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STRONG LAW OF LARGE NUMBERS AND
LP-CONVERGENCE FOR DOUBLE ARRAYS OF
INDEPENDENT RANDOM VARIABLES

LE VAN THANH

ABSTRACT. For a double array of independent random variables {Xn, m >

1,n > 1}, a strong law of large numbers and the LP-convergence are estab-
m n

lished for the double sums > > X;;,m>1,n>1.

i=15=1

1. INTRODUCTION AND NOTATIONS

Pyke and Root [9] proved that if {X,,,n > 1} is a sequence of independent
identically distributed random variables with E|X1|P < co (1 < p < 2), then

n p
E ZXi_nEXl

=1

— 0 as n — oo.

n

By using an inequality due to von Bahr and Esseen [1], Chatterji [3] extended
the result of Pyke and Root [9] to the case where {X,,,n > 1} is dominated in
distribution by a random variable X with E|X|P < co (1 < p < 2). Later, using
Burkholder’s inequality (see [2]), Chow [4] strengthened the result of Chatterji
[3] by relaxing the domination condition of [3] to uniform integrability.

The aim of this paper is to establish a version of the strong law of large numbers
and the LP-convergence for double arrays of independent random variables. From
this, we obtain the result of Gut [6, Theorem 3.2]. We also generalize an earlier
result of Smythe [11] for arrays of independent identically distributed random
variables.

Let {Xyn, m > 1,n > 1} be an array of independent random variables. Our

> > X
=15=1

main result provides conditions for — 0 almost surely (a.s.) and in

manf
LP as max{m,n} — oo, where a > 0,5 > 0.
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Random variables { X, m > 1,n > 1} are said to be dominated in distribution
by a random variable X if for some constant C' it holds

P{|Xmn| >t} <CP{IX|>t}, t>0,m>1n>1

For a,b € R,min{a,b} and max{a,b} will be denoted, respectively, by a A b
and a V b. The number of divisors of a positive integer k will be denoted by
dj. Throughout this paper, the symbol C' will denote a generic positive constant
which is not necessarily the same one in each appearance. The logarithms are to
basis 2.

2. MAIN RESULTS

We now present some lemmas which will be needed in the sequel.

Lemma 2.1. Let {X,,,,m > 1,n > 1} be a double array of random variables. If

o o
(1) Z ZE!an\p < oo for some p >0,
m=1n=1
then
(2) Xmn — 0 a.s. and in LP as mVn — oo.

Proof. The LP-convergence follows immediately from (1). For an arbitrary e > 0
and for all £ > 1,

P{ sup |Xpm|>e} < Y P{{Xpmn| > ¢}

mvVn>k

mVn>k
1
< — Z E|Xmn|P (by Markov’s inequality)
ep
mVn>k
—0 ask—oo (by(1)).
This proves the almost sure convergence. O
Lemma 2.2. If {Xy, F,l > 1}k = 1,2,--- ,m, are nonnegative submartin-

gales, then {1I<r}€a<x X1, Fi,1 > 1} is a nonnegative submartingale.
SRSM

Proof. For L >1>1,

F X |F) > E( Xy |F) > X,
(é}%xm 5 z)_lg}%xm (Xkrl z)_lg}%xm Kl

The next lemma is due to von Bahr and Esseen [1].

Lemma 2.3. Let {X;,1 < i <n} be random variables such that E{Xj11|Sx} =0

k
for 0 <k <n-—1, where Sy =0 and S, = > X; for 1 <k <n. Then
i=1

E’Sn!p§2ZE\X,-]” forall 1<p<2.

i=1
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Note that Lemma 2.3 holds when {X;,1 < i < n} are independent random
variables with EX; =0 for 1 <4 <n.

Lemma 2.4. Let {X;;,1 <i<m,1<j<n} be a collection of mn independent
random variables. If EX;; =0 for all 1 <1 <m,1 < j <n, then

m n
P\ < P <
(3) E(lgkgr?nz,li%lgn | Skil ) < C;;E|Xw| forall 0<p<2,
i=1 j=

E o1
where Si = > Y Xij; the constant C is independent of m and n. In the case
i=1j=1
0 < p <1, the independence hypothesis and the hypothesis that EX;; = 0, 1 <
i <m, 1<j<n are superfluous.

