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CONNECTIONS BETWEEN IMPLICIT
DIFFERENCE EQUATIONS AND
DIFFERENTIAL-ALGEBRAIC EQUATIONS

PHAM KY ANH, NGUYEN HUU DU AND LE CONG LOI

ABSTRACT. Recently, a notion of index-1 linear implicit difference equations
(LIDEs) has been introduced and the solvability of initial value problems
(IVPs) as well as multipoint boundary-value problems (MPBVPs) for index-1
LIDEs has been studied. In this note, we show that the explicit Euler method
(EEM) applied to linear transferable differential-algebraic equations (DAEs)
leads to index-1 LIDEs. Besides, we discuss the convergence of solutions
of IVPs (MPBVPs) for index-1 LIDEs to the solutions of the corresponding
problems for transferable DAEs.

1. INTRODUCTION

Linear implicit difference equation
(1) Apxpi1 = Bpxn+qn (n=0,1,2,...),
where A,, B, € R™*™ ¢, € R™ are given and the matrices A,, are all singular,
may be regarded as discrete analogues of certain linear DAEs.
According to [9], LIDEs (1) is said to be of index-1 if
(i) rankA, =7 (0 <r <m) foralln=0,1,2,...
(ii) the matrices A, + B, V,_1Q*V, are nonsingular for n > 0,
where A,, = UnZ]nVnT is a singular-value decomposition (SVD) of A,,

Y = diag(o*?(zl),... ,0'7(:),(),... ,0)

is a diagonal matrix with singular values 07(3) > 07(12) > e > o,g) > 0 on the
main diagonal. Further, U,, (V;,) are orthogonal matrices, whose columns are left
(right) singular vectors of A,,, respectively. Finally,

Q* = diag (Ora Imfr)a

where Oy, and I, (k = 1,m) stand for the k x k-zero matrix and the k x k-identity
matrix, respectively. For k = m we simply put O,, = O and I,, = I. For
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definiteness, we set V_; to be an appropriate orthogonal matrix (V_y = I for
example).

It has been shown that the index of LIDEs does not depend on the choice of
SVDs of A,,. Furthermore, the unique solvability of some IVPs for index-1 LIDEs
has been established in [9)].

The MPBVP

(2) Apxpni1 = Bpxn+qn (n=0,...,N —1)

N
(3) Z Dyzx, = v
n=0

when N becomes large, represents a large-scale system of m(N + 1) linear equa-
tions. Some necessary and sufficient conditions for the solvability and the unique
solvability of problems (2)-(3) have been derived in [2] and [9]. As a direct conse-
quence of these results, a Fredholm alternative for the problems (2) and (3) was
obtained.

A close examination of the definition of index-1 LIDEs suggests that instead
of setting V_; = I one can simply let V_; := V{) and all results of [9] remain true.
This fact will be useful later when we deal with discretization schemes for DAEs.

Consider the DAE
(4) At)r' + B(t)x = q(t), te€ J:=[to,T],

where A, B € C(J,R™™), q € C(J,R™) and the matrix A(t) is singular for every
telJ.

Following Griepentrog and Marz [5], the DAE (4) is called transferable (or
index-1 tractable) if

(i) there exists a smooth projection @ € C*(J, R™*™) onto KerA(t), i.e., Q*(t) =
Q(t) and Im Q(t) = KerA(t) for any ¢t € J, and
(i) the matrix G(t) := A(t) + B(t)Q(t) is nonsingular for any ¢t € J.

It should be noted that the transferability of linear DAEs is independent of
the choice of a smooth projection Q(t) onto KerA(t).

The aim of this note is to reveal a connection between linear transferable DAEs
and index-1 LIDEs, i.e., to describe some discretization methods for DAEs (4)
that lead to index-1 LIDEs (1) as well as to show that under certain conditions
solutions of IVPs and MPBVPs for index-1 LIDEs will converge to the solutions
of the corresponding problems for transferable DAEs. Due to the limitation of
space, all the discussions on descriptor systems will be omitted.

For the numerical solution of DAESs, we refer the interested reader to a huge
literature devoted to numerical methods for solving DAEs (see [4], [5] and therein
references).
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2. DISCRETIZATION OF LINEAR DAES

We begin with the following useful lemma.

