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DUALITIES AND DIMENSIONS
OF TRREDUCIBLE REPRESENTATIONS
OF PARABOLIC SUBGROUPS OF LOW DEGREES

NGUYEN DANG HO HAI AND TON THAT TRI

Dedicated to Professor Huynh Mui on the occasion of his sixtieth birthday

ABSTRACT. Let GLy,,... », be aparabolic subgroup of the general linear group
G Ly, over the prime field F;, of p elements. A complete set of distinct irre-
ducible modules for Fy[GLn, ... n,.] was explicitly constructed in [7]. In this
paper, we use this construction to determine the contragredient dual module
of each Fp[GLn,,... n,]-irreducible module and prove that its dimension can
be computed via the dimensions of some Fj,[GLy,]-irreducible modules.

1. INTRODUCTION

Let p be a prime number, I, the finite field of p elements and G'L,, the general
linear group of all n x n invertible matrices over Fj,. Let n1,... ,n, be positive

integers such that ny + --- 4+ n, = n. The parabolic subgroup GLy,, ... », of GL,
is defined as follows
By *
GLy,...n, = { . €GL,:B;€GLy,;,1 gigr}.
0 B,
Let Fp[z1,... ,z,] be the commutative polynomial algebra in n indeterminants
x1,...,xy over F,. We have an action of GL,, on Fp[x1, ... ,x,] in the usual way.
In other words, Fplx1, ... ,x,] is thought of as an [F,[G L, |-module, and hence an

F,[G]-module, for each subgroup G of GL,,. For each 1 < i < n, the i-th Dickson
invariant is defined as follows

x1 To ... T
z o o a2l
L; = Li(-rb 71'@) =
.%1191.71 ngl x€i71
Let 3 = (B1,...,83,) be a sequence of nonnegative integers and put L? =
n
II L? i. Denote by Hs(G) the Fp[G]-submodule generated by L%. It is obvious

=1
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that Hg(G) is an Fj-vector space with the generators {ocL” : o € G}.
Proposition 1.1 ([7, 1.1]).

{(H3(GLny ) B=(Brre 1 Ba),0< i <p—1,1<i<n,

B Britns * Byt 7 0}

is a complete set of (p — 1)"p"™" distinct irreducible modules for the algebra
F,[GLy, ... n,.| and these modules are absolutely irreducible.

For each 0 < ¢ < r, put N; =ng+ -+ n; with ng = 0. Denote by F;(,nl""’n’")
the set of all sequences (f1,...,0,) such that 0 < 8; < p—1,1<j < n and
Bn; #p— 1,1 <i<r. By noting that

Hg,... BN;—1,P—L,BN;+15--,5n) (GLn,,....n,) = Hg,... BN;—1,0.8N; 41, ,6n) (GLn,....n.)

for 1 <14 < r, we can restate the above proposition as follows.

Proposition 1.2. {Hg(GLy,,. ) : 0 € Fénl"”’nr)} is a complete set of (p —
1)"p™™" distinct irreducible modules for the algebra Fp[GLy, . .| and these mod-
ules are absolutely irreducible.

An immediate consequence of the proposition is the following.

Corollary 1.3. {Hg(GL,) : B € Fén)} is a complete set of (p — 1)p"~! distinct
irreducible modules for the algebra IF,,|GLy] and these modules are absolutely ir-
reducible.

We recall here the definition of the so-called contragredient module. Let G be a
finite group, K an arbitrary field and M a left K[G]-module. The contragredient
M* of M is the left K[G]-module in which the underlying vector space is the dual
space M* of M and with the module operation given by

(99)(m) = d(g~'m)
for g € G, ¢ € M*, m € M. The operation is then extended to all K[G] by
linearity. It is easily verified that M* is irreducible if and only if so is M.

For each (§ € Fﬁ,m"“’n”), the contragredient module HE(Gthu.,m) of

Hg(GLy, ... n,) is irreducible. Since {Hg(GLy, .. n.): 3 € Fém""’nr)} is a com-
plete set of distinct irreducible modules for the algebra F,[G Ly, .. n.], a natural

goan

question arising here is to determine * € F;E)m""’nr) so that H3(GLy,,.. n,) is
isomorphic to Hg«(GLy, ... n,)-
In order to state the results, we need the following notations.

