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SOME REMARKS ON STABILITY IN PERIODIC
MULTI-WAVELET DECOMPOSITIONS

DINH DUNG AND VU CONG BANG

ABSTRACT. In the present paper, we established some necessary and sufficient
conditions for L,-stability of periodic multi-wavelet decompositions.

1. The problem of the stability of non-periodic multi-wavelet decomposition was
studied by Jia and Micchelli [2]. The necessary and sufficient conditions for the
problem of Lo-stability of periodic wavelet decompositions was given by Goh and
Yeo [3]. Dinh Dung [1] established sufficient conditions of L,-stability of mult-
wavelet decompositions with the scaling functions periodized from non-periodic
functions, where 1 < p < oo. The present paper extends some results of [1]. We
will establish some necessary and sufficient conditions for L,-stability of periodic
multi-wavelet decompositions.

2. Given a function ¢ on R and u > 0, the functions ¥ (- — us), s € Z, are called
u-step integer translates of . If we set

Yo=Y |(- —us)],

SEL
then 1, is u-periodic. For 1 < p < 0o, define the norm
[Ylp,u = 1YullL, (0,u))-

Let £, ,(R) be the normed space of all functions ¢ for which [¢|,,, < co. Notice
that |¢|p,u < [¢[qu for p <gq.

For a family {¢*}" ; of functions on R, denote by S (%!, ...,9™) the space
of all linear combinations

n

(1) f=> ¢ixd,
i=1

with a’,...,a" € £,(Z), where

Y*a = Z a(s)Y(- — us)

SEZL
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is semi-discrete convolution of ¢ and a. Here, for 1 < p < oo,

tp(Z) = {a = {a(s)}sez : lallp == la(s)") /P < oo},

SEZ

and for p = oo

foo(Z) i={a = {a(s)}sez : llalloo = supla(s)] < oo}

We say that the u-step integer translates of ¢',..., 9", are L,-stable if there
exist positive constants C, C’ depending on p,u, %', ..., 1" such that

n n
Oy lally < Ifllp < €Y lla'lps
i=1 i=1

for all f € Spu(¥!,...,9") represented as in (1). If !,... 9" € £,4(R), the
inequality on the right hand side holds by the inequality
19+ allp <[¥lpullally

proved in [2]. The following theorem was proved in [2].

Theorem 1. Let 1 < p, p' < oo, 1/p+1/p' =1, and ¥',..., 9" € Lowu(R).
Then the u-step integer translates of ', ... ,¢", are Ly-stable if and only if one
of the following conditions holds:

(i) For any y € [0,27/u) the sequences {Q/;Z(y +27ws/u)}sez, i = 1,...,n, are
linearly independent, where ¢ denotes the Fourier transform of ¥, i =
1,...,n.

(ii) There exist g*,...,g" € S1u(¢t, ..., 9") such that

(gh 7 (- —us)) = 0ijoos fori,j=1,...,n ands € Z.

Moreover, if the u-step integer translates of ¥, ... Y™, are L,-stable, then

n n
D la'lleyz < 1F 1o D19l s
i—1 i=1

for all linear combinations (1).

A 2r-periodic function is represented as a function defined on T := [—m, 7).
Let ¢ be a function on T, and for m € N, h = 27 /m. We set

m—1
oni= 3 lp(- — hs)l.
s=0
Then ¢y, is a h-periodic function. Similarly to non-periodic functions, for 1 <

p < oo, we defined the norm

|elpn = llenll L, (o,n))-
Denote by £, ,(T) the normed space of all functions ¢ for which |pl, , < co.
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Let {@é}kez +»J=1,...,n, be a finite family of sequences of functions defined
onT. Fixy €N, and for k€ Z,, s =0,...,72F — 1, put

goi;’s(x) =g (x — ors/v2%), zeT.

