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ON THE REPRESENTATIVE THEOREMS FOR
ONE-DIMENSIONAL ITERATIVE ARRAYS
OF FINITE AUTOMATA

PHAM TRA AN

ABSTRACT. In this paper we show that there are representative theorems (or
supply-demand theorems) for one-dimensional iterative arrays of finite au-
tomata and for one-dimensional iterative arrays of finite automata with a
time-variant structure. Some applications are considered.

1. INTRODUCTION

In Computer Science, to study the capacity and the behaviour of processing
systems we consider the languages representable by these systems. During the
representation, the system needs to distinguish the non equivalent words by re-
membering each class of equivalent words into a state of the system. Therefore
between the state growth speed of system (a supply) and the (non equivalent)
word growth speed of the language representable by the system (a demand) there
exists a nice supply-demand relation, which could be formulated as a very simple,
but in no way trivial fact:

“Representability = Demand < Supply”.

This relation is called the representative principle (or supply-demand principle)
in Computer Science.

Our goal is to show that for all concrete processing systems in Computer
Science such as the finite automata, the automata with a time-variant structure,
the probabilistic automata, the Petri nets, the iterative arrays of finite automata,
etc..., the above representative principle (or supply-demand principle) should
become the representative theorems (or supply-demand theorems).

Following this approach we have shown in [12] that there are representative
theorems for the finite automata and for the automata with a time-variant struc-
ture. As a corollary of these theorems we get again the well-known necessary
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conditions for the classes of languages representable by finite automata, by fi-
nite automata with a time-variant structure, by p-automata with a time-variant
structure, but now on an unified point of view.

For the class of languages representable by finite probabilistic automata (class
of stochastic languages) we have the basic results of M. Rabin, A. Salomaa and P.
D. Dieu (see [6-8]). By a glance, it seems that these results violated the supply-
demand principle. With a constant number of states, the finite probabilistic
automata could represent many rather complex languages, (see [5-6]). In [13]
by analysing the representation of finite probabilistic automata, we have shown
that there are also representative theorems for finite probabilistic automata but
here the notion of state is understood in a more general sense. It is the notion of
hyperstates.

For the class of languages representable by Petri nets, although we have had
some examples of non-Petri net languages, we do not have any criterion for recog-
nizing whether a given language is Petri net language or not. In [9-10] we proved
that there are representative theorems for Petri net. Applying these theorems we
get new necessary conditions for Petri net languages and give a series of simple
languages but not being representable by any Petri net.

In this paper we enrich our line of research by exhibiting representative the-
orems for the one-dimensional iterative arrays of finite automata and for the
one-dimensional iterative arrays of finite automata with a time-variant structure.
Some applications are investigated.

The paper is organized as follows. In Section 2 we recall some definitions of one-
dimensional iterative array of finite automata and the language representable by
it. Section 3 deals with the notion of growth function for iterative array and gives
the growth theorem for one-dimensional iterative array of finite automata. The
first representative theorem for one-dimensional iterative array of finite automata
is described in Section 4. Section 5 gives the second representative theorem
for one-dimensional iterative array of finite automata. Finally, in Section 6 we
introduce the notion of one-dimensional iterative array of finite automata with a
time-variant structure and show that we also get representative theorems for the
new model of iterative array.

2. PRELIMINARIES

For a finite alphabet ¥, ¥* (resp. X") denotes the set of all words (resp. of
all words of length r) on the alphabet 3. The empty word is denoted by A. For
any word w € ¥*, [(w) denotes the length of w. Every subset L C ¥* is called a
language over the alphabet 3. Let N be the set of all non-negative integers and
Nt = N\{0}.

As has been well-known, the notion of iterative array of finite automata was
first introduced by Von Neumann in model of self-reproduction (see [1]) and was
investigated by many authors, e.g., by S. N. Cole, F. C. Hennie, A. J. Atrubin,
P. C. Fischer, A. R. Smith, P. D. Dieu, D. L. Van, etc...
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Loosely speaking, an one-dimensional iterative array of finite automata is an
infinite sequence of finite automata Iy, I, -+ , I}, -+ connected in the following
way (see the figures):

\\l:o Iy Iy 0 T Ty Tep

0 1 2 k-1 k k+1

Fig 1a.

| Pt Iy | T

Fig 1b.
Fig. 1
(1) All automata I},, n > 0 have the same structure. At the time ¢ = 0, all

I, n > 1 are at the quiescent state ¢ and Iy is at the initial state gg.

