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ON THE CONVOLUTION WITH A WEIGHT-FUNCTION
FOR THE COSINE-FOURIER INTEGRAL TRANSFORM

NGUYEN XUAN THAO AND NGUYEN MINH KHOA

ABSTRACT. The convolution with a weight-function for the cosine-Fourier
transform is formulated and its properties are studied. A Titchmarch type
theorem, non-existence of the unit element of the convolution are proved. The
relationship between the convolution with and without a weight-function is
estabilished and the application to solving integral equations is outlined.

1. INTRODUCTION

The convolutions of many integral transforms have interesting applications to
numerous problems such as evaluating integrals [9], summing a series, solving
equations of mathematical physics [3], [5], [6], [1], [9], [11], [12], [14]. Initially
in 1941 Churchill [11] proposed the convolution of two functions f and g for the
Fourier integral transform F' [11]:

+oo
0 x5z [ e sists

for which the factorization property holds
F(f+g)(y) = (Ff)(y)- (Fg)(y), VyeR.

Next, the convolutions of other integral transforms such as the Mellin, Laplace,
cosine-Fourier, Hilbert... transforms were studied [2]. For example, the convolu-
tion of two functions f and g for the Laplace integral transform L:

(f*g)(x) = / f(z — Dg(t)dt
0

for which the factorization property holds
L(f*g)(y) = (Lf)(y) - (Lg)(y), Vy>0.

The convolution with a weight-function for the Mehler Fox integral transform
was studied by I. Ya. Vilenkin in [13].

Received September 24, 2003; in revised form July 23, 2004.
Key words and phrases. Fourier cosine transform, convolution with weight-function, integral
equation.



150 NGUYEN XUAN THAO AND NGUYEN MINH KHOA

Afterwards, in 1967, V. A. Kakichev [7] proposed a constructive method for
defining the convolution with a weight-function which is more general than the
convolution (1). And as by-products, convolutions of many integral transforms
such as the Meijer, Hankel, sine-Fourier, Sommerfeld were found [8]. For instance,
the convolution with the weight-function (y) = siny of the functions f and g
for the sine-Fourier integral transform Fy was studied in [7], [10]

+o00o
(flg)(ac) = L F@ gz +14+1t)+g(jz+1—t))sign(z+1—t) +
2\/%0/

+g(lx — 1+ t])sign(z — 1+ 1) + g(|x — 1 — t])sign(z — 1 — t)]dt
for which the factorization property holds

Fy(f*9)(y) = siny - (Ff)(y) - (Fsg)(y), Yy > 0.

Meanwhile, the convolution with the weight-function vy(y) = y~" of two func-
tions f, g for the integral transform Hankel H is defined by

T

Fro)w) = — [ rar
2vy/al (v + 1) 0/

2
+o0

y / 't f(u) - g(Va? +u? — 2zucost)

(x2 + 42 — 2zu cos t) 2

du

0
for which we have the factorization property

Ho(f 9)(0) =" (£ ) (Hag) (), Wy >0, v> — -

Since the convolution is in fact an integral transform, it is a research object of
[9]. In the theory of norm rings, the convolution was introduced as the operation
of multiplication.

The integral cosine-Fourier transform is studied in [11]

+00
fy) = (Fef)y) = \/z / f(z) cos(yx)da.
0

Here, f(z) is continuous and belongs to

+0o0
L(Ry) = {f defined in the set of positive real numbers and/|f(x)|dx < +oo}.
0

We have then the inverse formula

+oo
1) = (P =2 [ T costaay.
0
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The convolution of f(z) and g(x) for this integral transform was also given in
1941 by Churchill

+o0
(2) (f x 9)(@) = \/12—# / FW)g(lz —yl) + g(z +y)]dy
0

with the factorization property
Fe(f x 9)y) = (Fef)(y) - (Feg)(y), Yy € Ry

In this paper we study only the convolution with a weight-function for the cosine-
Fourier transform and prove the relation between this convolution with that for
the cosine-Fourier transform without a weight-function. Futhermore, we prove a
Titchmarch type theorem for this new convolution as well as describe the normed
rings for it. Finally, we apply the covolution with a weight-function for the cosine-
Fourier transform to solving an integral equation.

