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A SHARP ENDPOINT ESTIMATE FOR MULTILINEAR
MARCINKIEWICZ INTEGRAL OPERATOR

LIU LANZHE

ABSTRACT. We establish a sharp estimate for multilinear Marcinkiewicz inte-
gral operator. As applications, we obtain the weighted norm inequalities and
Llog L type estimate for the multilinear operator.

1. INTRODUCTION AND RESULTS

Suppose that S"~! is the unit sphere of R"(n > 2) equipped with normalized
Lebesgue measure do = do(z'). Let © be homogeneous of degree zero and satisfy
the following two conditions:

(i) Q(z) is continuous on S"~! and satisfies the Lip, condition on S"~*(0 <
v < 1), ie.

|Q<1‘/) - Q(yl)’ < M|x, - y/"77 xlvy, € Snil;

(ii) / Q(z')d2" = 0.
Sn—1
Fix A > 1. Let m be a positive integer and A a function on R". We put

[(z) ={(y,t) € RY*" : |z —y| < t}

and denote the characteristic function of I'(z) by xr(z). The multilinear Marcinkiewicz
integral operator is defined by

@ =[] (=) o]

n+1
R+

where

Qy — 2) Rui1(4;2,2)

ly =zt ez

FA) (1) = / f(2)dz

ly—=2|<t
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and
Ra(452,9) = Aw) = 37 —D*A)(x — )"

lo|<m

We write
Qy — 2

E0 = [ S
ly—2|<t
and define

(] () 0y ™

n+1
R+

which is the Marcinkiewicz integral operator (see [16]).
Let H be the Hilbert space

dydt 1/2
= ([ rpss) ™ < o<},

Rn+1

Then for each fixed z € R", FA(f)(z,y) and Fy(f)(x) may be viewed as mappings
from (0, +00) to H, and it is clear that

) EA D @)
) Rinw|.

Note that when m = 0, ,uf is just the commutator of Marcinkiewicz integral
operator (see [10], [16]), while when m > 0, it is a non-trivial generalization of
the commutator. It is well known that multilinear operators are of great interest
in harmonic analysis and have been widely studied by many authors (see [1]-[5]).
In [8], the authors establish a sharp estimate for some multilinear singular integral
operators. The main purpose of this paper is to establish a sharp estimate for
the multilinear Marcinkiewicz operator. Then the weighted norm inequalities
and the Llog L type endpoint estimate for the multilinear operator are obtained
by using this sharp estimate. We point out that some of our ideas come from [§]
and [11].

First, let us introduce some notations (see [7], [11], [13]). For any locally
integrable function f, the sharp function of f is defined by

pa (f) (@)

_H<t+\x—y\

pA(f)(x) = H<t+|x—y\

#(z) = d
f7( 228\Q| /If — fqldy,
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where and in what follows, () will denote a cube with sides parallel to the axes,
and

mzuml/ﬂmw
Q

It is well-known that

f#(z) = sup inf — Ql /\f — c|dy.

z€Q ceC

We say that f belongs to BMO(R") if f# belongs to L>(R"). For 0 < r < oo,
we define 7 b

FE @) = (1) ()"
Let M be the Hardy-Littlewood maximal operator defined by

M = 1 )|d
f() 3£wr/v\y

We write M,f = (M(fP))"/P. For k € N, we denote by M* the operator M
iterated k times, i.e., M1 f(z) = Mf(z) and M*f(z) = M(M*1f)(x) when
k> 2.