Let B be an element of IFz(gm’"""T). For each 1 < i < r, denote by (i) the

n —
sequence (BN, ,+1,---,0N—1, 2, Bk) € IF](,n"), where 0 < h < p — 1 is the re-
k=N;
mainder in the division of A by p — 1.

(nr)

Consider the correspondence t from F;(,m’”"nr) to Fé”l) X .- x Fp,™" given by
08— (ﬂ(l), .. ,ﬁ(z’)). We can easily check that ¢ is a one-to-one correspondence.
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For each v = (y1,... ,7%) € IF‘I(?k) with k a positive integer, let

fy* = (7k—177k—27 < 1, _(71 + -+ ’Yk))
We have then

()" = (’n,--- b1, — (o1 A (e +'Yk))> =1.
For each 8 € ]FZS"““’”T), define §* € IF‘I()nl""’nT) to be the inverse image of
(ﬂ(l)*, .. ,ﬂ(r)*) under ¢, i.e.
g =t (B, B8(r)Y).

Since (ﬂ(z)*)* = (i) for 1 <i < r, it is clear that (8*)* = 3. We can explicitly
express 0% = (07,...,03%) via B = (f1,... ,[n) as follows

BNy—i if Np_1+1<14< Ny,
B = N1 —1
Y B ifi= N,
J=Ng-1+1

We are now ready to state the results.
Theorem A. Let Hi(GLy, ... n,) be the contragredient module of H3(GLn,,... n,)
for B € Fém,-..,m). Then
HE(GLnl’ 7”7‘) = Hﬁ* (GLn17 7n’l‘)
as Fp[GLy, ... n,]-modules.

(n17~--anr)

Theorem B. For every € F), ,
,
dimg, Hy(GLn, ... n,) = | [ dimg, Hp(;)(GLy,).
i=1
For p = 2 and n = 4, we have

Proposition C. The dimensions of all irreducible Fo[G L4]-modules are given as
follows

3 dimp, H3(GLy)
(0,0,0,0) 1
(1,0,0,0) 4
(0,1,0,0) 6
(0,0,1,0) 4
(1,1,0,0) 20
(1,0,1,0) 14
(0,1,1,0) 20
(1,1,1,0) 64
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2. PROOF OF THEOREM A

We first recall some facts on the coefficient space of a K[G]-module M. Suppose
M is a K[G]-module of finite dimension. Let {m; : j € I} be a K-basis of M, we
have

(2.1) gmj = Z:rm(g)mZ

el
for g € G, j €I, 5,5(9) € K. The functions r;; : G — K are called coefficient
functions of V. Denote by K& the space of all mappings from G to K. The K-

space spanned by coefficient functions is a subspace of K&, called the coefficient
space of M. It is independent of the choice of the basis {m;}. We denote this

space by cf(M) =" Kr; ;.

For each h € G, it follows from (2.1) that
(2.2) (h"tgh) mj = Zr” (h"tgh)m

el
Acting h on the two sides of (2.2), we get
(2.3) g(hmy) =Y rij(h~"gh)(hm;).
el

Since {m; : j € I'} is a K-basis of M, so is {hm; : j € I}. Hence (2.3) shows that
if r € cf(M), then r* € cf(M), where 7"(g) = r(h~'gh) for each g € G.

Let M* be the contragredient module of M and {m}k : j € I} the dual K-basis

of M* with respect to the basis {m; : j € I'} of M. By the definition of M*, (2.1)
leads to

(2.4) gm; =Y rii(g )m
el

This equation implies that if 7 € cf(M), then 7* € cf(M*), where r*(g) = r(g~!)
for each g € G.

We summarize the above facts in the following lemma.
Lemma 2.1. Let M be a K[G]-module of finite dimension, M* its contragredient
module and r € cf(M). Then

(i) v € cf (M) for each h € G,

(ii) 7* € cf (M™),
where r"(g) = r(h~'gh) and r*(g) = r(g~") for each g € G.

The following lemma holds for an algebraically closed field. Actually, it also
holds for a splitting field of an algebra.