2. THE CONVOLUTION WITH A WEIGHT-FUNCTION FOR THE
COSINE-FOURIER INTEGRAL TRANSFORM

Definition 1. The convolution with the weight-function v(y) = cosy of two
function f, g for the cosine-Fourier integral transform is defined by

1
227

gz +1—t) +gllz = 1+ )+ glle — 1 - t])]de].

3) (frg)x)=

+00
f@)|gl@z+1+1t)+
[ 7ol

Theorem 1. Let f and g be continuous in L(Ry). Then the convolution with
the weight-function v(y) = cosy of them for the cosine-Fourier integral transform
belongs to L(Ry) and the factorization property holds

(4) F.(f*9)(y) = cosy (Fef)(y) - (Feg)(y), Yy € Ry
Proof. We have

“+00 +0oo

+o0o
[l ta@lar= o= [ [ 1501 [lsta+1+0+ 9o +1-t) +
0 0 0

+g(lz—1+1t)) +g(|lx — 1—t\)]’ - dtdz

%0 +oo +oo
1
< Wo/|f<t>|[o/\g<x+1+t>|dx+o/\gqﬂl_wdx

+o0 +o0
(5) + / lg(]z — 1+ #])]do + / }g(|az—1—t|)]dx}dt.
0 0
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On the other hand,

/}gw+1+t|dz+/‘g |z —1—t|)|dx

/!g )|du + / ]g lu|) ‘du

t+1 —1-t
1+t

/‘g ]du+/|g \du—l—/]g )|du

t+1
(6) —2 / l9(w)]du.
0

Similarly, without loss of generality we can assume t > 1,

/’g |z +1—t|) ‘dm+/’g |z — 1+ t|)|dx

/\g Jul)[du + / |9(w)|du
= / ‘g(u)‘du—i—/_]g(uﬂdu—k /m|9(u)‘d“
0 0 t=1

+oo
(7) —2 / lg(u) s
0

Hence, by virtrue of (6) and (7),

(8)

+o00
/Hg(m+1+t)\+\g(yx+1ty)\ﬂg(yx1+t\)\+}g(\x1t\)\]du:4/yg(u)|du.
0

It follows from (5) and (8) that

+oo 5 +o0 +o00
/\(flg)(l’)\diﬂﬁ\/;/ If(t)\dt/lg(t)!dt<+00-
0 0 0

o (f*g)(z) € L(Ry).
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Now we prove the factorization property (4). Since

+00 400
2
cosz(Fof)(x)(Feg)(x) = — / / cos z cos zu. cos zv f (u) g(v)dudv
0
0 0
and
1
COS T COSTUCOSTV = - [cosz(u+1+v)+cosz(u+1—0v)
+cosz(u—1+v)+cosz(u—1—v)],
we obtain
+00 +00
cosx(F.f)(x)(Feg)(x) = Dy / / [cosz(u+1+v)+cosa(u+1—v)
T
0 0
(9) +cosz(u—1+v) 4 cosz(u—1—v)]f(u)g(v)dudv.

Substituting v =y and v+ 1+ v = t, we get

400 400 00 oo
% / / cosz(u+14v)f(u)g(v)dudv = % / / cosxtf(y)g(t —y — 1)dtdy
0 0 0 y+1
1 +00 +00
=5 / / cosatf(y)g(|t —y — 1])dtdy
0 0
+o00 y+1
(10) - % / cosztf(y)g(y + 1 — t)dtdy.
0 0
Similarly, with the substitutions u =y, u 4+ 1 — v = —t, we have
+0o +00 +o0 400
% / / cosz(u+1—v)f(u)g(v)dudv = % / / cosxtf(y)g(t +y+ 1)dtdy
0 0 0 —l1-y
400 +00
= % / / cosxtf(y)g(t +y + 1)dtdy
0 0
+oo 0
(11) +217T/ / cosxtf(y)g(t +y+ 1)dtdy
0 —l—y
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Further,
+oco 0 +oo 0O
/ / cosxtf(y)g(t +y+ 1)dtdy = — / / cosxtf(y)g(y + 1 — t)dtdy
0 —1-y 0 1+y
+oo 1+y
(12) = / / cosztf(y)g(y + 1 —t)dtdy.
0 0