The functions <pi o 5=0,... ,v2F — 1, are called 27 /y2F-step integer translates

of goi;. Suppose that every function f € L,(T), 1 < p < oo, can be decomposed
into a series:

o n y2kF-1

(2) F=320 > A

k=0 j=1 s=0

converging in the norm of L,(T), where flz_ = flz_ s(f) are certain coefficient func-
tional of f. This decomposition is called a perioaic multi-wavelet decomposition
of f. For k € Z, the functions @i, j=1,...,n, are called k" scaling functions
and ‘Pi, , wavelets. The periodic multi-wavelet decomposition (2) is called L,-
stable if there exist positive constants C', C’ depending on p,~y and n only such
that for each linear combination of the wavelets at any dyadic level

n ~v2k—1 ‘
9= > d)a,
7j=1 s=0
there hold the inequalities
n  ~2k—1 ' 1p n  ~2k—1 ' 1p
C27 S (3l )l) T < gl < 230 (3 el ()P)
Jj=0  s=0 j=0  s=0
(the sum is changed to max when p = oo), where | - ||, is the usual p-integral

norm in L,(T).

For a sequence a = {a(s) ;”:_01, we put

ol = (3 lato) ™.
s=0

For a function ¥ on R, we define the function ,,(1) on T, periodized from v by
T (¥, 2) 1=y (m(x + 2k)).
keZ

The following theorem was proved in [1].

Theorem 2. Let 1 < p, p' < oo, 1/p+1/p =1 and ¢/ € Log2,/4(R), j =

1,...,n. Assume that every function f € Ly(T) has a periodic multi-wavelet
decompostion (2) with the sequences of scaling functions {¢} }kez, , j =1,...,n,
defined by

wh(@) = mo (7 ).
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If¢y7, j=1,...,n, have L,-stable 2 /vy-step integer translates, then this decom-
position is L,-stable, that is, for all linear combinations of the wavelets at any

dyadic level
n y2k—-1
9=2_ 2 ),
j=1 s=0
there hold the inequalities

c2- ’“/”ZHaﬂHp lgll, < C"2 ’“/pZHaJHp,
Jj=1 j=1

where

= J = j -1
C = max [07]por/y, O = (0 max |¢/|yae/) ",

g’ € Sl7zﬂ/,y(w1’ ™M), i =1,...,n, are functions such that
g‘, = ws/vy)) = 0;i00s fori,g=1,...,n ands € Z.
(=2 56 1 dseZ

In the present paper we shall show that the 27/vy-step integer translates of
the compactly supported functions ¥',..., 9", are L,-stable if the multi-wavelet
decomposition (2) with the scaling functions periodized from these functions is
L,-stable. Furthermore, we give the necessary and suficient conditions of L,-
stability of multi-wavelet decomposition (2) in the case when

{i(-—2ms/2") :5=0,...,2" ~1, i=1,...,n}
are orthogonal set for all k € Z;. We will treat with univariate functions. How-
ever, all our results can be easily extended to multivariate functions.
For f € Ly(T) and g € Ly 4(T), 1/p+1/p" =1, h = 21/m, we define the
sequence c(f, g)n = {c(f, g)n(s )}2”_01 by

/f 9(z — hs)dz

We have

3) le(fs Dnllp < 1 fllplglpy

(4) lg * ally < 1gly nllally

The proof of (3) and (4) is similar to the proof of Theorem 3.1 and Theorem 2.1
in [2], respectively. In particular, using (4) with a(s) =dps, s =0,...,m —1, we
have

lgllp < lglp,n;for 1 < p < oo,

3. In the non-periodic case, the stability of integer translates of functions does
not imply their linear independence [2]. Let o!,... ©" be functions defined on
T, m € N. Consider functions of the form

n

ey i,

=1
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where a’ := {a’(s)}" ", and

m—1

pxa:= Z o(- —2mws/m)a(s)

s=0

is semi-discrete convolution of pand a. Let 1 < p < oo, m € N, h = 27/m, and
@' € Ly(T), i =1,...,n. If there exist a positive constant C such that

ZHasz Clifllp, forall f= th *al,

=1

then the h-step integer translates of ¢’, i = 1,...,n, are linearly independent.
From this we can see that if a periodic multi-wavelet decomposition (2) is L,-
stable, then the 277/72k—step integer translates of goi., i =1,...,n, are linearly
independent.

