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NORMALITY OF A FAMILY OF
BANACH-VALUED HOLOMORPHIC MAPS

LE MAU HAI, NGUYEN VAN KHUE AND PHAM NGUYEN THU TRANG

ABSTRACT. The aim of this paper is to give conditions under which a family of
holomorphic maps from the unit disc A in C with values in a Banach analytic
manifold X is non-normal.

1. INTRODUCTION

Let X,Y be complex spaces. By Hol(Y, X) we denote the space of holomorphic
maps from Y to X with the open-compact topology. It is a natural problem to
study the behavior of a given family & C Hol(Y, X) with respect to this topology
(see [K], [GR], [Wu]). First we recall the notion about a normal family. A family
F C Hol(Y, X) is called normal if for every sequence { f,,} C F one of the following
conditions is satisfied:

(a) There is a subsequence {fy,, } which converges in Hol(Y, X).
(b) There is a compactly divergent subsequence { fy, }, i.e. for every compact
subsets K C X, L C Y there exists kg such that for every k > kg we have
fr (L)NK =0.

It is proved in [AK] (see also [TTH]) that if ¥ is a domain in C" and X is a
complex manifold with a complete Hermitian metric, then a family § C Hol(Y, X)
is not normal if and only if there exists a sequence {p;} C Y with p; = pp €Y, a
sequence {f;} C F and a sequence {p;} C R with p; > 0 such that the sequence

g;(\) = fi(p; + pjA), A € C"
satisfies one of the following conditions:
(1) {g;} is compactly divergent.
(2) {g;} converges in Hol(C™, X)) to a non constant map g € Hol(C", X).

The main goal of this note is to find an analogue of this theorem in the case
where X is a Banach analytic manifold and Y is the unit disc A in C. To
understand the difficulty in dealing with the case where X is of infinite dimension
we consider the following example.

Assume that F is an infinite dimension Banach space and
B(0,1)={z€ E:|z|| < 1}
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the unit ball in E. Choose a sequence {z,,} C B(0,1) such that

inf - > 0.

Consider the sequence of holomorphic maps h,, : A — B(0, 1) given by
hn(X) = Axy,.
Since h,(0) =0 for all n > 1 and if 0 < |A| < 1 we have
[ (X) = han (M) || = [All|2n — @m|| - 0

as n,m — oo, the sequence {h,} does not contain any subsequence which is
convergent or compactly divergent. We notice, however, that the sequence {h,}
is compactly divergent on A\ {0}. This is in sharp contrast to the case of
finite dimension since it is even true that Hol(A, X) is normal for every complete
hyperbolic domain X (in the sense of Kobayashi) in C".

In order to obtain a correct generalization of this result for infinite dimension,
the definition of normality should be modified appropriately. A reasonable choice
is to replace (b) by

(b’): There exists a discrete subset S of A such that { f,} contains a compactly
divergent subsequence on A\ S.

Indeed, it is shown in [LNP] that Hol(A, X)) is normal in our sense for every
complete hyperbolic domain in a Banach analytic manifold. It is also proved in
this paper that in the case of finite dimension our definition of normality coincides
with the usual one.

The main result of this paper, Theorem 2.1, is an analogue to the above men-
tioned theorem of Alardro and Krant in the special case Y = A. It is an interest-
ing and challenging problem to find a complete generalization of this result in the
case of infinite dimension. The techniques of the proof are inspired of our previ-
ous work [BHK] and of the paper [AK]. Finally, we would like to mention that
the normality of a family of holomorphic mappings defined on a given domain in
a Banach space was studied also in [KiKr]. In that paper the family Hol(A,B)
is not normal in the usual sense, where B is the unit ball in the Hilbert space [s.

In this note we use the notion of Banach analytic manifolds presented in the
books of P. Mazet [Ma] and J. P. Ramis [Ra].

The following definition of normality is motivated from the above example. Let
X be a Banach analytic manifold and F C Hol(A, X). We say that F is normal
if for every sequence {f,} C F, one of the following two conditions holds:

i) There exists a subsequence {fy,, } which is convergent in Hol(A, X).
ii) There exists a discrete subset S of A and a subsequence {f,,} such that
{ T |avs } is compactly divergent, i.e. for every compact subsets K C A\ S
and L C X, there exists kg such that
I ng (K ) NL=0
for k > ko.
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2. MAIN RESULTS

The aim of this note is to prove the following theorem.