Let B be a Young function and B be the complementary associated to B, we
denote for a function f,

17llp.q = n / By < 1)

and the maximal function by

Mpf(z) = sup || f||B,q-
TEQ

The main Young function to be used in this paper is B(t) = t(1 +log™ t) and its
complementary B = expt. The corresponding maximal are denoted by M 141,
and Meyp .. We have the generalized Holder’s inequality

|m/“

the inequality (in fact they are equivalent),

Mg f(x) < CM? f(x)
for any € R™ and the following inequalities, for any b € BMO(R™),

16 = bgllexpr.@ < ClbllBros  |bartig — bagl < 2k[b][Bro-
We denote the Muckenhoupt weights by A, for 1 < p < oo (see [7]).
We shall prove the following theorems in Section 3.
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Theorem 1. Let D*A € BMO(R"™) for all o with |a| = m. Then for any
0 < r <1, there exists a constant C > 0 such that for any f € C§°(R") and any
x € R",

()] @ < Y 1D AllsroM?f(@).
|a|=m
Theorem 2. Let 1 < p < oo and D*A € BMO(R"™) for all o with |a| = m,
w € Ap. Then p4l is bounded on LP(w), that is
168 (M)l oy < C Y 11D* Allsarol| £1] Lo w)-
|a|=m

Theorem 3. Let DA € BMO(R") for all a with |a] = m, w € Ay. Then
there exists a constant C' > 0 such that for each n > 0,

w({z € R": pi (f)(x) > n})
o |f ()] |f ()]
<c Y |Ip A||BMOR[ ; (1+1og+ <T)>w(a@)dm.

|lal=m

As in [11], Theorems 2 and 3 follow from Theorem 1 and the boundedness of
uy with M. So we only need to prove Theorem 1.

2. PRELIMINARIES
We begin with some preliminary lemmas.

Lemma 1. (Kolmogorov, [7, p. 485]). Let 0 < p < q < co. For any function
f >0 we define

A llwre = 81;1877\{96 € R": f(z) > n}['/4,
n

Npo(f) = Sup fxellee /Ixellrr (1/r =1/p—1/q),
where the sup is taken for all measurable sets E with 0 < |E| < oco. Then

I fllwrs < Npo(f) < (a/(a—p) || fllwra.

Lemma 2. [3, p. 448]. Let A be a function on R™ and D*A € Li(R") for all
a with |a| = m and some ¢ > n. Then

m 1 o 1/q
|Ri(A; 2, y)| < Clo —y| Z (W / |D A(Z)|qd2) ;
" Q)

|lal=m

where Q(x,y) is the cube centered at x and having side length 5v/n|x — y.
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Lemma 3. [11, p. 165]. Let w € Ay. Then there exists a constant C > 0 such
that for any function f and for alln > 0,

w({y € R : M*f(y) >n}) <

<ont / F@I + logt (o~ | (0)]))w(y)dy.
R‘IL

Lemma 4. Let 1 < p < oo and D*A € BMO(R") for all o with o] = m,
1<r<oo, 1/g=1/p+1/r. Then uf is bounded from LP(R™) to LI(R"™), that
18

13 (Hlle < C > 1D Allsmol| £ Le-

|a|=m

Proof. Using the Minkowski inequality and noting that

|z — 2| < 2t
ly—z| >z —2|—t>|x—2 -3t

when |z —y| < ¢, |y — 2| < t, and

|z — 2| < t(1 4 2F+1) < 2F+2¢,

ly — 2| 2 |z — 2| =253
when |z —y| < 21, |y — 2| < t, we have
N,\(
n)\
</ // )
R™ RnJrl
2y = 2| Bmr1(A; 2, 2) || f(2)[\2 dydt1/2

. < ly — z|" "z — 2™ ) xr(e) )t”+3} d

_ C/ R (A, 21 )
|z — 2™

t n o xpe) (Y.t dydt1/2
X[/ / (t+|$—y|> (Ix—z!—3t)2"*2t”+3} dz

0 |z—y|<t
+C/ Rur (A2 2)[2)
|z — z[™
o0

S [ )
t+ ‘x_y‘ (’1‘— Z’ _2k+3t)2n—2 tn+3

0 2kt<|x y|<2k+1¢
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<C/umHszwmwtf(| dt___pz

.CC — z|m+1/2 T — Z| — 3t)2n
lz—2|/2
|fﬁn+1-A-$ 2 (2)]
+ C/ {E _ Z|m+1/2
- 2k dt 1/2
—knX ok \nyz—n
x[}j R e M

