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PROBABILITY CAPACITIES IN R¢
AND THE CHOQUET INTEGRAL FOR CAPACITIES

NGUYEN NHUY AND LE XUAN SON

ABSTRACT. A notion of capacity in R? is introduced and a concept of Choquet
integral of measurable functions f : R? — R is defined and investigated.

1. INTRODUCTION

The Choquet theorem gives a tool to specify probability measures on the mea-
surable spaces. Namely, there exists a bijection between probability measures and
capacity functionals (see Choquet [1], Matheron [7]). Therefore, it seems natural
to use capacities instead of probability measures in many problems of mathemat-
ical statistics and geometric probability. Note that the notion of capacities has
been investigated by several authors (see G. Choquet [1], S. Graf [2], P. J. Huber
[3], P. J. Huber and V. Strassen [4], Hung T. Nguyen, Nhu T. Nguyen and T.
Wang [5], J. B. Kodane and L. Wasserman [6], Matheron [7], and T. Norberg
[9]). However, the probabilistic aspects of the theory of capacities have not been
developed to a level comparable with the standards of measure theory.

In this note we introduce a notion of capacity, that generalizes the notion
of measure in R?. The note can be viewed as a step toward generalizing the
probability measures to capacities. In Section 2 we give the notion of capacity in
R? and show that the capacity theory is, in fact, a generalization of the measure
theory in R%. Some important examples of capacities are considered. In this
section, the capacity and the measure with finite support are characterized. In
Section 3, we define the Choquet integral and describe some of their properties
for the purpose of studying the weak topology [8]. In Section 4, we show the
difference between the notion of capacity introduced in this note and the one in
the sense of Graf.

2. PROBABILITY CAPACITIES IN RY

Let K(R?), F(R?), G(R?), B(R?) denote the families of all compact sets, closed
sets, open sets and Borel sets in R?, respectively.

Definition 2.1. A set function T : B(R?) — [0, +0c0) is called a capacity in R? if
the following conditions hold:
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1. T(0) = 0.
2. T is alternating of infinite order: For any Borel sets A;, i =1,... ,n,n > 2,
we have

(2.1) T((4) < >, (~n#Hr((J 4,

i=1 I€Z(n) i€l

where Z(n) = {I C {1,...,n}, I # 0} and #I denotes the cardinality of I.
3. T(A) =sup{T(C) : C € K(RY),C c A}, for any Borel set A € B(R?).
4. T(C) =inf{T(G): G € G(R%), G > C}, for any compact set C' € IC(R?).

In comparison with the notion of measure we have the following theorem.

Theorem 2.1. If u is a measure defined on B(R?), then u has the following
property: For any Borel sets A;, i =1,...,n, n > 2, we have

(2:2) p((VA) = D 0#+u((JA).

i=1 I€Z(n) iel

Thus, a capacity is similar to a measure, except that the equality (2.2) is replaced
by the inequality (2.1).

Proof. We will prove the theorem by induction. For Borel sets Ay, As, we have
p(Ar N A2) = p(Ar) + p(Az) — p(A1 U Ag),

i.e., (2.2) holds for n = 2. Suppose that the statement has been verified up to n,
we will show that it is true for n + 1.

Note that Z(n +1) =Z(n) U{n + 1} U{(Z(n),n+ 1)}. Let A = (n] A;. Then
i=1

by the induction hypothesis we have

n+1
p([)Ai) = AN Apia)

i=1
= u(A) + p(Ans1) — p(AU Apia)

= pn(A) + p(Any1) — M(( ﬂ Ai) U An+1)
i=1

= ( ﬂ Ai) + p(Ang1) —

i=1 i=1

IDE

(Ai U An+1))
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ST EDH (U A) + aldar) = 0 ()P (AU A)
Z(n)

I€Z(n icl 1€Z(n) iel
= > (0P A) + uAn) - YD (C0F (U A)
I€T(n) iel I€T(n) el
— Z (_1)#I+1M(UA2‘) + 1(Angr) + Z D#I+, UA
I€Z(n) i€l I’G{(I(n),n+1)} iel’
_ 1)#HL, UA
€Z(n+1 ) el
where I’ (I,n+1), I €Z(n). O

Definition 2.2. ([5]) We say that a set function T' is mazitive if
T(AUB) = max{T(A), T(B)} for A, B € B(R%).