Lemma 2.1. Suppose that the linear DAE (4) is transferable. Let Q € C*(J,R™*™)
be an arbitrary projection onto KerA(t). Then for every t € J and sufficiently
small T > 0, the matrices G(t,7) = A(t) — 7B(t)Q(t) and H(t,7) := A(t) —

T[B(t) — A(t)P (t)]Q(t), where P(t) = I — Q(t), are both nonsingular. Moreover,
there hold the estimates

_ C
o) le el < 2
and

_ C
(© [l < 22

where C1 and Co are positive constants.
Proof. By definition, the matrix G(t) := A(t) + B(t)Q(t) is nonsingular for all
t € J. Noting that
G(t,7) = At) + B(tH)Q(t) — (1 +7)B(t)Q(t)
)

G (t,m) = [rP() - QNG (1),
From the continuity of A, B, P, @ and the last relation, we have (5).
Observing that H(t,7) = G(t,7)[L + 7P(t)P'(t)Q(t)], hence,
H™'(t,7) = [I - TP P ()Q(1)IG™' (t,7),
we come to the estimate (6). O

In what follows we assume that the singular matrix A(¢) with a constant
rankA(t) = r possesses a SVD

(7) A(t) = U0V (1),

where U € C(J,R™™) V € C*(J,R™ ™) are orthogonal matrices, i.e.,
Urut)=viv(t) =1.

Furthermore, ¥ € C(J,R™*™) is a diagonal matrix with singular values o (t) >

oa(t) > -+ > o,(t) > 0 on its main diagonal. If A € C'(J,R™*™) then the

decomposition (7) with a smooth matrix V(¢) is followed from similar results

for Hermitian matrix AT (¢)A(t) in [3, Corollary 3], see also [7, Section 11.6.2].
However, the relation (7) can be valid for non-smooth matrices A(t). For example,
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if A(t)= diag(o1(t),...,0.(t),0,...,0), where o;(t) € C(J,R) (i = 1,7), then we
can choose V (t) = I.

Denoting Q(t) = V()Q*V T (t), where Q* =diag(O,, I,_) is as before, we see
that Q(t) is a smooth projection onto KerA(t).

Now let J, = {to < t; < --- < ty = T} be an uniform partition of J, i.e.,
thn =to+nt (n=0,N)and 7 = (T —tg)/N.

Putting A,, = A(ty), By = B(tn), ¢n = q(tn), Qn = Q(t,) and V,
(n=0,N), V_1 = Vp, we have A, = U, %,,V,] and Q,, = V,,Q*V,] (n =

Applying the explicit Euler method to (4) we get

= V(tn)
0, V).

(8) An@ +Butn=g¢. (n=0,N—1)

or equivalently,

9) Appi1 = (Ap — 7Bp)zn + Tqn (n=0,N—1).

Theorem 2.2. The explicit Euler method applied to linear transferable DAFEs
gives index-1 LIDFEs.

Proof. To prove that (9) is an index-1 LIDE; it suffices to show the non-singularity
of the matrix G, (1) := A, + (A, — 7B,)V;i_1Q*V,.

By Lemma 2.1 the matrix G, (1) := A, — 7B,Qn, = A, — TEnVnQ*VnT is
nonsingular and |G, 1(7)|| < ¢1/7 (n =0, N — 1). We can rewrite G, () as

Go(1) = Ay — 7BV Q* V. + 7B (Vi — Vil )Q*V. + An(Veey — Vi) Q' VT
= Gu(T){I 4 7G, N (7)Bp (Vi = Ve Q) + G N 1) A (Vs — Vi) Q* V. ).
Since V. € CYHJ,R™™) and V,, = V(t,), it follows that ||V, — V,_1| =

O(7). Furthermore, the relations G, ()P, (A, — 7B,Qn)P, = A,, imply
G Y(1)A, = P,. Thus

n
HTGﬁl(T)Bn(Vn - Vn—l)Q*VnT + Ggl(T)An(Vn—l - Vn)Q*VnTH
= [|(rG 1 (T) By — Pa) (Vo = Vae1)Q*V,/ |
< (1l Ball + 1P HOONQ* IV, |
< €37,
where c3 is a positive constant. From the last inequality it follows that the matrix

I+G, N (7)(7By — Ay (Vy, — Vi_1)Q*V,| is invertible for 7 sufficiently small, and

hence, G, (7) is nonsingular, which proves the theorem. O

Suppose we are interested in finding a solution of (4) satisfying the initial
condition

(10) P(to)(z(tg) — 2°) = 0.
Clearly, the corresponding initial condition for LIDE (8) should be
(11) Py(zg — %) = 0.



