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THE SOLUTION OF ONE CLASS OF DUAL EQUATIONS
INVOLVING HANKEL TRANSFORM

NGUYEN VAN NGOC

ABSTRACT. The aim of the present work is to propose a method for investigat-
ing and solving one class of dual integral equations involving Hankel transfom.

1. INTRODUCTION

Let H, and H/(p > —1/2) be the Zemanian spaces of test and generalized
functions, respectively (see [8]). Denote by B, the Hankel integral transform
defined on Hj,. It is known that this operator is an automorphism on Hj, with

B;l = B,. For a suitable ordinary function f(z) (for example, f € Li(R4),
R, = (0,00)) the operator B, is defined by

f© = B0 = [ Vats ) (@)dat € Ry,
0

whereJ,(x) is the Bessel function of the first kind.

Let J = (a,b) be a certain bounded interval in R, J := [a,b] and m a non-
negative integer number. Consider the following dual integral equation

(1.1) B[t~ u(t)](z) = f(z),x € J,

(1.2) u(z) := Byla)(z) = 0,2 € Ry \ J,

where f(x) is a given function, @(t) is an unknown regular generalized function

in Hj,. The function ¢~>™ is called the symbol of the dual equation (1.1)-(1.2).
We introduce the following definition.

Definition 1.1. Denote by H,™ the class of functions u(z) such that u €
H) , suppu C J, t7™B,[u](t) € La(Ry).

J7

It is clear that Hg = Ly(J). The unknown function u(x) = B,[d](x) shall be
sought in the class H, ™. Note that the case m = 01is trivial. Indeed, substituting
in (1) @ by B,[u], where u € La(J), suppu € J we obtain

(1.3) u(z) = f(z), a<xz<b.
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In the sequel we shall consider the equation (1.1)-(1.2) only for m € N =
{1,2,...}. Note that when a > 0, one can find examples of the equations (1.1)-
(1.2) having an infinite number of solutions belonging to H,™ if m > u + 1.
Therefore, we shall make the following assumption

(1.4) m<p+1 if a>0.

Dual equations of the form (1.1)-(1.2) were considered by many authors (see
for example, [2, 3, 4, 6, 7]). Formal solutions of such equations have been given
in [6] for @ = 0 and in [2, 3] for @ > 0. The validation of the case a = 0 may be
found in [7]. The case for the symbol t>™ A(t)(A(t) # 1) was considered in [4].

The aim of the present work is to propose a method for investigating and solv-
ing dual equation (1.1)-(1.2). The method is based on the theory of generalized
integral transformations [8] and fractional integrals of generalized functions [4].

2. SOME AUXILIARY AND INTEGRAL OPERATORS

In the sequel we shall need the following differential operators [4]

il>m$m+““/ 2o(x),

M — —u—1/2(
w7 dzr x

L d\—+-1/2
N pmtetl/ <__)

z dx ’

where m € N, p > —1/2.

Note that the operators M ;, N ; have been introduced in [8] and denoted there
by M,, N,, respectively. By induction one gets the relations

m—1 m—1
(2.1) M= 1] Musss N = T] Nuvm—j1-
j=0 j=0

It is not difficult to show that
(2.2) Mgt 2P, (27)] = NP et T2 Py (27)),
where P,,_1(x) is an arbitrary polynomial of degree m — 1.

Using (2.1) and Lemma 5.3.3 in [8] one can prove that M) (respectively,
N') is a continuous mapping (an isomorphism) from H,,, into H, (from H,
onto H,1.,). These operators may be extended to generalized functions by the
equations

(23) <M;Lnf7 Q0> = <f7 (_1)mN;LnS0>7 wE H}uf € H;/Hrn’n

(2.4) (N fop) o= (f,(=1)"M"¢), @ € Hyrm, f € Hp,
where (f, p) denotes a value of a generalized function f on a test function ¢ [4].

Let D’(J) be the space of distributions on the interval J [8] and let C§°(J)
denote the set of infinitely differentiable functions with a support contained in J.
For f € D'(J) the operators M," and N;]* are defined by (2.3) and (2.4), respec-
tively, where ¢ belongs the set C3°(J). For the generalized operators M, u N
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the relations (2.2) are also valid. By means of these relations and Theorem 5.5.2
in [8] one can establish the following equalities

(2.5) By M [f)(x) = " Bumlfl(2), | € Hyyom,
(2.6) N'Bu[fl(z) = Bupm[(=t)" fl(x), [ € H),.

Let t~m=#H12f(t) € Li(J), J = (a,b). Denote by N, 7[f](z) the following
fractional integral

/
(2.7) Nu_?[f](x) = 2m lf‘m—l ’ /f HEmeRt22 _ p2ymelgy e g
N;;J[f] =/
where m € N, I'(m) is the gamma-function. This operator has the properties:
(2.8) NN, G (@) = f(z),
(2.9) N, PN f)(@) = (1) f () + a2y [ f](2?),
where
(2.10)
m m—k L1 (b2 _ xZ)mfk '
Z [(m da:) v @) a=b 2"k (m — k + 1)

k=1
We introduce the following function class.