Proposition 2.1. If T is the mazitive set function defined on Borel sets B(R?),
then for any Borel sets A;, i =1,...n, n > 2, we have

(2.3) S° CHFHT( As) = min{T (A9},

IeZ(n) i€l
Proof. We will prove the proposition by induction. For any Borel sets Ay, Ao,
we have
T(A))+T(As) —T(A1UAy) =T(A1) +T(A2) —max{T(Ay), T(A2)}
= min{7T'(A;),T(A2)},
i.e., the proposition is true for n = 2. Assume that the proposition is true up to

n, we will prove it holds for n + 1. For 4; € B(R%), i =1,... ,n+ 1, without loss
of generality, we may assume that

T(4) = min {T(A)}; T(Anwn)= max {T(4)}

Then, by the hypothesis of induction we have

Yoo (=T JA) = Y ()HTT(JA) + T(Ans)

IeZ(n+1) i€l IeZ(n) iel
+ > (—)#Hr (| 4)
I'=(I,;n+1), I€Z(n) iel’

=T(A1)+T(Ans1)

+(=Cp +Cf = -+ (=1)"CR)T (Aps1)
= T(Ay)

+(Cp = Cy+Ch = -+ (=1)"C)T(Ant1)
=T(A) = min {T(A)},
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and the proposition is proved. O

Definition 2.3. A maxitive function T is called to be a mazitive measure if the
conditions 1., 3., 4. of Definition 2.1. hold.

The following theorem was shown in [5]

Theorem 2.2. Any mazitive set function is alternating of infinite order. Con-
sequently, the class of capacity in R% contains both classes: the class of measures
and the class of mazxitive measures.

Pcll'oposition 2.2. Any capacity is a non-decreasing set function on Borel sets of
R*.
Proof. Assume that A, B are Borel sets of R? such that A C B. Let
K(A):={C: C e KR?), Cc A}.
Observe that
K(A) C K(B).
Therefore, by Definition 2.1(3.) we have

T(4)= sup {T(C)} < sup {T(C)} =T(B).
Cek(A) CeK(B)

O
Corollary 2.1. Let T be a capacity in R, If A € B(R?) with T(A) = 0, then
T(B)=T(AUB) for B e B(RY).

Proof. By Proposition 2.2, T(B U A) > T(B). On the other hand, since T is
alternating of infinite order,

T(BUA)<T(A)+T(B)-T(AnB)=T(B).
Consequently,
T(BUA)=T(B).
O
Definition 2.4. By support of a capacity T we mean the smallest closed set
S c R? such that T(R¢\ S) = 0.

We denote the support of a capacity T by supp 7. It is easy to obtain the
following

Corollary 2.2. If T is a capacity in R?, then
T(suppT) > T(B) for all B € B(R?).

Moreover, we have
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Proposition 2.3. It holds
suppT =R\ | {G: G € G(T)},

where

G(T) ={G € GRY : T(G) = 0}.

Definition 2.5. We say that T is a probability capacity in R? if T(suppT) =
T(R?) = 1.

Example 2.1. For any € R?, we define the set function T, = 8, by

5.(B) = 1 ifxeB
U)o ifx ¢ B

It is clear that T}, is a capacity in R%. The corresponding z — T}, is one-to-one
between R? and the set of the probability capacities {T, : = € R} C P, where P
denotes the family of all probability capacities in R%. Therefore, in some sense,
the class of capacities in R? also contains R%.

Example 2.2. Let RT = [0,00). For a finite set A = {(z1,t1),..., (zk, tx)} C
R? x RT we define the set function T4 by

max{t;: x; € B} if BNAy#(

Ta(B) = {o it BN Ay =0,

where Ag = {z1,... 71} C R% Clearly, T4 is a capacity in R?. We call Ty
a capacity with finite support and the number ¢; is called the weight of x; for
i=1,....k

If max{t;, i = 1,...,k} = 1, then Ty is a probability capacity. Note that
supp T4 = Ag = {x1,... ,x}.