Lemma 2.2 ([2, 27.8]). Let K be a splitting field for an algebra A and {My, ... ,
My} a set of pairwise non-isomorphic irreducible A-modules with dimg M, = n,.,
1 <r <k. For each r, consider a matriz of coefficient functions {fi(;) :1<4,5 <
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ny} of M. Then {fi(;-) 01 <id,5 <np,1 <r <k} are linearly independent over
K.

We introduce some abbreviated notations for minors of matrix. The minor on
the rows k1, ... ,k; and the columns ji,... ,Jj; of a matrix B is denoted by

sl )

3 i
1 ... 1

By )

is briefly denoted by det; B. The following lemma is entirely analogous to a result
in [8].

The i-th principal minor

Lemma 2.3 (cf. [8, 2.3]). Let 3= (1,... . Bn) € FY" ™) and B € GLn,... n,.

Denote detg(B) = [[ (det; B)%. Then detg € cf (Hg(GLn,,. n,))-
i=1

Proof of Theorem A. It follows from Lemma 2.1 and Lemma 2.3 that
dety € cf (H5(GLn,.... n,))

and
det}. € cf (Hg«(GLn,.... n,)),
for each J € GLy, ... n,. By Lemma 2.2 and Proposition 1.2, the theorem will be
proved if we can show that for a suitable choice of J, detz} = deté*, or equivalently,
detg(B~!) = detg«(J1BJ) for each B € GLy, . n,.
For each positive integer m, define the m x m-matrix J,, as follows

0 1
T = ‘
1 0 mXm

It is easily checked that J,,! = J,,, and
-1 1 ... m—1 o Z+1 m
datan) (3 ) =a (i

for A € GL;, and 1 < i < m. Exercise 972 of [5] shows that

t+1 ... om
A_1<1 z) A<i+1 m)
e |A| ’
where |A] is the determinant of A. We have then
1 ... m—1
It Ad, ;
e

|A] ’




242 NGUYEN DANG HO HAI AND TON THAT TRI

or
(J-1A
(2.5) doty(471) = Smill Adm)
dety, (Jm Adp)

)

For each v € IF']E,m , we have

Y= (Ym—1,Ym=2,--- 7 =1+ Ym)),
and therefore

dety (A7) = J]det}*(A™")
i=1

O rdety, i (J AT, )\
- H( detm(fml " Jm))) (by (2.5))
(2.6) = dety(J, " Ady).
Let
Iy 0
J = € GLn,... -
0 Tn,

We prove that J is a matrix satisfying the equality detg(B~!) = detg«(J1BJ)
for each B € GLy, .. n,-

B, *
In fact, for each B = € GLy,,.. n,, it is clear that
0 B,
JngMn1 *
J'BJ = :
0 I "By,
and hence
detg(B™') = []detsq (B
i=1
= [ detsw)- (7' Bidn,)  (by (2.6))
i=1
= detg(J'BJ).
The theorem follows. g

Rermark 2.4. (a) By using the same arguments as above, we can prove that
the contravariant module of Hg(GLy, ... n,.) is isomorphic to Hg(GLy, ... n, )

The contravariant Hg(GLn17_,,7nT) of Hg(GLy,.... n,) is the left F,[GLy, . n.]-
module in which the underlying vector space is the dual space HZ;(GLm,...,m)
and with the module operation given by

(Bo)(€) = ¢(B')
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for Be GLy, ..., ¢ € H;(GLm,m,nr), ¢ € H3(GLy,.... n,) and B' the transpose
of B.

Since detg € cf(Hg(GLy, ... n,)), it is similar to Lemma 2.1 that
det} € cf (HY(GLy,, ... n,)),

gean

where det(B) = detg(B") for cach B € GLn, ... n,.

For each 1 < i < n, it is clear that det;(B) = det;(B"), and hence detg(B) =
detg(B?) for each B € GLy,, .. 5. This obviously implies that Hg(GLm,,,,,nr) is
isomorphic to Hg(GLy, ... n,) as an Fp[GLy, .. »,]-module.

(b) For the irreducible modules of the general linear group GL,,, we have

H3(GL,) = Hy-(GLy)

-----

and
H3(GLy) = Hg(GLy)

as Fp[GLy]-modules, where 3* = (By—1, Bn—2, ... , 1, —(B1 + -+ + Bn)).