Theorem 2 shows that if the scaling functions of a periodic multi-wavelet de-
composition (2) are periodized from non-periodic functions 1!,...,4" having
stable 27 /vy-step integer translates, then this periodic multi-wavelet decomposi-
tion is also L,-stable. The following theorem shows an inverse assertion for the
case when ¢!, ... 9" are compactly supported.

Theorem 3. Let v € N, and ¥',... " € Lo 27/+(R) be compactly supported

functions. If there exists a positive constant C = C(p,',...,¢™) such that for
each k € N, and for each

n y2k-1

f= Z@k *a—zz §) o (Y7, - — hs)

i=1 s=0

with a* = {a*(s) Ziko_l and h = 21 /y2", there holds the following inequality

(5) "“/pz lall, < Cll £l

then the 21 /~y-step integer translates of Y1, ... Y™, are L,-stable.

Proof. Without loss the generality, we may assume that there exists kg € Z
such that

(6) supp(¢') C [—2kom, 2kon], i=1,...,n.

From the definition of myx (¢, ) and (6), we can see that there exists a positive
integer L = (ko + 1) not depending on k, such that for all z € [0,27), s =
0,...,72F—1,i=1,...,n

Tor (P!, — 278 /~2F) = Z V(28 + 2nm2F — 27s /).
|m|<L



54 DINH DUNG AND VU CONG BANG

For a* = {a*(s)}sez, we consider the function

n
g= ZW *a’.
i=1

For any ke N, ¢+ =1,...,n, we set
i e k k_ 1.
i (s) = a'(s), if —~428 <s<28 -1
0, otherwise,

n
gk = > P,
i=1
and for s = 0,...,272F — 1, we define

; b (s), if 0 < s < 2k
b'(=j), ifs=72""—3j

Then we have lim ||gl, = [lgllp, lim [|b}]l, = [|a’[|p, and
k—o00 k—o00

2R+l
(marer (V1) x @) = Y chls)mpen (¢, @ — 2ms /72" )
s=0
2k -1
= 3 B(s)mgenr (0, @ — 2ms /728
s=0
y2k+l_1
+ Z §)mori1 (P!, & — 2ms /y2F 1)
s=~2k
2k -1
= 3 b(Impn (@ — 2ms /724
s=0
~v2*
+ Z bi(—j)morr (Y1, + 27 /2R

72’6—1
= Z bi.(8) i1 (Y0, 2 — 2ms /2R T+
s=0
—1
+ Z bi.(8)Tors1 (U, & — 2ms /y28HL)
s=—n2k
2k -1
Z bi(8)mour1 (Y8, & — 2ms /28T,
s=—2k
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Hence, by (5) and ||bL ||, = ||c ||, we have

—lo—(k+1) e j ; 1/p
o (it /pZHb I < (/ |3 moen (9,2) )
0 =1

n yz’cl

2 1/p
= (/0 Z Z b (8)morar (V' 2 — 2%5/72’““)‘ dm)
1=1 g=—~2k
n y2kF-1 1/p
(/ Z V(2 4+ 2rm2ktt — 27‘(‘8/’}/)‘ dx)
=1 57_72k |m|<L
n  y2k-1
— 9~ (k1) /p / Z Z bi.(s Z Vi (x + 2rm2Ft — 271'8/’)/)‘ d:c)
1=1 s=—~2k |m|<L

< 2~ (k+1)/p Z / Z Z bl (s)¢)° x+27rm2k+1—27T3/’Y)‘ > v

— 9~ (k+1)/p / bi(s)' (x — 27ms /) v
|m|Z<L ( 2rm2k+1 ‘ ; 3—272k T ‘ >
n 72]“ 1/p
<2-BHD/Por, 1 (/‘Z Z bi.(s x—27rs/'y)‘ ) .
=1 g= 'ygk
Therefore,