IMPLICIT DIFFERENCE EQUATIONS AND DAEs 27

For the sake of convenience, we set Q_1 := Qg and P_y := I — Q—1. The
following theorem not only proves the convergence of EEM but also shows that
the discretization process only concerns the differentiable part of solutions of
equation (4). In what follows, we suppose, if necessary, that the DAE (4) is
transferable on a larger segment containing [tg, T + 7].

Theorem 2.3. The explicit Euler method for the IVP associated with linear
transferable DAFEs is convergent.

Proof. Let G,, = A, + BnanlQ*Vn—r. The transferability of DAE (4) ensures
the non-singularity of the matrix G,, = A, + B,Q,, where Q, = V,,Q*V,[ is a
projection onto KerA,,. Since G, = Gy, + B (Vyi1 —V,)Q*V,[ and ||V,,_1 =V, || =
O(7), it follows that Gy, is also nonsingular.

Applying P,G,, " and QnG,, " to both sides of (8) and taking into account the
relations PnéglAn =P, QnéglAn = O; é;anVn,lQ*VnT = Q, we find

(12) PR(M) + PG, ' Butn = PG, g
and

Observing that
PG, BuQu1 = PGy, (A + BV 1 QVOVQ VI VLV
= PG, CuQuVaV, | = PiQuViV, = O
and
Pyxy, = (P, — Po—1)Pp_12n + (P — Poo1)Qn_1Zn + Poo12p,
we can rewrite relation (12) as
(14) Pottns1 = Po1@n + {(Py = Po_1) = TPuG,,  Bp}Po1n
+ (P — Poo1)Qn—1y + TPné;qun (n>0).
Using the fact that
QnG.  BaQun12n = QuG. {An + BuVo 1 Q* V. W Q VIV VT 2
= QuVuV, 120 = VaQ V[V, VL |2,
=V, V., 1 Qn 1y,
we can transform (13) into
(15) Qu-12n = VaerV {QuGy an = QuGly BuPaaa).

Putting u, = P,—1x, (n > 0) and taking into account (14) and (15) we come to
the relation

v, TA—1 ——1
Up+1 = Up + {(Pn - Pnfl)[l - anlQ VnTGn Bn] - TPnGn Bn}un
—1 % ——1
+ TPnGn qn + (Pn - Pn—l)vn—lQ VnTGn Qna
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or
(16) Unp1 = Mpup + 1o, ug = P2 = Pya®,
where M, = I + (P, — Po_))[I — Vorr Q*V,' G, 'By] — 7P,G,, B, and 1, =

TPna;qun + (P, — Pn_l)Vn_lQ*VnTé;qun (n >0). Now let u,, satisfy the differ-
ence equations

(17) Tns1 = MpTy + Tn, o = Poa?,
where M, = I + TP/ (I — QnGﬁan) — TPnG,;an and 7, = TPntllqn +
TP, QnGytgn (n > 0).
Obviously,

(Tnt1 = Tn) /T = [Po(I — QuG ' Bn) — PaGy' Byltin
(18) +P.GL an + PrQnGL g,

ug = P0$0,
is obtained by applying the explicit Euler method to the ODE
(19) o/ = [P'(I - QG™'B) — PG 'Blu+ PG~ 'q+ P'QG™1q

u(ty) = P(to)z".

It has been proved [5] that u(t) = P(t)x(t), where x(t) is a unique solution of the
IVP (4), (10). Moreover,

(20) z(t) = (I - QG 'B)u(t) + QG 1q.
It is clear that |[w, — u(t,)|| = O(7) and ||Z,, — z(t,)|| = O(7), where
(21) Ty = (I - QnGrlen)En + QnG;L1Qn-
Using the decomposition z, = P,_12, + Qn_12, (n > 0) and relation (15) we
get
sy, T A1 N a
(22) Tp = —=V,1Q"V,) G, Bpun + V,1Q*V,) G, qn.

From (21), (22) it follows that
(23) T —Tn = (I — Vo 1 Q*V.T G, Bp)(n — Tn)
(QuGy" = Varr VT QuGy ) (Bt — ).
Since @, is bounded, || — V,_1V,[ || = [|(Vn — Vi 1)V, || = O(7) and H@;l —
Gl = Hé;l(én — Gn)G | = O(7), we come to the conclusion that if |lu, —

Uyl — 0 (7 — 0) then ||z, — Zn|| = 0 (7 — 0), and hence, ||z, — z(t,)|| — 0
(7’ — 0).