3. PROOF oF THEOREM B

Let G; (i = 1,2) be finite groups and G = G X G3 their direct product. Let M;
be a K[G;]-module (i = 1,2). We equip M; @k M with a K[G]-module structure
by setting

(91, 92)(m1 ®k m2) = g1y QK gams
for g; € G;, m; € M;, i = 1,2. The operation is then extended to all K[G] by
linearity.
Lemma 3.1 ([1, 27.15]). Let G; (i = 1,2) be finite groups and G = G1 x G their
direct product. Let {M; : 1 < j < v} and {N : 1 < k < 1»} be respectively the
complete sets of distinct irreducible modules for the algebras K[G1] and K[Gy].
Assume that K is a splitting field for K[G;] (i = 1,2). Then

{M; @g N : 1 <j <w,1 <k <o}

is a complete set of viva distinct irreducible modules for the algebra K[G].

Let GLy, x...xn, be the subgroup of GLy, .. n, defined as follows
By 0
GLp,x...xn, = {B: €GLy,:B; € GL,,, 1 gigr}.
0 B,
We identify G Ly, x...xn, With GLy, X ---x GL,, by the group isomorphism given
by B +— (Bi,...,By).

Lemma 3.2. {Hg(GLy, x..xn,): B € F}(Dm,...,nr)} is a complete set of (p—1)"p" ™"
distinct irreducible modules for the algebra Fp|G Ly, «...xn,] and these modules are
absolutely irreducible.
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Proof. By Corollary 1.3 and Lemma 3.1, there are exactly (p — 1)"p"™" dis-
tinct irreducible modules for the algebra Fy[G Ly, x...xn, ], which is identified with
the algebra F,[GLy, x --- x GLy,|. It is sufficient to prove that the modules

Hg(GLy, x...xn,), for g € IF‘;(,nl"" ’n”"), are absolutely irreducible and distinct.

For each matrix

B = S GLn1,---,7lr’
0 B,

the matrix B € GLy, x...xn, is defined as follows

By 0
B )
0 B,
The mapping B — B homomorphically maps GLy,... n, onto GLy, x...xp,. It is
clear that BL; = BL; for B € GLy,,.. n., 1 <i<mn,and hence BLP = BL” for
each € IE‘I(DHI""’M).
Fix an element 3 € FI(Dm’“' ) We first prove that, as F-spaces, H3(G Ly, ... n.)

is the same as Hg(GLyp x..xn,). Indeed, the generators of the spaces
H3(GLy,,.. n,) and Hg(GLy, x...xn,) are respectively

goan

It is clear that S is a subset of S. Since BL? = BL” for each B € GLy,,.. n,, it
follows that S is a subset of S. We have then S = S, which implies that the F,-
spaces Hg(GLy, ... n,.) and Hg(GLy, x...xn,) are the same. We denote this space

geee

h e Hﬂ.
Let W be an F,[GLy, x...xn,]-submodule of Hz. Since Bw = Bw for B €
GLy,,.. ., w € W, it follows that BW = BW = W. Thus W isan F,[GLy, .. n.]-

goae

module. This establishes the irreducibility of Hg as F,[G Ly, x...xn, ]-module.

Let M, N be irreducible K[G]-modules of finite dimensions. We recall the
following elementary facts:

() M is absolutely irreducible if and only if Homg g (M, M) =K,
(ii) M and N are distinct if and only if Homgg (M, N) = 0.
By the above facts and Proposition 1.2, in order to prove the modules Hg, for

B € Fi(,m’"' ’nr), are absolutely irreducible and distinct, it is sufficient to show that

Homg, (6L, «...cn,)(Hg, Hg') = Homg 1cr,,, . 1(Hpg, Hg')



DUALITIES AND DIMENSIONS 245

for 8,3/ € F I(,nl""’”"). However, this equality follows immediately from the fact

that Bh = Bh for each B € GLy,. ., h € Hy and 8 € FS"™). The lemma
is proved. O

Proof of Theorem B. 1t follows from Lemma 2.3 that detg € cf (Hg(GLn,.... n,))-
Since the F,-spaces Hg(GLy,, . n.) and Hg(GLy, x..xn,) are the same and
detg(B) = detg(B) for each B € GLy, .. n,, we have detg € c¢f (Hz(GLp, x-xn,))-