(2) The state of I},, n > 1, at the time ¢ is defined by the states of I},_1 and
I'h41 at the time ¢ — 1.

(3) The state of Iy at the time ¢ is defined by the input symbol and the states
of I'y and I at the time ¢t — 1.

(4) The input of iterative array is connected to IG.

Now we can define an one-dimensional iterative array of finite automata for-
mally as follows.

An one-dimensional iterative array of finite automata (abbreviated 1IA) is

given by a list
I'=(3,Q,9,4q, A, A, F),

where

> is a finite set of input symbols;

(Q is the finite set of states of automata I, n > 0;

qo € @ is the initial state of Ip;

q € @ is the quiescent state of I3,, n > 1;

Ao @ XX Q X Q — Q is the state transition function of Iy;

A QX QXxEQ — Q is the state transition function of I3,, n > 1, with the
condition A(qo,q,9) = Ag,4,9) = ¢;

F C (@ is the set of final states of Iy.

Let M be a mapping from ¥ x Q* — Q™ defined by
M(a,pop1 -+ Pn) = Ao(a; po; P1)A(Po, P1,P2) - M(Pr—1, P, NP €5 9)

withn>0,a€ X, p;e@,0<i<n.
Here M (w,u) is the state transition function of the iterative array I.
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The mapping M can be extended to a mapping from ¥* x QT — Q™ by the
recursive definition

M(Au) = u,
M(wa,u) = M(a,M(w,u))
with a € ¥, w e X* and u € Q.
After that we define N to be a mapping from ¥* x QT — @ such that for
weX* ueQt and if M(w,u)=pyp]---p), then
N(w,u) = pp,
where N(w,u) is the state transition function of T'.

A word w € ¥* is said to be representable by the iterative array I" if N(w, qo) €
F'. The language representable by the iterative array I is the set

L(I') = {w € ¥ |N(w,q) € F}.

A language which is representable by an one-dimensional iterative array, is
called an 1TA-language. The set of all 1IA-languages is denoted by L£(11A).

3. THE GROWTH THEOREM FOR 1IA

Let I' = (¥,Q, q, q, Mo, A, F') bean 1IA. Each state of I';, i > 0, describes
a local state of I', each combination of non-quiescent states of I, i > 0, describes
a global state of I" and is called a configuration of I'. The configuration ¢y =
(o, q,q,---) is the initial configuration of I'. After that we define the following
sets:

CFJ’ = {M(W7CO) |vq0 € viw € Zr}v

Cr<r = {M(w,c0)|Vqo € Q,Yw € £}

Cr, (resp. Cr <) is the set of all reachable configurations of I" from any initial
configuration cg and with any input w € X" (resp. w € ).

Definition 1. The growth functions of iterative array I are
hr(r) = [Cr.|,
gr(r) = |Cr.<r[;

where |Cr |, is the cardinal of the set Cr,.

The following theorem gives us an upper bound of the growth functions for
any 1IA.

Theorem 1 (The growth theorem for 1IA). Let I' be an 1IA. We have
hr(r) = O(CP™)), vre N*,
gr(r) =0(C""), wvrenNT.

where C = const and Pi(r) is a polynominal of degree 1.
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Proof. Let I' = (3, Q, qo, q, Ao, A, F') be an 1IA. From the definition of the
growth functions, we have

hr(r) = [Cr,| < |QI™ = 0(C™"), vre N,
QIIQI! —1)
Q-1

where C' = |Q| = const and Pi(r) =7+ 1.