Definition 2.6. We say that a measure T is a probability measure if T'(supp T') =
1.

Note that the two capacities given in Examples 2.1 and 2.2 are maxitive mea-
sures. The capacity in the next example is a probability measure.
Example 2.3. For a finite set A = {(x1,t1),...,(zg, tx)} C R x RY, we define
k
the capacity T4 = 3 t;6,, by setting
i=1
x;€EBNAg

for B € B(R?Y), where Ag = {z1,... ,2x} C R Tt is easy to see that T4 is a
measure in R%. We call T4 a measure with finite support and the number t; is
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k

called the weight of x; for i = 1,... k. If 3. t; = 1, then T is a probability
i=1

measure with finite support and supp T4 = {z1,... ,z;}.

Definition 2.7. We say that a set function T is upper semi-continuous provided

it satisfies the condition: If Cy D ... D Cp, D ... is a decreasing sequence of Borel
o0

sets in R and () C,, = Cp, then
n=1

lim T(C,) = T(Co).

n—oo

In notation: Cp, \, Cop = T(Cy) \, T'(Chp).
The following example shows that, in general, capacities are not upper semi-
continuous.

Example 2.4. We define the set function p: B(R?) — [0, 1] by setting

_Jo ifA=0
“(A)_{1 it A0

for A € B(R?). Then u is maxitive. Hence y is alternating of infinite order.
Let € A. Then

u({}) = 1= p(A).
Therefore
w(A) = sup{u(C) : C e K(RY),C c A}.

Finally, if C is a compact set in R?, we have p(C) = 1 and u(G) = 1 for any
open G containing C. Hence
w(C) = inf{u(G@): G eGRY, G>C}.

Thus, conditions (1) - (4) of Definition 2.1 are satisfied. We will show that p is
not upper semi-continuous. For each n = 1,2,..., define

1
An:{xeRd: 0<Hx||<ﬁ}.

o0
Then {A,} is a decreasing sequence in B(RY) and (| A, = 0. We have

n=1

w(Ay,) =1 for every n € N and ,u( ﬂ An) =0.
n=1

Hence

o0

Tim p(An) =1> p( () An)-
n=1

This means that u is not upper semi-continuous. However, on compact sets the

situation will be different as shown in the following theorem.
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Theorem 2.3. Any capacity is upper semi-continuous on compact sets.

Proof. Assume that C; D ... D C,, D ... is a decreasing sequence of compact
sets of R% and ﬁ Cy, = Cy. Since T is a non-decreasing set function, nli_)][r;o T(Cy)
exists and "

(2.5) T(Cp) < lim T(Cy).

n—oo

By Definition 2.1 we have
T(Co) = inf{T(G) : G € G(RY), Cy C G}.
Therefore, for a given € > 0 there is G € G(R?), G D Cy, such that
T(Co)+e>T(G).

o
Since Cyp = ) C, is a compact set and G is a open set containing Cp, there is
n=1

ng € N such that G D C,, for all n > ny. By Proposition 2.2, T(G) > T(C,,) for
all n > ng. Hence

T(G) > lim T(Cp).

n—oo

Therefore
T(Cp) + &> lim T(C,).
n—oo
Since € is an arbitrarily small positive number, we have
T(Cp) > lim T(Cy).
n—oo
From the latter and (2.5), the assertion follows. O

3. CHOQUET INTEGRAL FOR CAPACITIES

Let T be a capacity in R%. Then for any measurable function f : R — Rt =
[0, +00) and A € B(R?), the function f4 : R — R defined by

fat)=T({xz e A: f(z)>1t}) forteR

is a non-increasing function in ¢. Therefore we can define the Choquet integral

J fdT of f with respect to T by
A

fdT = [ fatydt = | Tz € A+ f(z) > t})dt.
[ fron=

This notion of integral is originated from Choquet (1953). One should note
that the function fa(t) = T({z € A: f(x) > t}) is well defined because f is
measurable. Furthermore, as T' is monotone, the function f4 is nonincreasing. As
any nonincreasing function has an extended Riemann integral, the definition is
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valid. If fA fdT < oo, then we say that f is integrable. In particular, for A = R?