ZHb lp < CCL A+ 1)lgxlp-

Letting k£ — oo, we have

> llall, < C2L + 1llgll,-
1=1
O

Theorem 3 shows that if the multi-wavelet decomposition (2) is L,-stable and the
scaling functions are periodized from non-periodic functions ', ..., ™ which are
compactly supported, then 27 /y-step integer translates of ¢!, ... ", are also
L,-stable. What happens when Yl, ..., 4™ are not compactly supported? The
following counterexample will give an answer to this question.

Counterexample. We consider the case p = v = 2, n = 1, we define the
function ¢ by
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—¢/V2+1 if 0 < €< V2
P& =¢€/2-V2)+1 if —2+V2<EL0;

0 otherwise.
Then the 27 /v-step integer translates of ¢ are Lo-unstable. But one can verify
that (5) holds. Indeed, we apply the condition (i) of Theorem 1 with u = 7.
Since supp(¢) = [v/2 — 2,1/2], there exists y = v/2 € [0,27/u) = [0,2) such that
oy + 2ms/u) = $(v/2 +2s) = 0 for all s € Z. This means that the sequence
{p(V2 + 25)}sez is linearly dependent. By Theorem 1, 7w-step integer translates
of ¢ are Ly-unstable. We verify (5). For all k, we have,

o —

Lk ok
s n)=—2 n/2%).
Hence, for y =2 and s =0,...,2 x 2F — 1,

k\12 _ —2k ~ k 2 — 9%k
;ez [mar () (s + 212%)[7 = 52 l§€ij<p(s/2 +2) > g2

Since supp(¢) = [v2 —2,v/2] and 0 < s/2% < 2, we have

1

1
1 3
92k 5(s/2F + 2|2 = — 2% 5(s/2F + 202 < 2%,
o IEEZW(S/ + 21)] o pE_llw(S/ + 21)] .

Thus,

Lok TS k2 O o2k
leZ
By Proposition 3.1 in [3], this is equivalent to (5).

4. The following theorem give us a necessary and sufficient condition for the
L,-stability of periodic multi-wavelet decompositions (2) for the case when the
scaling functions are an orthogonal set.

Theorem 4. Let 1 < p < oo and gp};, 1=1,...,n, k € Z,, be functions defined
on T, h =2mn/2%. Assume that

(i) For each k € Zy, {pt(- —27s/2K),s = 0,...,28 —1,i = 1,...,n} are an
orthogonal set.
(i) |okloon < C, for all k € Z.

Then the multi-wavelet decomposition (2) is Ly,-stable if and only if
lobls > Ci27% for alli=1,...,n,k € Z,.

Here C, C1 are positive constants not depending on k.

Proof. Let 1 <p1 < p2,0< a<2nm, and f € L,,(T). Then

[ iwman < ()" ([ g™
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Hence
“ 1/p1 1/p1—1/ @ 1/p2
(7) ( / If(w)lpldx) < (a)l/p=1/p: ( / | f(x)|p2dx> :
o 0
We prove the sufficient condition. By the condition (ii) we have
(8)
/ ’ 1/pgk/ &/
"Pk‘p, "th‘pdx < C(2m) /P27MP = Cy27 P forall 1 < p < oo

n . .
where Cy := C(27r)1/p. For any f = Z ¢}, * a*, by (4) we have

n
9) 1l <D ligk *a'llp < Z\wk!p,hWHp Cr2” k/pZHaZH
i=1

On the other hand, using condition (z), we have

c(f, i)n(s) = a' ()] eklI3-

Thus ‘
aqS):M s=0,...,2" 1, i=1,...,n.
3113
Using (3) and (8), we imply that
: 1
la'llp < 7z I/ 1ol @hlpr
| k;H
2||f||p022 BPi=1,...n.
AL
CQ k
10 —Zok/p
(10) C 1/ 1lp-