Thus the growth functions of any 1IA is bounded by C*1("). This is an essential
limitation of the 1IA. O

= o)), vrenNt.

gr(r) = [Cr <r| <

4. THE FIRST REPRESENTATIVE THEOREM FOR 1IA
Let L C ¥*. We define the relations L,(modL) in X" and L<,(modL) in ="
as follows:
uL,v(modL) & VYw e X twu € L —wv €L, YuveX
uL<,v(modl) ©Vw e X" :wue L —wvel, Yuuve PO

It is easy to show that the relations L, (modL) and L, (modL) are reflexive,
symmetric and transitive. They are equivalent relations. So we define:

Hp(r) = RankL, (modL);
Gr(r) = RankLg, (modL).
They are considered to be the representative complexities of the language L in
¥ and in X" respectively.
First, we give a simple but important property of Hy(r), Gr(r).
Let ¥ be an alphabet, |X| = m > 2. We have
1< Hi(r) <% = O(m") = O(CT") | vre NT;
1<GL(r) <= =0(m") =0y vreNT,
where C' = const and P (r) is a polynominal of degree 1.

There is a nice relation between the growth functions of an 1IA and the com-
plexity functions of the language which is representable by it.

Theorem 2 (The first representative theorem for 11A). Let I" be an 1IA and L =
L(I'). We have

HL(T)
Gr(r)

hr(r), VreNT;
gr(r), Vre NT.

NN

Proof. Let I' = (X,Q, qo, q, Mo, A, F') be an 1TIA and L = L(I"). We shall
prove that, for example G (r) < gr(r), Vr € N*. To do this, we assume the
contrary, i.e., there exists an r € Nt such that G1(r) > gr(r). Therefore, there
are two words u,v € X" such that uLg,v (modL), but Co(u) = Cp(v), where
Co(w) = M(w,cp), w € ¥*. It follows that

M(w,Cy(u)) = M(w,Cy(v)), VYweX*;
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M(wu,cy) = M(wv,cp), Ywe D™
N(wu,cy) = N(wv,cg), Ywe X"
wu€L+——wveL, YweX¥
uL ;v (modL).
It conflicts with the hypothesis uL<,v (modL). Therefore we get G1(r) < gr(r),
Vre NT.
By an analogous argument, we have Hy(r) < hp(r), Vre N*. O

Remark. We note that the upper bound for the growth functions hr(r), gr(r)
of an 1TA and the upper bound for the comlexity functions Hp(r), GL(r) of a
language are the same O(CF1("). Therefore, from the Theorm 2 we can not get
a necessary condition for the class £(1IA). The application of the first represen-
tative theorem is limited by it.

Now we consider a special case of 11 A, whose growth functions are decreased
in degree such that we could get some necessary condition.

Definition 2. An 17A is K-bounded, K € N, if there are only automata at
0,1,---, (K — 1) and there are not automata at K, K + 1, ---. An 1IA is
bounded (abbreviated 1BIA), if there exists an K € N7 such that the 174 is

K-bounded. The class of all languages representable by 1BIA is denoted by
L(1BIA).

It is easy to see that if I" is bounded, then its growth functions are bounded
too. Indeed, there exists some K € N such that

he(r) < QI =0(C), vreN*,

eI —1)

o1 =0(C), VreNT.

gr(r) <

where C' = const.

Corollary 1 (The necessary condition for L(1BIA)). If L € L(1BIA) then
Hi(r)=0(C), VreNT;
Gr(r)=0(C), VYreNT;

where C' = const.

Proof. 1t follows from Theorem 2 and the growth functions of any 1BIA are
bounded. O

Example 1. Let ¥ = {a,b} and
Ly = {ad""|neNtL

Denote W = {a,a?,--- ,a"}. Therefore W C ©S" and |W| = r. We can ver-
ify that a’'Lg,a’ (modL) with i # j. It follows that Gp,(r) > |[W| =1r > C.
According to Corollary 1 we get Ly ¢ L(1BIA).
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Example 2. Let ¥ be an alphabet, |¥| =m > 2 and
Ly = {zz® |z € ©*},

where a:f is the inverse image of z. We can see that for all z1, 29 € X7, if 21 # 29
then z1L,x9 (modLs). Therefore

Hp,(r)=|2"=m".