=0g-2- klz—z|

<C/umHszMﬂnw

|z — z|m*7

—|—C/ |Rm+1 (A, 2)||f (= )|dz[i2kn(1mr/2

|z — z|mtn
k=0

—c/”““sz’ﬂﬂw

Z|m+n

Thus, the lemma follows from [4], [5]. O

3. PROOF OF THEOREM 1

Fix a cube Q = Q(x0,!) and # € Q. Let Q = 5,/nQ and
A 1 a a
A(z) = A(z) — Y —(D*A)gu
|a|=m
Then R,,(A;z,y) = Ry(A;z,y) and D*A = D*A — (D*A)g for |af = m. We
Writea for fl = fXQ and f2 = fXRn\Q)

/’ Uy — 2) Rpnr1(4;z,2)

ly =zt ez

FA(f)(w,y) = f(z)dz

ly—=|<t

/’ Ay —2) Rmi1(A;z,2)

y—2"t e -z

fa(2)dz

ly—=|<t

Qy—2) Rul(diz,2)
* /

y—z["7t o=

fl(z)dz

ly— z|<t

Z / Iy - zl” 1 |2 :;)mDaA( ) f1(2)dz

laf=m |y z|<t
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then

18 (F) (@) — pf (f2) (wo)| =

_ U,(M)’Mﬂﬂf)(x,y)!! = I

SH(H\;:—y\)M/QFt<R| |m fl) )

)n/\/th<|( ’) DaAfl)( )H

|GV P ) =

= A(z) + B(z) + C(x).

t

m)mﬂﬂj(fz)(% y)H‘

o a'Ht—l—|x—y|

t

m)nA/thA(fz)(ﬂ?o, y)H

Thus,
1/r
CYrr——
1/r
= [a "d B(x Td Oz d
<(1g Q/ (@) |@|/ \QI/ o)
T4+ IT+III

Now, let us estimate I, I1 and I11, respectively. First, for x € Q and y € Q,
using Lemma 2, we get

Ro(A;z,y) < Cla —y|™ > |[D*Allsaso-

laf=m

Thus, by Lemma 1 and the weak type (1,1) of puy (see [6], [14]), we obtain

o [a(f)xellzr
1<C Y (ID*AllsarolQl ™ .
Ixallzrra—n

|a|=m
<C Y ID*Allsarol Q1 Hlua(f1) (o)l lwre

la=m

<0 Y 1D AllpuolQl ! / £ () ldy

laf=m

<C Z HDaAI\BMoM(f)(ﬂ?)-

laf=m
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Similarly, we can estimate II as follows

A (DA f1)xol|Lr
lIxqllLr/a-n

m<c ), \Q\_1|

laj=m

<c Y (0r 1/\D“A W@y < C S 1D Al 61111 105 2.0

|lal=m |lal=m

<C Y QI A (D Af)|lw s

|laj=m

<c Y \|DQA\|BMoMmogLf(x <C Y ID*AllpmoM*f ().

|a|=m |a|=m

To estimate I11, we write

(L)nA/ZFtA(b)(m,y) - (L)"A/Qﬂf‘(‘fz)(xo, y)

t+ |z —yl t+|zo —yl
B / ( t )n/\/2[ 1 B 1 } Qy — 2) R (A; 2, 2) fo(2) o
=g le—am  wo— e jy— o]
ly—z|<t

+ / ( : )M/Q Wy~ 2)ha(2) [Rm(l‘i;%z) — Rm(A; xg, 2)|dz

t+ |z —yl |20 — 2™y — 2"
ly—2|<t
t nA/2 t nA/2
) Ga) - G
t+ |z —y t+ |zo — yl
ly—=z|<t

Q(y - Z)Rm(Aa JJ(),Z)
ly — Z|”_1\f170 - Z\m

= / )"W(x—Z)“
a‘ t+]az—y| |z — 2z|™

|lal=m ly—z|<t

fa(2)dz

B ( t >n>\/2 (xo — z)o‘} Qy — z)Do‘fl(z)fz(z)dz

t+ |zo — Yy 20 — 2|™ ly — z|n—1
— [T, + [Ty + I1I5 + ITI,.

