ(p+ 1)

Γ(p+ δ + 1)
− φ(p+ n) |z|

∞∑

k=p+n

|ak |




≥ Γ(p+ 1)
Γ(p+ δ + 1)

|z|p+δ

(
1−

− (p+ n)[|b| (A− B)]

(p+ n + δ) (n + |b(A−B) −Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

|z|

)

which is equivalent to (5.2). �
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Theorem 5.2. If f ∈ Ap(n) is in the class Mp
n,Ω(A,B, λ, b), then

∣∣∣Dδ
zf(z)

∣∣∣ ≤ Γ(p+ 1)
Γ(p+ δ + 1)

|z|p−δ

(
1+(5.5)

+
(p+ n)[|b| (A− B)]

(p+ n− δ) (n+ |b(A−B) −Bn|)
(
λ+ n + p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n − Ω)!

|z|

)
.

and
∣∣∣Dδ

zf(z)
∣∣∣ ≥ Γ(p+ 1)

Γ(p+ δ + 1)
|z|p−δ

(
1−(5.6)

− (p+ n)[|b| (A− B)]

(p+ n− δ) (n+ |b(A−B) −Bn|)
(
λ+ n + p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n − Ω)!

|z|
)
.

Proof. By using Definition 5.2 we have

(5.7) Dδ
zf(z) =

Γ(p+ 1)
Γ(p− δ + 1)

zp−δ −
∞∑

k=p+n

Γ(k + 1)
Γ(k − δ + 1)

akz
k−δ ,

(0 ≤ δ < 1; k ≥ n+ p; n, p ∈ N).
Let

ψ(k) =
Γ(k + 1)

Γ(k − δ + 1)
.

Since ψ(k) is a decreasing function of k we have

0 < ψ(k) ≤ ψ(p+ n) =
Γ(p+ n+ 1)

Γ(p+ n− δ + 1)
.

By (5.4) we have
(5.8)

∞∑

k=n+p

k |ak| ≤
(p+ n) |b| (A−B)

(n + |b(A− B) − Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

.

From (5.7) and (5.8) it follows that

∣∣∣Dδ
zf(z)

∣∣∣ ≤ |z|p−δ


 Γ(p+ 1)

Γ(p− δ + 1)
+ ψ(p+ n) |z|

∞∑

k=p+n

k |ak|




≤ Γ(p+ 1)
Γ(p− δ + 1)

|z|p−δ

(
1+

+
(p+ n) (|b| (A− B))

(p+ n − δ) (n + |b(A−B) −Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

|z|

)
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which is equivalent to (5.5) and

∣∣∣Dδ
zf(z)

∣∣∣ ≥ |z|p−δ


 Γ(p+ 1)

Γ(p− δ + 1)
− ψ(p+ n) |z|

∞∑

k=p+n

k |ak|




≥ Γ(p+ 1)
Γ(p− δ + 1)

|z|p−δ

(
1

− (p+ n)[|b| (A− B)]

(p+ n − δ) (n + |b(A−B) −Bn|)
(
λ+ n+ p− 1

n

)
(p+ n)!(p− Ω)!
p!(p+ n− Ω)!

|z|
)

which is equivalent to (5.6). �

Remark. Putting n = 1, Ω = 0 and λ = n + 1 in Theorems 5.1 and 5.2 we
obtain the results of [4] .
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