From (10), (11) and (12) we obtain

+00 400
1
(13) 2/ / [cosz(u+1+v)+cosz(u+ 1 —v)]f(u)g(v)dudv
™
0 0
1 +00 400
o | [ cosatlotit =y = 1)+ gt + v+ V)] f(g)ded
0 0
Similarly,
1 +00 +00 1 +00 400
o /cosx(u—l—f—v)f(u)g(v)dudv:2/ /Cosxtf(y)g(t—y+1)dtdy
7'(' T
0 0 0 y—1
1 1 4o0
—2//cosxtf(y)g(t—y—i—l)dtdy
s
0 y—1
1 “+00 400
27T/ /cos:ctf g(t —y+ 1)dtdy
1 y—1
1 +00 00
/ /cos:vtf g(|t —y + 1|)dtdy
~ o
0 0
. 10
2//Cos:ctf(y)g(t—y+1)dtdy
T
0 y—1
1 +ooy—1
(14) — 2/ /cosmtf(y)g(y—l—t)dtdy.
i
1 0

With the substitutions u =y, u — 1 — v = —t we get
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“+o00 +o00 “+o00 +00

1
— cosz(u—1—v)f(u)g(v)dudv = — cosztf(y)g(t +y — 1)dtdy
27r0 0/ / /

—+00

1
1
:2//cosa:tf )g(t +y — 1)dtdy
01—y

“+0o0 400

1
+27r/ /cosxtf(y)g(terl)dtdy
1 1—y

+00 +00

217r/ /cosxtf( )g(|t +y — 1|)dtdy
0

1-y

: _
— / cosztf(y)g(l —y — t)dtdy
0

2

(15) +

On the other hand,

/

0 11—
/cosa:tf g(t —y+ 1)dtdy ://cosxtf (1 —y—t)dtdy
1 0 0

Y-

and
400 0 +ooy—1

(17) cosxtf(y)g(t +y— 1)dtdy = cosztf(y)g(y — 1 —t)dtdy
I I

By (14), (15), (16) and (17),

(18) [cosz(u—14v) +cosz(u—1—v)]f(u)g(v)dudv

1
2
1

=5 coswt[g(|t —y + 1]) + g(|t +y — 1])] f(y)dtdy.

3

o"\-é— o\%—
o\-é- o\-é-
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Finally, by (9), (13) and (18),

400 +oo
cosa(Ff)@)(Fag)(a) = o= [ cosat{ [ )lale+ 149+ (it 1)
0 0

+g(t =1+ yl) + g(lt = 1= y)]dy pa.

The last equality and (3) yield

cosz(F.f)(x)(Feg)(x) = Fo(f * g) ().

The proof is complete. O

Theorem 2. In the space of continuous functions belonging to L(R4.), the con-
volution with a weight-function for the cosine-Fourier integral transform is com-
mutative, associative and distributive.

Proof. We prove that the convolution with a weight-function for the cosine-
Fourier integral transform is associative, i.e.,

(f4g)*h=Ff*(g*h).
Indeed,
Lg) k1)) () = cosy (Fu(f + 9) (v) - (Feh)(w)

= cosy cosy(Fef)(y)(Feg)(y)(Feh)(y)
= cosy(Fef)(y) [ cos y(Feg)(y) (Feh) (y)]

= cosy(Fof)(y) (Fe(g * b)) (y)
=F(f*(g+h)(y) (Yy>0)

— =

implies that

(f*g)%h=f*(g*h).