Now we assume that I' = (X, Q, qo, ¢, Mo, A, F) is an 1IA with |Q| = n
and Lo = L(I'). In Section 3 we have shown that for any 1IA I" with |Q| = n,
the growth function hp(r) < |Q"*! = n"*1

Applying Theorem 1 and Theorem 2 we get
Hp,(r)=m" < hp(r) < "t Ym,n,re Nt

If there is a triplet (m,n,r) satisfying m” > n"*! (for example (m = 10, n = 3,
r = 1) is a thus triplet) then Lo on alphabet ¥, || = m is not representable by
any 1IA with |Q| < n. At the time ¢ = r, the iterative array shall be overfull.

5. THE SECOND REPRESENTATIVE THEOREM FOR 1IA

Let L C ¥*. We now define the other equivalent relations R, (modL) and
R<, (modL). They are dual relations to the relations L, (modL) and L<, (modL)
in Section 4.

uRv (modLl) & Vw e X tuw e L—vwe L, YuveX

uR<v (modL) < Yw € B8 tuw € L vw € L, Yu,v € X%,

The relation R¢, (modL) was first considered by S. N. Cole in [2]. We can see
that they are equivalent relations. So we define

I.(r) = Rank R, (modL);
Jr(r) = Rank R, (modL).
It is easy to prove that VL C ¥* | we have:

1< Ip(r) <2¥T=0@™) = o(CcP*r) | vre N*;

1< Ju(r) <255 = 0™ F=2) = 0(CP#™) | Wre N

where C' = const and Exp(r) denote an exponential function of r.

The functions I1(r) and Jg(r) are considered to be other complexity functions
of language L, and we get also an other representative theorem for 1IA.

Theorem 3 (The second representative theorem for 11A). Let I" be an 1IA and
L=L(I'). Then
Ip(r) < hp(r), VYreNT;

Ju(r) < gr(r), ¥renNt.

IN
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Proof. Let I' = (X,Q, qo, q, No, A, F) be an 1TIA and L = L(I"). We shall
prove that, for example J(r) < gr(r), Vr € N*. We assume the contrary, i. e.
there exists an r € Nt such that J.,(r) > gr(r). Then we shall prove that there
are two words u,v € X* such that uR<,v (modL), but Co(u) and Cp(v), where
Co(w) = M(w,cp), w € ¥, are non r-distinguished in the sense

M(w,Cy(u)) = M(w,Cy(v)), Ywe DI

(Note that here we have not Cp(u) = Co(v), because u,v ¢ X", in general).
Indeed, we set Jir) = p > gr(r). The relation R, (modL) devises ¥* into p
equivalent classes. Let 71,---,7, be representatives of these classes. With each
word w € X", we consider the following set:

{M(w, Co(m1)), -+, M(w, Co(7p))},

This set has p components. But on the other hand,

{M(w,Co(r1)), -+ s M(w,Co(7p))} € Crir,
with [Cr<-| = gr(r) < p. Therefore we have

{M(w,Co(m1)), -+, M(w, Co(mp)) } < p.
So there are two words u = 7;, v = 7; such that
M(w,Cy(u)) = M(w,Cy(v)).

Since w is any word in £S7, we obtain

M(w,Cy(u)) = M(w,Co(v)), Vwe XS,
It mean wu, v are two non r-distinguished words.

Now we continue to prove Theorem 3. From M (w,Cy(u)) = M(w,Cy(v)),
Vw € B we obtain

M(uw, co) = M(vw,cp), Ywe XS,
N(uw,co) = N(vw,cp), Ywe DS
weL——weL, YweXS,;
uR<,v (modL)
It contradicts the hypothesis uR<,v (modL). Therefore, we get
Jo(r) < gr(r), VYreNT,
By an analogous argument, we have I (r) < hp(r), Vr € NT. O

Corollary 2 (The Cole’s necessary condition for £(11A)). (see[2]). IfL € L(1[A)
then
I(r) = o(CP)y, vreNT,

Jp(r) = o(Chy, vre Nt

where C = const and Pi(r) is a polynominal of degree 1.

Proof. 1t follows from Theorem 1 and Theorem 3. U
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Example 3. Let ¥ be an alphabet, |¥| =m > 2 and
Ly = YD,
where D is the set of all symmetric words of length more than 3 in ¥*. In [2]

S. N. Cole had shown that Jp, > 222 o(CcF=r()y > o(Cch ("), with r
large enough. By Corollary 2, it follows that Lsg ¢ L(1[A).