Proof. If E|X;;|P = oo for some 1 <i < m and 1 < j < n, then (3) is immediate.
Thus, we can assume that E|X;;P < oo, 1<i<m, 1<j<n.
First, suppose that 1 < p <2 and m An > 2. Set

Y, = S
! 11§Y}3§Xm| ki

and
Fi=0(Xy, 1<i<m, 1<j<l), 1<l<n.
For each 1 < k <m and 2 <[ <n, we have
E(Sk|Fi-1) =E (Ski—1 + Xu+ -+ X|Fi-1)
=E(Ski-11F1-1) + E(XulFi—1) + - + E(Sp|X-1)

=Sk -1 a.s.
So {Ski, Fi,1 <1 <n} is a martingale for each k = 1,...,m. As in Scalora [10],
{ISkil, Fi, 1 <1 < n} is a nonnegative submartingale for each k = 1,2,...,m.

Then, by Lemma 2.2, {Y;, F;,1 < I < n} is a nonnegative submartingale. By
Doob’s inequality (see, e.g., Chow and Teicher [5], p. 255),

P
P — P~ p D
4) E <1§k§nrlnz,li(§l§n‘5kl‘ > E(fglagﬁ) - <p— 1) By
Set Gy = 0(X;5,1 <i<k, 1 <j<n),1<k<m. Since {|Skn|, Gk, 1 <k < m}
is a submartingale, applying Doob’s inequality once more, we have
D _ »
(5) EYy = E( max |Sin|)

p p P
< (p—_ 7) Bl Smnl

< 2(%)1)ZZE]XU [P ( by Lemma 2.3).
p= i=1 j=1
The conclusion (3) follows immediately from (4) and (5).

Next, if 1 <p <2 and m An =1 then (3) is obtained similarly as in the case
mAn > 2.



228 LE VAN THANH

Finally, if 0 < p < 1, then we have

k1
E max  |SulP ) <E max E E | X5 P
1<k<m,1<I<n 1<k<m,1<I<n 4

i=1 j=1
=E > > 1xyP
i=1 j=1
=2 EIXyl,
i=1 j=1
which establishes (3). O

Lemma 2.5. Let {X,,,,m > 1,n > 1} be a double array of random variables.
Suppose that {Xn,m > 1,n > 1} is dominated in distribution by a random
variable X. If

(6) E(|X[Plog™ |X]) < oo  for some p >0,
then
s oo E(|an\QI(|an\§(mn)%))
i) > > 7 <oo forall q>p,
m=1n=1 (mn)P
(i) > > po— <oo  forall 0<r<np.
m=1n=1 mn)P

Proof. Let I be the distribution function of X. By using the fact that

. dy, log j
Z_g N O ( 2_1) ’
pay kr jr

we obtain

0 2, B (| Xonn| (| Xun| < (mn)?

q q
m=1n=1 (mn) P m=1n=1 (mn) P
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1
<oy ng/ | 29dF (z
(j-1)P

j= 177

, 2P log xdF(x)
j=2 (3— 1)5

< CE(|X"log™ |X]),
which proves (i). Noting that

S5 o8 (0<r<p),
=1 k7 ne

we can obtain (ii) by the same method. O

We are now in a position to establish the main result which provides conditions
for almost sure convergence and LP-convergence for double sum of independent
random variables. This theorem in the particular case « = 8 =1 and p = 2 is the
two-dimensional version of Kolmogorov’s theorem (see, e.g., Chow and Teicher

[5], pp. 121).

Theorem 2.1. Let {X,,,,m > 1,n > 1} be a double array of independent ran-
dom variables with EX, =0,m > 1,n > 1. If

E|XnlP
(7) Z:lz:lmap 5 <00 forsome 0<p<2 and a>0,5>0
m=1ln

5 5 X,

— 0 a.s. and in LP as mVn — oo.

manP
Proof. Since
2k 2l ok ol
0o 00 2:1‘2:1)(”1) 0o oo E:IZIE’X”‘I’
1=17= i=1j=

Lemma 2.1 ensures that
ok ol

> > Xij
i=1j=1

WHO&.S. and in LP as k VI — oo.