The commutative, distributive properties are similarly proved. ]

Definition 2. The norm in the space L(R.) is defined by

IfII = \/Z +/Oolf(ﬂc)\dﬂﬂ-
0

Theorem 3. If f and g are continuous functions in to L(R,.), then the following
inequality holds

1f % gl < I£] - llall-
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Proof. From the proof of Theorem 1 we get

T ta@ie <2 [ ek | 1@
0/ \/; 0 0

Hence

+

e /Oo<flg> iz <2 / a2 +/Oorg<x>\dx.
0

0

Thus,

I+l < 111 gl
O

Theorem 4. If f and g are continuous functions in L(R4.), then the following
equality holds

Y

(f*g)(x) = [(f;cg)(ﬂf+1)+(f;cg)(\xfll)k V> 0.

N |

Here (f * g) is defined in (2).

Proof. By definition

(g)(@) = m/f gla+141)+glle+1—¢)]dt +

(lz—1+¢) +g(lz—1 —t\)]dt}.

m/f

On the other hand, for any x > 0 and ¢ > 0,
g(lz =1+t +g9(jlz =1 —t]) = g(|lz — 1| + t) + g(|]z — 1| — ¢]).
Indeed, for z > 1,
g(lz =1 +t) +g(lz =1 —t]) =gz —1+1) + g(lz — 1 — 1)
=g(|lz—1+1t]) +g(Jz—1—1]).
Similarly, for 0 < x <1,

glz =1 +t) +g(llz =1 —t)) =g(|1 =z +¢]) + g(|1 — 2 —1])
=g(lz —1—t]) +g(lz —1+1]).
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Hence
+oo
1 1
(frg)x) =4 —= [ FO[gQ+z+1t)+g(11+z—t])]dt +
=
'
+mo/f(t)[g(!af—l\+t)+g(\|w—1!—t\)]dt}
=S 2 D@+ )+ (f £ )l —1)], Va>o0.
The theorem is proved. O

Theorem 5. In the space of continuous functions in L(Ry) there does not exist
the unit element for the operation of the convolution with a weight-function for
the cosine-Fourier integral transform.

Proof. Suppose that there exists e, the unit element of the operation of convo-

lution in the space of continuous functions in L(R,): e i g=g te= g, for any
continuous function g belonging to L(R4). Then we have

5
Fe(e*g)(y) = (Feg)(y), Vy>0.
Hence
cosy(Fee)(y) - (Feg)(y) = (Feg)(y),  Vy > 0.
The last is equivalent to the equality
(Feg)(y)[cosyFee)(y) — 1] =0, ¥y >0,

for any continuous function g(y) belonging to L(R).

Choosing ¢ so that (F.g)(y) # 0, Yy > 0, we see that cos(Fre)(y) —1 =0 or

1

(Fee)(y) = P Yy > 0. Thus, (F.e)(y) € L(Ry), and so e ¢ L(R4). This

is a contradiction. So there does not exist the unit element for the operation
of convolution with a weight-function for the cosine-Fourier integral transform in
the space of continuous functions belonging to L(Ry ). The proof is complete. [J

Set
Le*,Ry)={e ™ h, forall he L(R;)}
Theorem 6. (A Titchmarch type theorem). Let f, g € L(e *,Ry). If
(flg)(;c) =0, Yz > 0, then either f(z) =0 or g(z) =0, Vz > 0.

Proof. Under the hypothesis (f:k/g)(m) =0,V > 0, it follows that Fc(flg) (y) =
0, Vy > 0. Due to Theorem 1 we have

(19) cosy - (Fof)(y) - (Feg)(y) =0, Vy>0.
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Consider the cosine-Fourier integral transform

“+oo
wum»=¢§/}@Nw@mm,yeR+
0

Since
d"” s
| gy Leosn)f@)]| = [7@)-a" - cos (v + n3) | < | (@) ")
=le”"- 2" fi()|
=le™" -2 [fi(z)] < C|fi(2)]
for x large enough, due to Weierstranss’ criterion, the intergral
+00

/ ;Z; [cos(ya:)f(x)] dx
0

uniformly converges on R,. Therefore, based on the differentiability of integrals
depending on parameter, we conclude that (F.f)(y) is analytic for y > 0.