we write
/de—/de.
R4

Observe that if f is bounded, then

«

(3.1) /de - /T({x cA: flz)>th)dt,
A 0

where a = sup{f(z) : = € A}. In fact, since {z € A: f(x) >t} = 0 for every
t > «, we have

T{x e A: f(z)>1t})=0.

Hence
—+o00

T({zeA: f(z)>1))dt+ / Tz eA: f(z)>1)dt

«

[ #ir -

A

= [ T{z € A: f(z)>t})dt.
0

— “T—0

In the general case, if f : R? — R is a measurable function, then we define

A/de:A/ﬁdT—A/f—dT,

where f*(z) = max{f(z),0} and f~(z) = max{—f(x),0}.
By using Choquet integrals we are able to evalute intergrals for the capacities
defined in Examples 2.1 - 2.3.

Theorem 3.1. For z € R?, let T, be the capacity defined in Example 2.1. Then
for any measurable function f : R* — Rt we have

(3.2) /de = f(z) for every x € R%
Conversely, if T is a capacity in R? such that for some x € R? we have
(3.3) flx) = /de for every f € CJ(Rd),

where C’J(Rd) denotes of all continuous non-negative real valued functions with
compact support in R, then T = T,.



PROBABILITY CAPACITIES IN R¢ AND THE CHOQUET INTEGRAL 49

Proof. The equality (3.2) can be proved as follows

T,({y e RY: f(y) > t})dt

—
&,}
o
<
Il
—

o0

T.({y R : f(y) > t})dt + / To({y € RY: f(y) > t))dt
f(z)

o
o\%:\ O\/:?h

U
~~
I
=
8
~—

To obtain second part of the theorem we now establish two claims.

Claim 3.1. Let T be the capacity defined on Borel sets of R%. Assume that for
C € K(RY), fo: R — R is a function defined by

(3.4 foly) = {; e

Then [ fodT =T(C).

Indeed, for every o € (0,1] we have {y € R?: f(y) > a} = C. Then by (3.1)

we have
[ fear = [Tty vt 1) = ar

O O —_

Claim 3.2. Under the condition (3.3), we have
supp T = {z}.

Indeed, if it is not the case, then T(G) = ¢ > 0 for some open set G C R4\ {z}.
0
By Definition 2.1 we can find a compact C C G, such that T(C) > 3 Let

fea: R¢ — [0, 1] be a continuous function such that

1 fzeC

(3.5) fea(z) = {O frdG.
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Such a function exists by the Urysohn-Tietze Theorem. Then fc g € R?. Since
x ¢ G, by (3.3) we have

)
0= foa(zr)= /fC’,GdT > /fodT =T(C) > 3> 0,
a contradiction. Therefore
supp T = {z}.

Now we are able to complete the proof of the theorem.

By Definition 2.1, for every € > 0 there is an open set V' > z such that
T(V)<T({x}) +e.
We have
T((a)) < [ fpdT = fo o) =1 TV) < T({a)) +2,
which implies T({z}) = 1, and so T' = T. O

Using the arguments in the proof of Theorem 3.1 we obtain the following more
general result.

Theorem 3.2. For a compact set C in R?, define

1 AN C#£0
TC(A)_{O ifANC =10,

with A € B(RY). Then for any measurable function f : R* — R, it holds
/dec =sup{f(z): xz € C}.
Conversely, if T is a capacity in R? such that for some compact set C' € IC(R?)
(3.6) /de =sup{f(z): 2 €C} for every f € Cy(RY),
then T =T¢.