Theorem 2.1. . Let X be a Banach analytic manifold and ¥ C Hol(A, X).
Then F is not normal if and only if there exist a compactly divergent sequence
{fntn>1 C T, a sequence {p,} C A\ which is convergent to py € A and a positive
number sequence {p,} | 0 so that the sequence {gn(\) = fn(pn + puA) : A € C}
satisfies one of the following conditions:

1) There exists a subsequence {gn}n>1 of the sequence {gn} such that {gn} is
compactly divergent outside a discrete subset S C C.

2) There exists a subsequence {gn }n>1 of the sequence {g,} which is convergent
in Hol(C, X) to a non-constant holomorphic map g : C — X.

Proof. From the non-normality of F it follows that there exists a sequence {f,,} C
F such that {f,} does not contain neither any compactly divergent subsequence
on A nor any convergent subsequence in Hol(A, X). Hence we can find a subse-
quence {h,} C {fn} and a sequence {\,} which is convergent to a € A so that
the sequence {h,(\,)} is also convergent. We consider the following cases.

Case 1. Assume that the sequence of derivatives {h,,} of the sequence {h,} is
bounded on every compact subset of A. Put

Z={xeA:3 limh,(\)}.

Using the boundedness of {h,,} on every compact subset of A we claim that
Z is closed.

First we assume that Z' # @ where Z' is the set of limit points of Z. Take an
arbitrary point \; € Z'. Then there exists 71 = limh,,(A1). Let U be a coordinate
n

neighbourhood of 1 which is biholomorphic to a ball of a Banach space E. Since
{hn} is equicontinuous on every compact subset of A we can find r > 0 with
{hn(A\)} C U for all A € A(A1,7) ={X € A A= Ai| <r}. Since A; is a limit
point of Z then Vitali theorem (Theorem 2.1 in [AN]) implies that the sequence
{hy} is convergent in Hol(A(A1,r), E). Hence A(A1,r) C Z and, consequently,
Int Z # (). Repeating the above argument we claim that Int Z is closed in A
which implies Int Z = A. Now from the equicontinuity of the sequence {h,} on
each compact subset of /A by the Arzela-Ascoli theorem we infer that the sequence
{hn} contains a convergent subsequence {h,, } in Hol(A, X). This contradicts
the assumption on the sequence {f,}.

Now consider the case Z/ = (). Let
A={(U,hY) U is open in A and {hY} C {h,}
which is compactly divergent on U}.

Endowed A with the order relation defined as follows: U; < Uy if Uy C Uy and
{hU2} c {nU1}. First we check that A # (). Tt suffices to show that

Je> 03 {hn}tnen C {hn} such that {h,}ncp is compactly divergent on
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AN (a,e) ={A e A:0<|\—a| <e€}.
where a is the point at the beginning of this proof. Suppose that this is not
true. Using the same argument at the beginning of Case 1, we can find a sub-
1
sequence B C N and A\, € A*(a, E) for each k such that {h,(\;)}nen, is

convergent. Moreover, we can assume that Byy; C Bg. Now by the diagonal

process we claim that there exists a subsequence {hp}nep C {hn} such that
/
a € (Z ({hn}neg})> . Again using the same argument we deduce that there

exists a subsequence {h,}nec C {hn}nen which is convergent in Hol(A, X), a
contradiction.

Now let {(Ua, hga)} be a linearly ordered subset of A. By the Lindel6fness of
A there exists a sequence

Uh<Up<---<Up<---

such that
U= JUa=J Uy
ael 7=1

and for every a € I there exists j > 1 with U, C U,;. Using the diagonal process
we can find a subsequence {¢,} C {h,} such that it is compactly divergent on
U. Hence (U, gq,) € A. We notice that (U, g,) just is a majorant element of the

family < (U, A=) R By Zorn theorem A has a maximal element (2, hS2).
ac
Let

T= {)\ € A\ Q:3 asubsequence {hgk} C {hn} such that {hgk (N}
is convergent in X }

For each A € T, by repeating the arguments used in the above proof, we can
find ¢ > 0 and a subsequence {l,,} C {h$!} such that {l,,} is compactly divergent
on A*(A,€). Then {l,,} is compactly divergent on A*(A, €)US). By the maximality
of the element (€2, AS) it follows that A*(\,€) C Q. Hence T is discrete and {h$’}
is compactly divergent on A\ T. This contradicts the fact that the sequence {f,}
does not contain any compactly divergent subsequence.