Let &, := ||up —Uyn|| and 7y, = || My, — My ||||[@n || + |7n — 7r|| = o(7). From (16),
(17) we get

(24) $na1 S IMyll&n +vn (n>0).
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Using (24) and taking into account that {x = 0 we get the estimate

n—1 n
G <0 (IT I1Mil) e+ (n=0).

k=0 i=k+1

Since || M;|| <1+ 7e¢, where ¢ is a positive constant for ¢ = 0,n we have

n
H M|l < (14+7¢)"F < (1 +7¢)" < e < edT—t0),
i=k+1
Thus we come to the relation

o(7)

€n+1 < ec(TitO) cn m]?X")/k +=—>, le, Hun - ﬁn” —0 (T - 0)7
T
as desired. 0

Now we propose another discretization scheme for DAE (4) that also leads to
an index-1 LIDE. The convergence of solutions of new discretized equations is
faster than that of (8).

Lemma 2.4. The explicit Euler method applied to IVP for a linear transferable
DAE with the constant kernel KerA(t),i.e., KerA(t) does not depend on t, is
convergent. Moreover, there holds the estimate ||z, — z(t,)| = O(7).

Proof. Let @ be a certain projection onto KerA(t) and P = I — Q. In this case,
the initial condition is P(x¢ — 2°) = 0. Applying PG, !, where G,, = A, + B,Q
is nonsingular due to the transferability of (4), to both sides of (8) and taking
into account the relations PG 'A, = P; PG,,' B, = PG, ' B, P, we find

(25) Untl 78 pG=1Bhuy + PG g,

-
where u,, := Px,.

Furthermore, performing QG,,* to both sides of (8) and noting that QG ' 4,, =
0; QG,,'B, = Q + QG !B, P we get Qr, = QG 'q, — QG Byu,. Thus the
unique solution of (8) is given by
(26) zn = (I — QG By)uy + QG qn,

where u,, is defined by (25) and ug = Pz°. On the other hand, a transferable
DAE (4) with the constant kernel KerA(t¢) has a unique solution of the form (see
[5, 10])
(27) w(t) = [I = QG () BM)]u(t) + QG ()q(t),
where u(t) is a solution of the IVP

' = —PG7L(t)B(t)u + PG~ (t)q

u(ty) = PO,
Clearly, (25) is the explicit Euler scheme applied to IVP (28), hence ||up,—u(ty)|| =

O(71) (n < N). From (26), (27) it follows that ||z, — z(t5)|| = O(7). The lemma
is proved. ]

(28)
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Theorem 2.5. Given a linear transferable DAE (4) with a SVD (7). Then

(i) the LIDE

(29) AV, V+13:n+1 [Ap, — T(Bn, — AV, v n )] Tn + Tqn,

(30) Po(l‘() — X ) = 0,

where Py = VoP*V,' and P* = diag(I,, Oy—), is of indes-1.

(ii) the IVP (29), (30) has a unique solution x, which converges to the unique

solution of (4), (10). Moreover, there holds an estimate ||z, — x(t,)|| = O(7)
(n < N).

Proof. Using decomposition (7) and substituting x(¢) = V(¢)y(t), we can reduce
(4) to the form

(31) Sty + (UT (@B - SOV OV )y = U ().

Obviously, KerX:(t) does not depend on ¢t and Q* = diag(O,., I,,—,) is a projection
onto KerX(t). Since

F(t):=%(t) + [UT()B(t) - =)V )]V (1) Q"
= U (W)[A(t) + B)Q(t) — AV OV T (1)QH)]V (1),
where Q(t) = V(t)Q*V T (t), it implies
F(t)=U"T@)[G(t) — AOVOV' (HQWIV (1)
=U (OGO - GH ARV VT (OQM)V (L),

where G(t) = A(t) + B(t)Q(t) as before. Observing that G=1(t)A(t) = P(t) and
(1= POVEV' T (HQM]™ = I+ PHVEV' ()Q(L) we get

F(t) = VIO + POV (HQWIG (HU(®):
Thus the transferability of DAE (31) is established. By Lemma 2.4, the explicit
Euler method for (31)
(32) S, LTI (U By — SV W = Uyl gn,