(10)
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Set
m n
Smn:ZZXija leﬂlZl
i=1 j=1
and s 5
mn 2kol
= — > > 1.
Tkl 2k§m<2;§fﬁ§gn<2z+1 monB 2ak9pl |’ k D 1,1 >1
By Lemma 2.4, for all kK > 1 and [ > 1, we have
ElTap <c (| 2224 B( max S p)
kT = 2ak2ﬁl 2k <m<2k+1 2l<p<2l+l man:@
<o(p| S22 " _1 E( |Syn?)
- 2ak9pl 20k 90l 1§m§2k€112?€(§n§21+1 m
2k+1 2l+1
B P
2kol =1 7=
<CE ook S+ Dapa(+1)5p
oo o0
whence > Y ET}, < oo by (9). Then by Lemma 2.1,
k=11=1
(11) Tk — 0 a.s. and in LP as k VI — oc.
Note that for 28 < m < 25*! and 2! < n < 21 it holds
’Smn‘ Smn SQle 52k2l SQle
manB = manB — 90kodl 9ak9pl S T+ gak9pl |’
so the conclusion (8) follows from (10) and (11). O

Remark 2.1. The argument used for proving in Theorem 2.1 reveals that if
0 < p <1, then the independence hypothesis and the hypothesis that the random
variables { X,,n, m > 1,n > 1} have mean 0 are not needed for the validity of the
conclusion of the theorem.

Corollary 2.1. Let {X,n,m > 1,n > 1} be a double array of independent ran-
dom wvariables. Suppose that { X, m > 1,n > 1} are dominated in distribution
by a random variable X. If

(12) E(|X[Plogt |X|) < oo for some 1<p<2,
then
m n
> 2 (Xij — EXj)
(13) G : — 0 a.s. and in LP as mVmn— oo.
(mn)»

Proof. For m > 1 and n > 1, set

Xyon = an](|an| < (mn)

Sl

)

X! = Xy (| Xomm| > (mn)?).

and
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By Lemma 2.5,
2
PR Sy oy Pl
m=1n=1 ) m=1n=1 (mn)
and

T

Ean EX!" EX,’?’m
sy £ <ozz‘ I

m=1n=1 m=1n=1
for all 0 < r < p. Then by Theorem 2.1,
m n
—~ zl(XZ/] - EXZ/])
(14) — —0as. andin L? as mVn — oo,

—0as. as mVn— oo.

(15)

Since E|X|P < oo (by (12)),

(16) EX! P < C / PP X | > a}da
o

. PIP{|X| > z}dx

VAN

Q
/\
ER

— 0 as mVn— oo.

It implies that

Bl 3 Z (X[, — EX])|" ZE E|X}, - EX[}|P

(17) == <ot (by Lemma 2.4)
mn mn
2. 2 BIXGP
< Cz:l]:l
mn
—0 as mVn—oo (by(16)).
Combining (14), (15) and (17) we get (13). O

Remark 2.2. The generalization to d-dimensional arrays of random variables can
be obtained by the same method under the condition E(|X|[P(log® X[)?~!) < oo.

Remark 2.3. A part of Corollary 2.1 is due to Smythe [11] who proved that
if {X,k € N} be a d-dimensional array of independent identically distributed

z X;
!k\

random variables with zero mean, E(|Xy|(log™ | Xx[)?™1) < oo, then 2 —0

a.s. as |k| — oo, where k = (ky, ko, ..., kq) € N4 |k| = kiko - - - kq.
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Remark 2.4. When {X,,,,m > 1,n > 1} are pairwise independent random
variables which are dominated in distribution by a random variable X, the almost
m

(Xij — EXij)
=1

n
i=1j5=1

sure convergence of - was obtained by Hong and Hwang [7,
(mn)»
Theorem 2.3] under a stronger condition that E(|X[P(log" [X[})) < 00 (1 <

p < 2). More general results were proved by Hong and Volodin [8].
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