From Lemma 2.3 it also follows that detg(; € cf(Hﬁ(Z-)(GLni)) for each 1 <
7 < r. Therefore

[T dets) € cf (Hs)(GLn,) @5, - - ©x, Hpy(GLn,)),
=1

where
(] [ deta)(B) = ] [ detsq(B:)
i=1 i=1

for B=(Bi,...,B;) € GLy, x..xn,. By the definitions of dets and (3(i) we have
det(B) = ([ ] detao)) (B).
i=1

This fact together with Lemmas 2.2, 3.1 and 3.2 imply that
Hg(GLn, x.xn,) = Hp1)(GLn,) ®r, - -+ ®F, Hp(r)(GLn,)
as F[GLy, x...xn, ]-modules. As a result,
dimg, Hy(GLn, ... n,) = dimg, Hg(GLn,x.xn,) = | [ dims, Ha)(GL,).
i=1

The theorem is proved. ]

Remark 3.3. Denote by R(G) the representation ring of a group G. Then it
follows easily from the above proof that

R(GLy,.. n) = R(GLy,) ®z - Q7 R(GLy,).
4. PROOF OF PROPOSITION C
For each (€ an), denote Hg(GLy,) by Hp for brevity. We note that
n . n
o If 3=(0,...,0, L0 ,0) € F{", then dimp, Hy = <Z) by [6, 1.4].

o If f=(1,1,...,1,0) € an), then Hg has been known to be the Steinberg
module for Fo[GL,]. The dimension of the Steinberg module for Fo[GL,,] is

n(n—1)

equal to the order of the Sylow 2-subgroup of GL,,, namely 27 2 .
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By the above facts, in order to determine the dimensions of all irreducible
Fo[G Ly]-modules, we only need to compute those of Hy100), H(1,0,:,0) and
H1,1,0)- However, Theorem A implies that dimg, H(; 10y = dimr, H(g1,1,0),
and hence we Only deal with H(LLO:O) and H(LOJ,O)'

Foreach 1 <k; <---<k; <n,o € GLy, let Ly, ., = Lg(xg,,...,xy,) and
Okt iy = O (kil k;) The following formula is of basic importance
oLy, .i= Z LTI

1<k < <k; <n

Dimension of H(; 10). We have H(y 1) is an Fa-vector space generated by
{o(L1L12) : 0 € GL4}. For each 0 € GLy,

o(LiL1p) = (Z UiLi>( Z Uj,ij,k>

1<i<4 1<j<k<4
(4.1) = > Ty+ Y T
1<i<j<4 1<i<j<k<4
where
Tij = 0i0ijLiLij+0joi;L;jLi;,
Tijrk = 0i0jkLiljk+ 050k LiL;y + oroijLiLij.

It is clear that o051 + 00 + 0r0;; = 0 and L; Ly + L;jL;  + LiL; j = 0. We
have then
Tijx = 0i0jk(LiLjg + LiLij) + 0joi k(L Lij + LjLi)
= O'io'j,k:LjLi,lc + O'jUz’,kLiLj,k‘

We also denote by T;; and T;; the Fo-vector spaces generated by the sets
{LiLij, LjL;;} and {L;L;y, LiLj}, respectively. Let T(; 100 be the sum of
these spaces. Note that if f € T ;, g € T; j , then

o= zifi(zi, z)),

g = zizjrrgi(Ti, T, Tp).
Therefore T{; 10,0 is the direct sum of all spaces 7T} ; and T; ; ,
(4.2) Toion= P Tje @ Tyw

1<i<j<4 1<i<j<k<4

It is easy to verify that the sets {L;L; j, L;L;;} and {L;L;, L;L;}} are linearly
independent over Fo. Hence, from (4.2), the dimension of T1,1,00) 18

. 4 4
dimg,T(1,1,0,0) = 2- <2> + 2. (3) — 20.