Definition 2.1. Denote by L;}*(a, b) the class of functions f(x) such that NZf [fl(z) €
Cla,b] (k=0.1,...,m— 1), N7'[f](x) € La(a,b).

In the sequel we shall need the following formula [1]

oo

(2.11) / Tu(ay)Jy (ty)y” " dy =
0
where Rev > Rep > —1, ¥(z) is the Heaviside function.

.’E“t_y(tQ _ .’132)11_“_1
=T (v — p)

It —z),

3. SOLUTION OF THE DUAL EQUATION

Suppose that u(x) € H,™(a,b), f(z) € Lj'(a,b). We find the function u(z) in
the form
(3.1) u(z) = M v(x),v(x) € La(Ry) C Hyy )
where M)" in general is taken in the sense of generalized functions.

Taking the Hankel transformation B,, in (3.1), by virtue of (2.5), we have
(3-2) a(t) = Bulul(t) = " B[] (t)-
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Substituting for u(z) and 4(t) from (3.1) and (3.2) in (1.2) and (1.1) respectively,
we get

(33) Bult ™ Byl (0)(2) = f(2), = € [a.8],
(34) M'v](z) =0, z¢[a,b].
Applying the operator N/ to the equality (3.3), by virtue of (2.6) we have
(3.5) v(x) = (=1)"N,[fl(z), a<z<b
From (3.4) it follows

m—1

Z a2 0 < g <,
(3.6) v(x) = q 5=
Z b2 < < oo,
k=0

where a;, and by, are arbitrary constants. If a = 0 thenay =0 (k=0,1,...,m—1).
When a > 0, according to the condition (1.4) in order v(xz) € L9(0,a) it is
necessary and sufficient that ap =0 (k= 0,1,...,m —1). Denote by mg, m; the
integer numbers defined by

. m+pu—1 .m4+pu—-1
(3.7) min {m -1, — s 1}, if ———— is integer,
3.7 mp = —1 -1
min {m -1, [%] }, if % is not integer,
(3.8) o = min{my,pu — 1}, if p is integer,
min{my, [}, if p is not integer.

In addition, we assume that the function v(x) possesses the property: v(z) €
Ly (b, 00), ™ +#=3/2y(x) € L1(b, 00). The set of such functions v(z) is denoted by
Vi (Ry). Thus, we have

0, O0<z<a,
(3.9) o) = d CUNA), a<e <,
. _) -
Zbkx2k_m_”+1/2’ b< < oo
k=0

Taking into account (2.7) and (3.9) we can reduce the equation (3.3) to the
form

(3.10) N, 7 ol(x) + ST () > bR (a?) = f(z), a € [a,b],
k=0
where
m L(m) & (=17 (b* —a®)™Ip%
(311) J,u, ’k(l‘Q) = 262m+2u72k z; (_m —u + k + 1)JF(’I7’L — ] + 1)7
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(c)j=clc+1)..(c+j—1).

If mg < 0 then the sum on the left-hand side of (3.10) is replaced by zero. For
determining by and conditions putted on the function f(z), substitute for v(z)
from (3.5) in (3.10). By virtue of (2.8), (2.9), after some transformations we get

(3.12) Zbkjm’“ + (=1)™2m I (m) 1 [f](2) =0,  z € [a,b],

where F,,_1[f](z) and J,T’k(a:Q) are defined by (2.10) and (3.11), respectively. In
the case my < 0 it follows from (3.12) that

(3.13) NfF®) =0 (k=0,1,...,m—1).
If mo > 0 then from (3.12) it follows:

10 ka

mojrm+u—ji—1/2 arm—j
(3.14) ];)bk S TR, = (=12 trm I NI f](b)
(j:172>"'7m0+1)7
(3.15) NIf]() =0 (j =mo+2,mo+3,...,m).

Using the problem 336 in [5] one can show that the constants by are one-valued
determined from the system (3.13).

Thus, we have proved
Theorem 3.1. Let f(z) € Lj'(a,b) and conditions (1.4), (3.15) be fulfilled. Then
the dual integral equation (1.1)-(1.2) has a unique solution u(z) € H,™(a,b)

defined by the formula (3.1), where the function v(x) is given by (3.9). The
constants by, are determined by the system (3.14).

To obtain the structure of the function u(z) we need the following lemma.

Lemma 3.2. Assume that the function g(z) € Hx(x € Ry) has ordinary “deriv-
atives” {Mf\_][g]}(m) almost everywhere up to order k (j = 0,1,..., k;A —k >
—1/2) inclusive, except possibly, for a point xo > 0. Denote by <{Mf\_j [9]})z, the
Jump of {Mf_j [9]}(z) at the point z¢:

([0 )z = (Mg} wo + 0) — {M]_[g]}(wo — 0).
Then the following formula holds
(3.16)

k-1
MY_[g)() = {M3_[g]} (=) + Z {M,J\ Yoo My '6(x — o), =€ Ry,
7=0

where 6(x — x) is the Dirac delta function, Mf\'_j 1s taken in the sense of gener-
alized functions.
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Proof. First we prove (3.16) for the case k = 1. For every ¢(x) € Hy_1(A > 1/2)
we have

(Mx-1lg], ¢) = —(g, Nx-1lg])

Tro—€

— _ lim ( ) A—1/2 d —A+1/2 (l‘) dr
5—>0|: 0/ g\ (da: 14 >
(3.17) + / g(:z:)a:)‘fl/Z(%xiAH/Zgo(x))daz}.
xo+€

Integrating by parts, taking into account that o(z) = 0(z*~Y/2) (z — +0),
o(z) =0(x~°) (xr — ), passing to the limit (¢ — +0) in (3.17), we have

(My1lgl, o) = ({Mr-algl}s ) + (9)ae0(x — 20).