Proof. Let M :=sup{f(z): x € C'}. Then we have

M o)
/deC — [ Te({z e RY: f() > £))dt + /TC({x ERY: f(z) > t))dt

M

Te({x € RT: f(x) > t})dt

I
O\E O\«i o
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To obtain the second assertion we observe that

T(K)=Tg(K) for every K € K(RY).
In fact, if K N C = { then Te(K) = 0. There is an open set G; D K and
G1NC =0. Let fxq, be the function defined by (3.5),

7(5) = [ fxdT < [ ficgid? = suplficci(a) : v € C) =0,

If KNC # 0 then To(K) = 1. For any € > 0, there is an open set G2 D K such
that T'(G2) < T(K) + . With fg g, defined by (3.5) we have

T(K) < /fKGQdT =sup{frxg,(z): € C}=1<T(G2) <T(K)+e¢,
which implies T'(K) = 1.
Therefore, by Definition 2.1,
T(A) =sup{T(K): K € KR?), K C A}
=sup{Tc(K): K € K(RY), K C A}
=Tc(A)
for every Borel set A. O

Remark 3.1. Under the condition (3.6), we have
supp 7' = C.

Indeed, for every compact set K C R?\ C, let G be an open set such that
K Cc G c R?\ C. Then we have

T(K) < / frdT = sup{ fral(z) : ©eC}=0.
Hence
TR\ C) =sup{T(K); K € K(RY), K c R*\ C} = 0.

Therefore, by the definition of support, we have supp T C C. To obtain the
reverse inclusion, we first observe that

if T(G) =0 then G C R?\ C for every Borel set G € B(RY).

In fact, if GNC # 0, let z € GNC. For any € > 0, there is an open set V > x
such that T'({z}) > T(V) —¢e. Let fi;) v be the function defined by (3.5),

7(6) 2 T({s)) > T(V) ~ = [ fiodT -

=sup{finv(y): yelC}—e=1-¢>0,
a contradiction. Hence

supp T = R\ | {T(@); G e G(T)} DR\ (R'\ C) =C,
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where

G(T)={G: G e GR?, T(G)=0}.
Theorem 3.3. Let T4 be the capacity defined in Example 2.2, where
(3.7) A={(z1,t1),...,(zp,tr)} C REx RT.

Then for any measurable function f : R* — RT we have

k-1

(3.8) /deA = Z(a@'+1 — ) max{t,; : j=i+1,... k},
i=0
where {xy, : i=1,...  k}={x;: i =1,... k} with

This means that we reorder the indices of x;, i =1,... ,k to get (3.9).

Conversely, if T is a capacity in R? such that (3.8) holds for any measurable
function f:RY — RY, then T = Tyx, where A is given by (3.7).

Proof. Observe that

o0

/}ﬂxz/ru@emﬂf@nnnw

0
=/RMyHW:ﬂMZGMm
0

where o = oy, = max{f(z;): i=1,... k}.
By the definition of T4 in Example 2.2, Ta({y € R? : f(y) > t}) is a step
function in ¢ given by
Ta{z: f(z) > t}) =max{t,; : j=i+1,...,k} forte (a1,

where o; = f(xy,), i =0,1,...,k are chosen to satisfy (3.9).
It follows that

0
k—1 Qitt
:Z / max{t,, : j=1i+1,... ,k}dt
i=0 &
k-1
= > (a1 —og)max{t,; : j=i+1,... k},
i=0

so (3.8) is valid.
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Conversely, to have T'= Ty we need to show that
TA(K)=T(K) for any K € K(R%).

Assume that fx is defined as in (3.4). Without loss of gerality we may assume
that

fr(x1) < fr(x2) < - < fre(xp).
We put
o = fr(x;) fori=1,... k

and consider the following two cases:
a) AgN K = (. Then T4(K) =0 and

k—1
T(K)= /deT = Z(aiﬂ —oi)max{t;: j=i+1,...,k} =0.
1=0

b) AgN K # (). Let ¢ be the smallest number that z; € K N Ag. Then
fr(zi) =1< fg(x;) forevery j=i+1,... k.
Hence
xj€ ApNK forevery j=i+1,... k.
Therefore
ap=--=a;1=0and o =---a = 1.
By the definition of T4 we have
Ty(K) =max{t; : z; € AgoN K}
=max{t;: j=14,...,k}.
By Claim 3.1 we have

T(K)= [ fkdT

T—

—_

(Oéi_H — Oti) max{tj : j = i, e ,k‘}

o

—~~ .