Note that | — 2| ~ |z — 2| for z € Q and z € R*\ Q. By Lemma 3 and the
following inequality (see [15])

bg, — b, | < C'log(|Q2|/1Q1])I[bl|Bro,  for Q1 C Qo
we know that, for z € Q and z € 28T1Q \ 2¢Q,

|Rin(A;2,2)| < Cle — 2™ Y (I[D*Allgvo + [(D*A) g

Q(z,2) (DQA>Q|)

|al=m

< Cklz — 2™ Y |ID*Allsumo-

laf=m
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For I11;, by the condition on 2 and arguments similar to those in the proof
of Lemma 4, we get

el /Hml dz < ‘Q’/ / ’mo_zliilnﬂRm(ﬁ;x,z)ﬂf(z)]dz)dx

R\Q
o QM
<C Z |D AHBMOZIC WV(Z)WZ
|O“ = 2k+1@\2k@
- 1
<C Y I Allswo Y ket s JRCIE
|al=m k=1 2%Q)

<C Z IIDQAHBMoZkQ_kM(f)(f)

jal=m k=1
<C Z ||[D*Al|ppoM (f)(T).

laj=m

For II1,, observe (see [3]) that

Rm(fl;ar,z) R A Lo, 2 lz ﬁ' ‘m D A x xo)(x—z>ﬁ
Bl<m

Therefore, using Lemma 3 we get

|Rn(A;2,2) = Rn(A;20,2)[ < C Y > o= ao|™ 1P|z — 2|7 DA | paso
|8l <m |al=m

<C Y |ID*Allpmolr — zollx — 2™

|laj=m

Thus, analysis similar to that in the proof of Lemma 4 implies that

m(4; Ry (A; 0,
rQ\/””IQ"d“ a f, (] e

RO
o |Q|1/"
<C > |Ip A”BMOZ Z|n+1|f(2)’d2
|04‘ 2k+1Q\2kQ
<O Y DAl Y2k L JRCIE
|al=m k=1 |2 Q’Qk@

<C Z [|[D*Al|BproM (f)(Z).

laf=m
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For I1I3, by the inequality a'/?2 — b'/? < (a
proof of Lemma 4 and 111, we obtain

1
@’/HIU?)deU
Q

Sé//( / [tnA/2|x—:g0|1/2XF(Z)(y,t)|Rm(A;xo,z)||f2(z)|]2dydt>1/2dzd$

(t_|_ ‘33'—y’)(n/\+1)/2’y—2|n_1‘$0—Z‘m n+1
Q R” Rn+1

—b)l/zfora2b>0,asinthe

(t+ |z — 2])20+2
Q R»

12
g//|f2 ) Bon(As 0, 2)) 200 g

’ o — Z’n+1/2
Q R"

> 1
<C Y IDallsvo Ykt [ 151z
=i

C ¥ dt 1/2
P | fo(2)[[& = wo| /| R (As 20, 2)| dzd
Q // 2 x i) o, % (O/ ) 24X

|a]=m

<C Z [[D*Al|pyroM (f)(Z).

|a|=m
For 1114, as in the proof of 111y and I113, we get

_ L 1/2
\III4<CZ/ |z — 0] |z — x|

DA d
2 et g ) 1D AW L2z

_ Q*k/27~ MDYA(2) — (DY A) ~|dz
alm,”( )‘2’“69'2ké FEIIDYA) — (D A)g

<C > ik(r’f +27k/2)

ja=m k=1
(ID%Allexp L2601 f I L10gr 200 + 1D AllBrOo M (£)(2))

<C Z Z k(27F + 27%2)| D A|| prro M 10g 1.(f) (Z)
lal=m k=1

<C Y ID*AllproM(f)(3)-
|a|=m

Thus

II1<C Y ||DAllpuo M (f)(#).

|al=m

This completes the proof of Theorem 1.
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