Example 4. Let ¥ be an alphabet, |¥| =m > 2 and
Ly = {nm-mml mnelfi(n) =653n =1k
For each subset A = {7;,,Ti,,...,7i, } C X! we associate it with a word

UA = TilTiQ ~~~Tik

We can verify that:
Vw € B! 0 (Uaw € Lyy < w € A).
Now if we choose r = [ and [ is large enough, then we have
I, () = 2™ =0@™) = o(CP=>D) > o(ch®)
According to Corollary 2 we obtain Ly; ¢ L(1IA), with [ large enough.

6. ONE-DIMENSIONAL ITERATIVE ARRAYS OF FINITE
AUTOMATA WITH A TIME-VARIANT STRUCTURE

A natural way to generalize the notion of an iterative array of finite automata
is to allow the structure of the component automata to be time-variant.

Formally, an one-dimensional iterative array of finite automata with a time-
variant structure (abbreviated 1TVIA) is given by a list

A = (Z7Q7q07Q7A0,t7)\t7Ft)7

where

¥, Q, qo, q are the sames in 1IA;

Vie N, Ayt @ 2 xQ xQ — @ is the state transition function of I at the
time t;

Vie N, : @ xQ xQ — @ is the state transition function of I,, n > 1 at
the time ¢, with the condition Ao +(qo, ¢, q) = M\(q,¢.q) = ¢

Vi€ N, F; C Q is the set of final states of I at the time ¢.

Let M; be a mapping from ¥ x QT — QT defined by

Mt(aypopl o pn) = )\O,t(aup(hpl)At(p(]uplapQ) e )\t(pnflupn7 q)At(pTN q, Q)a
withn>0,a€ X, p;e@,0<i<n.

The mapping M; can be extended to a mapping from ¥* x Q™ — QT by the
recursive definition

{ Mt(A,’LL) = U
Mi(wa,u) = M(a, My—1(w,u));

withae X, we X*andu e Q™.
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After that we define N; to be a mapping from ¥* x QT — @ such that for
w € Y* ue Q" and if My(w,u) = p(p) - pl, then
Ni(w,u) = pp;
Ni¢(w,u) is the state transition function of I'y at the time t.
The language representable by the iterative array A is the set
L(A) = {w € | No(w,q) € Fy }-
A language which is representable by an 1TVIA, is called an 1TVIA-language.
The set of all 1TVIA-languages is denoted by L(1TVIA).
For w € ¥*, we define
Car = {Mp(w,co)|VYq0 € Q,Vw € X"},
Ca<r = {Mo(w,c0) | Vg0 € Q,Vw € T},
Ca,r (resp. Ca,<r) is the set of all reachable configurations of A from any initial
configuration ¢y and with any input w € X" (resp. w € £57).

The growth functions of iterative array of finite automata with a time-variant
structure A are

hA(r) = |CA)7‘"
ga(r) = |Ca<rl
By the analogous argument in proof of Theorem 1, we get the upper bounds of
the growth functions for any 1TVIA:
ha(r) = O(CPy, vre Nt

ga(r) = O(C")), wrenNt.
where C' = const and Pj(r) is a polynominal of degree 1.

Theorem 4 (The first representative theorem for 1TVIA). Let A be an 1TVIA
and L = L(A). We have

Hp(r) < ha(r), ¥YreNT.

Proof. Let A = (2,Q, q.,q, Xot, At, Ft) be an 1TVIA and L = L(A). To
prove Hr(r) < ha(r), Vr € NT, we assume the contrary, i. e., there exists an

r € NT such that Hy(r) > ha(r). Therefore, there are two words u, v € X7 such
that uL,v (mod L), but Cy(u) = Cy(v), where Cy(w) = My(w,cp), w € ¥*. It
follows that
M) (w, Co(u)) = My (w,Co(v)), VYwe X
My(wu, co) = My(wv,cp), VYw € X*.
No(wu, cg) = No(wv,cp), VYw € X™
wu € Fryyy +— wv € Fryy), YweXH
wu€L+——wveL, YweX¥
uL,v (modL)

It contradicts the hypothesis uL,v (mod L). Therefore we get Hp(r) < ha(r),
Vre Nt. O
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Example 5. Let ¥ be an alphabet, |¥| =m > 2 and
Ly = {22 |z € £*},
where 2 is the inverse image of .
In Example 2 we have shown that Hr,(r) = |X"| = m” and if there exists a

triplet (m,n,r) satisfying the condition m” > n"*!, then L is not representable
by any 1IA with |Q] < n.