= (o —aj—1)max{t;: j=14,...,k}
max{t;: j=1,...,k}
TA(K).

O]

k
Theorem 3.4. Let T4 = > tidg, be the capacity defined in Example 2.3, where
i=1

A= {(l‘l,tl), . ,(l‘k,tk)} - Rd x RT.
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Then for any measurable function f : R* — R we have
k
[ art =3 tif ).
i=1

Proof. Without loss of generality we may assume that

f(x1) < flwe) <o < flan).
For every i =1,... ,k, let

k
a; == E tn.
n=i

Then
TA{y eR?: f(y) > 1}) = aina fort € (f(w), f(wig1)).
Therefore
f(@k)
[t = [ iy erts ) = nar
0
i1 f(@i+1)
-3 | iy erts )= ma
O flx)
i1 (@iv1)
=> / aiy1dt = Zaz+1 (@i+1) — f(zi))
=0 fa)
k—1
= (a; —aiy1) f(xi) + arf(zg) Zt f(z4),
i=1
where f(xg) = 0. 0

4. CAPACITIES IN THE SENSE OF GRAF

In [2] Graf has introduced the class of capacities as follows.

Definition 4.1. Let (U,U) is a measurable space, i.e. U is a set and U is a
o-field of subsets of U. A map v : U — R is called a capacitiy if the following
conditions hold

1. v(@) =0

2. For A,BeU, v(AUB) <v(A)+v(B)

3. For A,B €U, AC B implies v(A) < v(B)
4

[e.e]
v( U1 Ay) = nh_)n;o v(Ay) for any increasing sequence {A,} C U.
n—=
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The following example shows that the class of capacities in the sense of Graf
is different from the class of capacities in R% introduced in Section 2.

Example 4.1. ([5]) We consider the monotone set-function v : B(R) — [0, 1]
defined by

w0 it ANN =0
v = min{1,27 '3 {z7!: 2€ ANN} if ANN#(

for A € B(R), where N denotes the set of all positive integer numbers.

It was shown in [5] that v is not alternating of infinite order. Therefore, v is
not a capacity in R. However, v is a capacity in the sense of Graf. Indeed, we
have

L. v(®) =0
2. For A, B € B(R) consider the following cases.
Case 1. ANN = and BNN # (). Then
v(AUB) = min{1,27* Z{:p_l : z € (AUB)NN}}
=min{1,27") {27': 2 € BNN}}
=v(B) =v(A) + v(B).
Case 2. ANN # () and BNN # (). Then
v(AUB) = min{1,27! Z{x_l : z € (AUB)NN}}
<min{1,27") {z7': € ANN}}
+min{1,27'> {z7': 2 € BNN}}
=v(A) +v(B).

3. Let Ay C Ay C ... C A, C ... be a increasing sequence of sets in B(R).
Putting

A:GAm
n=1

we will show that

v(A) = lim v(A,).

n—oo

Let
{0 if ANN =0
)= 2715zl 2€ ANN} if ANN#0

for A € B(R). Then p is a measure on B(R) and v(A) < u(A) for every A € B(R).
It is straightforward to check that p(A) = v(A) if u(A) < lorv(A) < 1. Consider
two cases:
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Case 1. There exists ng € N such that v(A,,) = 1. Then v(A,) = 1 for every
n > ng. Hence

v(A) =1= lim v(A,).

Case 2. v(A,) < 1 for every n € N. Then
v(A,) = p(A,) for every n € N.
Therefore
Jim v(A,) = lim p(A,) = p(A) < 1.

Consequently,
v(A) = p(A) = lim v(A,).

Thus, the conditions (1) - (4) of Definition 4.1 are satisfiled. So v is a capacity
in the sense of Graf.
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