Similarly, (F,.g)(y) is analytic for y > 0. So from (19) we have (F.f)(y) = 0,
Vy > 0, or (F.g)(y) =0, Vy > 0. It follows that either f(z) =0, Va > 0, or
g(x) =0,¥x > 0.

The theorem is proved. O

3. APPLICATION TO SOLVING INTEGRAL EQUATIONS

Consider the integral equation

+oo
A
(20) ﬂ@+%ﬁWZf@wmwwﬁzmw

Here A € R, g and h are continuous functions of L(R4), f is the unknown
function, and

(21) ¥(9)(z,t) = gz + 1+ 1) +g(lz + 1= 1) + g(jr = 1+ 1) + g(Jx =1 = 1)).

Theorem 7. With the condition 1+ Acosy(Frg)(y) # 0, Vy € Ry, there exists
a unique solution in L(Ry) of (20) which is defined by

f=h—\h+op).
Here, p(x) € L(Ry) and it is defined by
o) — W

T 1+ Acosy(Feg)(y)

Proof. The equation (20) can be rewritten in the form

fHAf*g)=h.
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Due to Theorem 1,

(Fef)(y) + Acosy(Fef)(y)(Feg)(y) = (Feh)(y).
It follows that
(Fef) () [1 + Acosy(Feg)(y)] = (Feh)(y).
Since 1 4+ Acosy(Feg)(y) # 0,

(Fof)(y) = (Feh)(y) !

1+ Acosy(Fug)(y)

Therefore

_ Acosy(Feg)(y)
1+ Acosy(Feg)(y)

Due to Wiener-Levi’s theorem, there exists a continuous function ¢ € L(Ry)
such that

(Ff)(w) = (FR)() |1

B (Fe9)(y)
(Fep)(y) = 1+ Acosy(Feg)(y)

It follows that
(Fef)(y) = (Fh)(y)[1 — Acosy(Fep)(y)]-

Hence
f(z) = h(z) — AF.[ cosy(Feh) y)(Fep) (y)] ().
Thus
F=h—Ah*o).
By Theorem 1, f € L(Ry). The theorem is proved. O

We see that the above theorem only asserts the existence and uniqueness of
solution of equation (18), but does not show how to find the function ¢. In
general, to find an explicit form for ¢ is a difficult problem. In the next example,
we describe a case where ¢ can be represented by an explicit formula.

Example. Consider the integral equation

+oo
A 1 —cosat
) .ﬂm+2¢%w/ Pl t) = o)

with ¢ being defined by (21), A a positive real number, 0 < a < g, h continuous
function belonging to L(R4), h already known, f the unknown function.

We can rewrite (22) as

F(@) + A\(f * g)(x) = h(z)
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with

o) = 1- ctc;s(at) '

Applying formula 3.786.3 at page 447 in [5]

s ¢ Ta—b), b<
_ —(a — D), <a
/ Ci(;sm cos(bt)dt = { 2

/ t 0, b>a

we obtain

(ch)(t): \/;(a_t)7 0<t<a

0, t>a.
Thus 1+ Acost(Frg)(t) # 0. Now we find a function ¢ satisfying

(Feg)(t)
(Fep)(t) = 1+ Acost(Fg)(t)

+oo
_ /2 cos(x (Feg)(t)
_\/;0/ () 1+ Acost(F, cg)()dt

™
5 | pla=1)
= \/7/cos(a:t)- dt
T
0 1+)\cost(a—t)\/§
—t) cos(xt)
=2 / (a dt
V2 4+ M/ (a —t)cost
And the solution of the integral equation (22) has the form

F=h—AMh*o).
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