Now we continue to prove that if we have the above condition then Lo is not
representable by even any 1TVIA with |Q] < n.

Indeed, for any 1TVIA A we have ha(r) = |Q|" ! = n"*L. If Ly = L(A) then
according to Theorem 4, we get

Hp,(r) =m" < ha(r) =n"th
It contradicts the condition m” > n"*!. Our confirmation is proved.

Now we consider the other equivalent relations that are also suitable to 1TVIA.
Let L C ¥* and 4,7 € NT. We define the relations R;, (modL) and R; <, (modL)
as follows:

uR; v (modLl) & VYwe X tuw e L—vwe L, Yu,ve i
uR; <yv (modL) < Yw € BN tuw € L+ vw € L, Yu,v € ¥,
We can see that they are equivalent relations. So we define:
Kr(i,r) = Rank R;, (modL);
Fr(i,r) = Rank R; <, (modL).
It is easy to prove that VL C ¥*, Vi,r € N, we have:

1< Kp(i,r) <2¥T=0@™") = o(CP*r™), vre Nt

1< Fr(iyr) <2551 = 0@™%=10) = 0(CP#0)y | vr e N*.

where C' = const and Fxp(r) denote an exponential function of .

Theorem 5 (The second representative theorem for 1TVIA). Let A be an 1TVIA
and L = L(A). Then

ha(r), Vi,re NT;

KL(iar)
i ga(r), Vi,re NT.

Fr(i,r)

Proof. Let A = (2, Q, g, q, Moz, A, Fy) be an 1TVIA and L = L(A). We
shall prove that, for example Fy(i,7) < ga(r), Vi,r € NT. We assume the
contrary, i. e. there are i,7 € NT such that Fp(i,7) > ga(r). By analogous
argument in the proof of Theorem 3, it follows that there are two words u,v €
Y% such that uR; v (modL), but Cy(u) and Cy(v), where Co(w) = Mo(w, cp),
w € ¥*, are non r-distinguished in the sense

M) (@, Co(u)) = Mig(w, Co(v)) ,  Vw € BF;

NN
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From this, we have:
My(uw, cg) = My(vw,cp), Yw € 257,
No(uw, co) = No(vw, co), Yw e B,
weL—weL, YweXS,;
uR; <yv (modL)
It conflicts with the hypothesis uR; <,v (modL). Therefore we get
Fr(i,r) < ga(r), Vi,re NT.

By an analogous argument, we have Ky (i,7) < ha(r), Vi,r € N*. O
Corollary 3 (The necessary condition for L(1TVIA)). If L € LAATVIA) then
Ki(i,r) = o)y, vireNt;

Fr(i,r) = o(cP)y vireNT,

where C = const and Pi(r) is a polynominal of degree 1.

Proof. 1t follows from Theorem 5 and the upper bounds of ha(r) and ga(r). O

Example 6. Let || =m > 2 and r = const. We define
Loy ={mim2...Tn70| i € 5 U(1y) =rin=m"; 31, = 10};
L= | Lo
r>0

For each subset A = {7;,,7i,,..., 7, } € X" we associate it with a word Uy,

UA = Ti1 Tiy "'Tik Tik "'Tik

——
(m"—k)—times
It follows {(Ua) = rm” = const.
We choose @ = rm”. We can verify that

Vw € XF: Ugw € Lg, < w € A.
Since [(Ua) = rm”, therefore we also have:
Vw € XF : Ugw € Lg & w € A.
So we have K (i,r) > 2>l =2m"  vr e Nt Vi=rm". Finally, we obtain:
Kig(rm",r) = 2™ = O(CF*r1) > o(ch ™),
with r enough large.
According to Corollary 3, we obtain Lg ¢ L(1TVIA).
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