We prove that Hi 100y = {1,100y, and therefore dimg,H 100y = 20. From
(4.1), it follows that H1 1 0,0) C T{(1,1,0,0)- In order to show T(1;0,0) C H(1,1,0,0)
it suffices to prove that H(; ;) contains the sets {L;L;;, L;jL;;} and {L;L;p,
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LiLjp} for 1 <i<j<4and1l<i<j<k<4. We will prove the cases where
(i,7) = (1,2) and (4,4, k) = (1,2, 3).

Let
1 0 0 O 01 0 O 01 0 O
{01 0 0 1 0 0 O 0 01 0
T=loo 10|’ oo 1o0o|l”’ " |100 0]
0 0 01 0 0 01 0 0 01
0 010 01 00 1 0 0 O
__Joroo| _frooo|l _fo1oo0
Y11 000" (1010”7 {1010
0 0 01 0 0 01 0 0 0 1
We have then
LiLip = 7i(Li1L12),
LyLio = 7o(L1Ly2),
LiLys = mo(Li1L12)+ m3(L1Ly2) + 75(L1L12),
( )

+
LyLig = 7i(L1L12) + ma(LiL12) + 16(L1L1 2).

Since H(y1,,0) is the Fa-vector space generated by {o(L1L12) : 0 € GL4}, it
follows from the above equations that {L1Lj 2, LoL; 2} and {L1Lo3, LoL; 3} are
contained in H 1,0 O

Dimension of H( ¢ 1,0). H(1,0,1,0) 1s an Fa-vector space generated by {o(L1L13) :
o € GL4}. For each 0 € GLy,

o(L1L123) = (Z Uz‘Lz‘>( Z Uj,k,le,k,l>

1<i<4 1<j<k<i<4
(4.3) = g Tk +T1234,
1<i<j<k<4
where
Tijre = 0i0ijrlilijk+ 050ijkliLlijk + 0k0ijeLlilijk,
Tip34 = 010234010234+ 020134020134
+030124L30124 4 04012304011 23.
Since
010234 + 020134+ 030124 + 040123 =0
and
LiLozs+ Loly34+ L3Ly1p4+ LyLy23 =0,

we have

Ti234 = (010234 4+ 030124)(L1L2 34 + LaLy23)
+ (020134 + 030124)(LoL134+ Lal123).



248 NGUYEN DANG HO HAI AND TON THAT TRI

We also denote by T; ;. and 17234 the Fo-vector spaces generated by the sets
{LiL;jgy LjL; j g, LiL;jg} and {LyLo3 4+ Laly123, LaLy 34+ LaLy 23}, respec-
tively. Let T(; 1,0y be the sum of these spaces. It is clear that

(4.4) T1,0,1,0) = EB Tijk ®T1234-
1<i<j<k<4

Since the sets {LiLi,j,k7 L;L;jk, LkLi,j,k} and {L1L2,3,4 + Laylip3, LoLi34 +
L4Ly 23} are linearly independent over Fy, it follows from (4.4) that

4
dimFQT(1’17070) = 3 (3> + 2 =14.

We finally prove that H 91,0y = T(1,0,1,0, and hence dimg, H(1 100y = 14.
It is sufficient to show that the sets {L;L; jx, L;Lijk, LrLijx} and {L1La34 +
Lylyp3, L2L17374+L4L17273} are contained in H(l,O,l,O)' We only consider the case
(1,7, k) = (1,2,3).

Let
1000 0100 0010
~lo 100 1000 0100
T=1loo 10’ oo 10”7100 0f"
000 1 000 1 000 1
000 1 1001 010 0
oo 10 oo 10 1000
"=lo1o00[’™ o100l ]oo010
1000 1000 100 1

We have

LiLipo3 = 7i(LiLl1pg3),
LoLio3 = m(LiLl1pg3),
LsLio3 = m3(LiLl1p3),
LiLosa+ Lali2s = tmi(LiLi23)+ 7a(L1L123) 4+ 15(L1L123),
Loli3a+ Lali2s = to(LiLi23)+ ma(L1Ll123) 4+ 16(L1L123)-

Since H(1,,1,0y is the Fo-vector space generated by {o(L1L123) : 0 € GLy4}, it fol-
lows from the above equations that H(l,O,l,O) contains the sets {L1L172,3, Loly23,
LsLi23} and {Li1Lo3a+ Lal123, LaLoga+ Lal123}.

The proposition is proved. O
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