Case 2. Assume that there exists a compact subset L of A such that
sup{[[h, (A : n>1, A € L} = +oc.
Then we can find sequences {px} C L, {t;} C C with |tx] = 1 such that

B, (Br) (8] > k2.

_ ~ o~ ~ 1
Moreover, we can assume that {pi} converges to py € L with |pr — po| < % for

all £ > 1. Without loss of generality we suppose that py = 0. By {lx} we denote
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the sequence {h,, }. Let

1) My = max { (1 = PRGN < 1 = 1,]2] < 1 )

1
Choose py, and t9 with [py| < o t9] = 1 such that the right-hand side of (1)

- 1
attains the maximum value at the pair (pg,t9). From |py| < — we deduce that

2k
~ 1272\7 [~ I 9,0 3.9
My 2 (1= BRG] 2 (0~ )k = K = o
as k — 4o0. Let
1 1—|pe?k? 1
Pk = 777 o M < M
Hlk(pk)(tk)ll k k

Then pp — 0 as kK — +o0. Put

L il
- — |Pk
Rk:ki.
Pk

Then we obtain

1

1 /1
P + prél < [pil + [or€] < |pk] +Pk*(* - \pk|) =
pr \k k

for every ¢ € C with |£| < Ry, where

1
oo B 1okl 1o e
Pk kpx, kpr(1 + |prlk)
3 2
M, i

= > s
RO+ pelk) — 2k 8° T

as k — +o0.
We define g = lx(px + prz) for k > 1, z € C. Let |z| < Rg. As above we have

1
Ipk + prz| < s Thus

My > (1 — |pg, + prz K[|l (or + pe2) (1)

forallt € C, |t| = 1.
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Fix R > 0 and choose k sufficiently large such that R < Rg. If |2| < R then
for all t € C, |t| = 1 we have

My,
1 — |px + prz|*k?

19 () O = prlll(pr + pr2) ()] < pi

1—|pelk* 1+ |pilk 1 — |pi|k
1 —Ipr+przPk? 14 pk + przlk 1= |pr+ przlk
1 — |pklk _ 2 _ 2
V= Ipilk —pilzlk | palzlk ]2l
1 — |pxlk Ry,
< _2R 2
Ry,

as k — 400 .

Hence in every disc of C the family {gx} is defined and holomorphic with
sufficiently large k and {9;9} are bounded on every compact subset of C.

Assume that the sequence {gi} is not compactly divergent. Then as in the
proof at the beginning of the case 1, we can find a sequence {\;} C C such
that {A\x} — Ao, Ao € C and a subsequence {gx} of the sequence {gx} such that
{qx(\r)} converges to p € X. Let

Z={ eC:3 lilinqk()\)}.

Then as in the above proofs Z # (). Now we again consider the following cases.
Assume that, as above, Z' # 0. Then using the same arguments at the begin-
ning of Case 1 we can find a subsequence {gi} of the sequence {gx} such that

{9k} is uniformly convergent on every compact subset of C to a holomorphic map
g:C— X. Thus

P My

PRk g
1 — |pk|?k?

~ !
19:O)E = prlll (o) ()] =
Since ]t2| =1 for all £ > 1, by passing to a suitable subsequence of the sequence
{Gr} we can find a point ¢ with |t = 1 and ||g'(0)(#)|| = 1. Hence g is not a
constant map.
Assume that Z' = (. Then by repeating the same arguments of the case 1, we
can find a subsequence {gi} of the sequence {gr} and a discrete subset S C C
such that the {gx} is compactly divergent on C\ S.

From the definition in Sec. 1 and the hypothesis we can see that the sufficiency
part of the theorem is obvious.

The proof of Theorem 2.1 is now complete. O

Remark. We do not know whether Theorem 2.1 is true or not if A is replaced
by an arbitrary domain D in C" .
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