From (9) and (10), we see that the multi-wavelet decomposition (2) is L,-stable.
Finally, we prove the necessary conditions. If 2 < p < oo, then we have, for
a(s)=1,5=0,...,2F -1,

21
I % allz = /0 (ol a) ()P
21T
- /0 (6 + a)(@) P2\ (gh * a) (o) Pd

< 20CP7% ), * a3
= 2nC" |l g |3 llall3-

But ||a||3 = ||a|[) = 2¥, and L,-stability of multi-wavelet decomposition (2), we
can write ‘

2rCP 22" |pp |3 > C2 2 = .
Thus

H z||2 > C/ 2—k; _ 012—k
Prll2 = Cr—2 = L2 .
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If 1 < p < 2, then Using (7) with p; = p, po = 2 and « = 27, we abtain
ik, * all, < 2m)VP712 g + allo.
Hence,
(1) @m)"P7 2 |gilzllalle = (27T)1/”_1/2H802 xall2 > ||} x allp > C'274Pallp.
By taking the sequence a = {a(s)}? 0 Uwith a(s) =1 for all s = 0,...,2F — 1, we
have [jallz = 2%/2, ||, = 2"/7. Then (11) tells that
Ik llz > €' (2m)M /2~ VP2 k2,

In the orther words ||@i||2 > C327%, where C3 := C"*(21)'~2/P. We set C} =
min{C3, C4}, then
lekll3 > Cr27.

When 1 < p < 2, Theorem 4 can be sharpened as follows.

Theorem 5. Let 1 < p < 2 and go};, i=1,...,n, k € Z4, be functions defined
on T, h=2r/2F. Assume that

(i) For each k € Z, {pL(- — 2ms/2F),s = 0,...,2F —1,i = 1,...,n} are an
orthogonal set.
(i) |@hlpyn <C27FP i=1,... n, k€Zy, 1/p+1/p =1.

Then the multi-wavelet decomposition (2) is Ly-stable if and only if
lobla = Ci27%  foralli=1,...,nkeZ,.

Here C, C1 are positive constants not depending on k.

Proof. The necessary condition has already proven in Theorem 4. We prove the
sufficient condition. Using (7) with p; = p, po = p/, @ = h, and (ii), we obtain

[Phlp < (2/2) VP || < Co27MP, G = (2m) PP

Now we suppose that
n
f=) ¢ixa.
i=1
Then similarly to the proof of Theorem 4, we have

1fllp < Co27*/ 3 llally

and
—k
£l = /pz la’ .
Therefore, the multi-wavelet decompostion ( ) is L,-stable. O

Finally, in the case p = co, we have
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Theorem 6. Let @2, i=1,...,n, k& Z, be functions defined on T, h = 27 /2F.
Assume that
(i) For each k € Z, {(pz( —27s/2¥),s = 0,...,28 —1,i = 1,...,n} are an
orthogonal set.
(i) [lepll3 = Cr27F, for all k € Z,..
Then the multi-wavelet decomposition (2) is Lo-stable if and only if
(12) P4 loon <O,  forallk € Zy.

Here C, C1 are positive constants not depending on k.

Proof. Assume that the multi-wavelet decomposition (2) is Lo-stable. Then for

all a = {a(s) gkzal, we have

(13) ), * alloo < Cllal|oo-
For any x € T, we put

k(@ — 2ms/25)| k(@ — 2ms/2%) if i (0 — 2ms/2%) £ 0;
als) = 0 if i (v — 2ms/2%) = 0.
Then
2k 1
> lpk(a — 2ms/28)| = (g}, * a) () < Cllafloo = C.
s=0

This inequality implies that |¢} o, < C. Finally, if (13) holds, then similary to
the proof of Theorem 4, we can see that the multi-wavelet decomposition (2) is
L.-stable. O
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