T

(33) P*(yo - yO) = Oa
where P* = I — Q*,y° = V, 2% is convergent. Moreover, |y, — y(t.)| =
O(1) (n < N). Now setting x,, = V,,y, one can easily reduce (29), (30) from

(32), (33) and get the estimate ||z, — z(tn)]| < [|[Vallllyn — y(tn)|| = O(7). We
complete the proof by showing that (29) is an index-1 LIDE. For this purpose, let

us consider the matrix A4, = AnVnVnTJrl = UnEnVnTV v 1 = Undip V
Vi = Vpa1. To verify that (29) is index-1, we have to prove the nonsingularity

n > Where
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of the matrix

Fo = A+ [An — 7(Bn — AV VIV 0t QV,)
— A ViVt + [An = 7(Bn — AV V! DIVaQ* VT
=EV Vo,

where F;, denotes the matrix A,,+ [An—T(Bn—AnVnV’,TL)]Qn and Q, = V,,Q*V,.
Clearly, F,, = A, — 7(B,, — AnVnV’;r )@, is nonsingular if and only if F,, is
nonsingular. Using the fact that the matrix G,,(7) = A,, — 7B, @), is nonsingular
by Lemma 2.1 and

Fy = Go(){I + 7G 1 (1) AV V' Q) = Gu(T){I + TPV V! Q)

we can conclude that for sufficiently small 7, the matrix F;,, and hence, the matrix
F', is nonsingular. O

3. CONNECTION BETWEEN MPBVPS FOR
LINEAR TRANSFERABLE DAES AND INDEX-1 LIDES

This section deals with a relation between MPBVPs for linear transferable
DAEs and index-1 LIDEs. For the sake of simplicity we shall restrict our con-
sideration to the following two-point boundary-value problem (TPBVP): find a
solution of the DAE (4) satisfying the two-point boundary condition

(34) Coz(to) + Crx(T) = 7,

where v € R™ and Cj, Cp € R™*™ are given vector and matrices, respectively.

The corresponding discretized problem for (4), (34) which will be treated here
is of the form

(35) Aptps1 = (Ap —mBp)en +7¢, (n=0,N —1)
(36) Cozxog + Cran = 7.

Theorem 2.2 ensures that (35) is an index-1 LIDE. It is known (cf. [5, Theorem
25, p.48], see also [1, Corollary 2.1]), that the TPBVP (4), (34) is uniquely
solvable for any ¢ € C(J,R™) and v € Im(Cp,Cr) if and only if the shooting
matrix D := CyX (t9) + C7rX(T), where X (t) is the fundamental solution matrix,
satisfying

AMX' + B(H)X =0, Plty)(X(to) — I) = O,
has the properties

(37) KerD = KerA(tg), ImD = Im(Cy,Cr).
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On the other hand, denoting
B, (1) := A, — 7By,
Bu(r) =T = Vo 1 V,] QuG,,  (7) Bu(7),

n—1

M = T Clici (D) Bk (r) (n=T,N)
k=0

and defining the shooting matrix
5(7’) = Co)?()(T) + CTXN(T),

where Xo(7) := Po(7), Xn(7) := Ba(r)M™, (n =T, N = 1), Xn(7) := Py 1M,
we come to the following necessary and sufficient condition for the unique solv-
ability of the MPBVP (35), (36) (see [2, Theorem 1]):

(38) dimKer(D(7), C7Qn_1) = m.

Unfortunately, there are many examples showing that the unique solvability of
the continuous problem (4), (34) does not necessarily imply the unique solvability
of the discretized problem (35), (36). Thus, let

(39) A(t)z(é 8),3@):—([1) ?) CO:CT:G })

10

A simple calculation shows that X () = el~to (0 0

) and D = CoX(tg) +

CrX(T) = (1 + el) <} 8> Clearly, condition (37) holds, because KerD=

Span{(0,1) " }=KerA(ty) and ImD=Span{(1,1)"}=Im(Cy, C7). Therefore the
TPBVP (4), (34) with the given data (39) is uniquely solvable for any ¢ €
C(J,R?) and v € Span{(1,1)"}. On the other hand, for the corresponding dis-

. : ~ - (1+1+7nN 0
cretized problem (35), (36) with data (39), we have D(7) = (1 Fa4nN o)
therefore

. ~ L I+1+7Y 0 0 1
dimKer (D(7), C7Qn—1) = dimKer <1+(1+T)N 00 1

i.e., condition (38) does not hold. Thus, the MPBVP (35), (36) with the given
data (39) is not uniquely solvable for some {g,} and v € Span{(1,1)"}.