From here it follows:

(3.18) My—1[gl(x) = {Mx-1[g]}(x) + (9)xo6(2 — z0).

Now we apply My_o to (3.18) and use this formula again. Taking (2.1) into
account we obtain the formula (3.16) for £ = 2. Continuing this process, step
by step for My_s, ..., M)_j we arrive finally to the formula (3.16). The proof of
Lemma 3.2 is complete. O

The following theorem gives the structure of the solution of the dual equation
(1.1)-(1.2).

Theorem 3.3. Let the function v(z) defined by (3.9) have ordinary “derivatives”
{M /Hrm J[ v]}(z) almost everywhere on Ry up to order m inclusive, except pos-
sibly for the points x = a and x = b, and let p > —1/2. Then the function u(x)
defined by (3.1) may be represented in the form

(3.19) u(x —I—mz:la]Mm (@ — a) + B M S (x — b)),
where B

G20) B - {éf)”l{Mﬁ@Nmfnux ceh,

(3.21) aj = (=1)"™{M; ;i N;'[f1}a+0),

(3.22) .

Zbk QJkF_(i_k1+ 13)b_”_m—j+2k+1/2 (—1)™{M u+m NI (b - 0).
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Proof. Replacing in (3.16) k = m, A = p+ m, g(x) = v(z), where the function
v(x) is defined by the formula (3.9) and taking into account that

—pm 2k /2] 2T(k+1) —p—m—j+2k+1/2
Fk+1-7)

we obtain (3.19), where F'(x), o; and (; are defined by (3.20), (3.21) and (3.22),

U

respectively. The proof of Theorem 3.3 is complete.

M

pt+m—j [dj

Remark 3.4. If ¢ = 0 then in (3.19) it is necessary to put a; = 0 (j =
0,1,...,m —1). If in (3.22) 5 > k + 1, there are absent members corespond-
ing to the set (j, k) by virtue of I'(—n) =00 (n =10,1,...).

We now consider some examples.

Example 1. Consider the dual equation
(3.23) Bolt~2a(t)](z) = vz(b* —2%) (0<a<z<b),

(3.24) u(z) := Bo[u(t)](z) =0 (0<z<a,b<z<o0).

In this case we have y = 0,m = 1. Obviously mo = —1 and conditions (1.4),
(3.15) are fulfilled. According to formula (3.19) we have

(3.25) v(z) = 2®2[0(x —a) — 0(z —b)], 0<z < oo,

where 0(x) is the Heaviside step function. According to (3.19)-(3.22) and (3.25)
the function u(z) has the form

(3.26)
w(x) = 42'?[0(x — a) — 0(x — b)) + 2a*/26(x — a) — 20°/26(z — b), 0 <z < .
Using the formulas

Bold(z — ¢)](t) = Vet Jy(ct)(c > 0) (see [7])

202 T (2) = Jp1(2) = Jna1(2) (see [1])
we can show that
(3.27) a(t) = Bo[u](t) = 2V[b* J2(bt) — a® Jo(at))].
Using the following propreties of Bessel functions:

Tu(z) = 0(z") (z — +0),  Ju(z) = 0("/?) (& — o)

one can show that the function u(z) defined by (3.26) belongs to the class
Hy'(a,b). Besides, by means of (2.11) it is not difficult to get the following
formula

Bo[t™*u(t))(z) = va[(t* — 2*)0(b — z) — (a® — 2°)0(a — z)],

where 4(t) is defined by (3.27). This means that equations (3.23), (3.24) are
fulfilled.

Example 2. Consider the homogeneous dual equation
(3.28) B[t~ ta(t)](z) =0, (0<a<z<b),
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(3.29) u(z) == Bplu(t)](z) =0, (0<z<a, b<z<o).

In this case the condition (1.4) is not fulfilled and we have mg = —1 (see (3.7),
(3.8)). Putting
u(e) = Mg[v)(z),  a(t) = t*Ba[v](t),
where v(z) € La(Ry), z'/?v(z) € Li(b, 00) into (3.28), (3.29) we get

axl/Z, 0<z<a,

0, T > a.

v(z) =

Here « is an arbitrary constant. Therefore we have

u(z) = —%5@ —a) — av/ad' (z — a),
22

45 a’ —
Bolt™ a(t)](z) = OZ(T
Thus, the homogeneous dual equation (3.28)-(3.29) has an infinite number of

solutions in the class H, ?(a,b).

—2%In g)6?(@ —z), x>0.
x
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