>:3>m:2,

A device to overcome this difficulty is to add to (35) the equation

(40) ANZ N1 :BN(T)xN+TqN.

The last equation taken together with (35) allows us to determine z,, (n =0, N)
knowing Pyzg. Note that x4 is not uniquely defined by (40).

Clearly, if {2, }N1 is a solution of (35), (36) and (40), then its first (N + 1)
values {z,}_, form a solution of (35) and (36).
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Definition 3.1. The augmented problem (35), (36), (40) is said to be uniquely
solvable w.r.t. the first (N+1) components if for any {g, }._, and v € Im(Cy, Cr),
it possesses a solution {x,}) 1, and, moreover, the first (N + 1) values {z,, }_,
are uniquely determined, i.e., if {yn}flviol is an another solution of (35), (36), (40)

then x, =y, (n =0, N).

Rewrite the augmented problem (35), (36), (40) as follows

(41) An(-rn—l-l - xn)/T + Bpay, = dn (TL = 07 N)
(42) Cozg + Craxny = 7.

Acting as in the proof of Theorem 2.3 we can split system (41) into subsystems,
each of them consists of one pair of equations

—1
Pn$n+1 = Pn(Pnflxn + anlxn) - TPnGn B, P17,
+7P.G gn (n=0,N)
——1 ——1
Qn—lxn = Vn—lvnT(QnGn dn — QnGn BnPn—lxn)-

Thus, the IVP for the last subsystems is reduced to the following equations

(43) ug = uf(:= Pyz?)
~ —1
Tn = Poup, + anlQ*VnTGn qn,

where M, := P, P, — 7P,G,, B, Py =1V, 1Q*V.J G, B, and
~ w1, 71 —=—1 —_—
=PV 1Q' V)G o +7P,G, ¢, (n=0,N—1).

With the same notations as in Theorem 2.3, it is easy to see that M, = Mpy+Qn_1
andr, =7, (n=0,N —1). Let Xg:= Py, X, := P,Mp_1...Myg,n=1,... N,
and D(1) := CyXo+CrXp. Clearly, {Xn}nN:() is the fundamental solution of the
following system

Apn(Xps1— Xp)/T+ B, X, =0 (n=0,N)
Py(Xo— 1) = O.

Since the first (N + 1) components {z,,}_, of the solution of the problem (41),
(42) are given (cf. [2, Theorem 2]) by the formula:

Zn = Xp2’ + z,, n=0,N,

where zg 1= V_lQ*VOTéalqg, 2y = ]5,1(7771_1 —I—]\/Zn_l?n_g-i-‘ . -+Mn_1 e M{TVO)—{—
Vn_lQ*VnTé:qn (n =1,N), and 2° satisfies the algebraic system
D()a® = *

with ’y* = — C()Z() — CTZN.
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Theorem 3.1. The augmented problem (41), (42) is uniquely solvable w.r.t. the
first (N + 1) components if and only if the shooting matriz D(T) satisfies the
conditions

(44) KerD(7) = KerA(tp), ImD(7)=Im(Cy,Cr).

Proof. Suppose that the shooting matrix D(7) satisfies the conditions (44). Since
ImD(7)=Im(Cy, Cr), it follows that for v € Im(Cp, Cr) there exists z{ such that
D(1)z§ = v*. Thus z, = X,z + 2n, n = 0, N, form a solution of the problem
(41), (42). Now, suppose that {z,}Y_, and {z,})_, are the first (N + 1) values
of two solutions of equations (41), (42), i.e., there exist xj and Z{; such that

Ty = Xpnx+ 2ny  Tn = XpnZo+ 2, n=0,N,

and moreover, D(7)xf = v*, D(7)Z§ = v*. Thus we get D(7)(xf — z§) = 0, or
x — z4 € KerD(1). From KerD(1)=KerA(tg)=KerFy, it implies that z§ — Z
belongs to KerPy. Observing that =, — z, = X, (2§ — z§) (n = 0, N) and using
the fact that X,,Py = X, forn=0,..., N, we find that z,, — Z, = 0 (n = 0, N).
Therefore, the augmented problem (41), (42) is uniquely solvable w.r.t. the first
(N + 1) components.

Conversely, suppose that the augmented problem is uniquely solvable w.r.t.
the first (N + 1) components. Then the corresponding homogenous system

Ap(p41 — xn)/T+ Bpzp, =0 (n=0,N)
Coxg+ Creny =0

has a solution whose first (N + 1) components are uniquely determined and equal
to zero. Letting zj; € KerD(7) and putting =}, = X,,z§, n = 0, N, we find that
{z,}N_, are the first (IV+1) values of a solution of the homogenous system. From
the assumption it follows that 2}, = 0 (n = 0, N). In particular, o = XoZ§ = 0;
hence Pyz§ = 0, therefore zf; € KerP. Thus, KerD(7) C Ker P. Since (41),
(42) has a solution, for ¢, = 0, n = 0, N — 1, and v € Im(Cy, Cr) there exists
xf such that D(7)xf = ~*. Noting that v* = v — Cpzg — Crzy =7, we get v €
ImD(7). Hence Im(Cy, Cr) C ImD(7).

Since D(1) = CoXo + CrXy and X,, = X, Py, n = 0, N, it implies that
KerPy C KerD(7) and ImD(7) C Im(Cp,Cr). Thus, we come to the relations
(44). The proof is complete. O

Theorem 3.2. Suppose that the continuous MPBVP (4), (34) is uniquely solv-
able for any q € C(J,R™) and v € Im(Cp, Cr). Then

(i) for sufficiently small T > 0, the augmented problem (41), (42) is uniquely
solvable w.r.t. the first (N 4+ 1) components.

(ii) the discretization method is convergent, i.e.,
|zn —2(tp)]| = 0 as T —0,

where {z,}N_ are the first (N+1) values of the solution of the agumented problem
and x(t) is the unique solution of the continuous MPBVP.
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Proof. Firstly, suppose that the continuous problem (4), (34) is uniquely solvable
for any ¢ € C(J,R™) and v € Im(Cy, Cr). Then the shooting matrix D satisfies
condition (37). By a proof similar to that of Theorem 2.3, we can show that
| X (to) — Xo|| — 0 and || X(T) — Xn|| — 0 as 7 — 0. Thus

D(T) =CoXo+CrXny = C()X(t()) + CTX(T) + E(T) =D+ E(T),

where [|[E(7)|| — 0 as 7 — 0. Since the determinant is continuous in 7, the
number of independent vectors of D(7) is not less than that of D. This implies
that rankD(7) >rankD. Hence

(45) dimImD(7) > dimImD, dimKerD(7) < dimKerD.

Taking (37) into account and using (45) we come to the desired relations (44).
Theorem 3.1 ensures the unique solvability w.r.t. the first (N + 1) values of the
augmented problem (41), (42).

Now denoting P(t) := I-Q(t)G~1(t)B(t), O(t) := P'(t)Ps(t)—P(t)G~1(t)B(t),
h(t) := P(t)G~1(t)q(t)+ P (t)Q(t)G~1(t)q(t), and taking into account the bound-
ary condition (34) and relations (19), (20) we get

(

(46) u'(t) = Ctyult) + () ted,
(47) Cou(to) + Onu(T) = B, Q(to)u(to) = 0,
z(t) = Py(t)u(t) + Q)G (t)q(?),
where Cy := CyPs(tg), Cn := COrPs(T) and
B =7 = CoQ(to)G ' (to)a(to) — CrQ(T)G~H(T)q(T).
According to [8], condition (47) is equivalent to
(48) Coul(to) + Cyu(T) + KQ(to)u(to) = 0,
where K € R™*™ is a matrix such that
ImK NIm(Cy, Cr) = {0}, KerK NKerA(ty) = {0}.

Therefore, equations (46), (47) are equivalent to (46), (48). Besides, it has been
proved that [8] the shooting matrix S := Cy+ CnY (T) + KQ(to) is nonsingular,
where Y is the fundamental solution matrix of the following equation

Y'=C@®)Y, Y(t) =1I.

So problem (46), (48) possesses a unique solution.

Proceeding as in the proof of Theorem 2.3, we find that the augmented problem
(41), (42) is equivalent to the system of equations

(49) Unt1 = Mpup +1 (n=0,N),

(50) Couo + Cnxun = 53,  Qouo =0,
~ % —1

Tn = Pyuy + Vn—lQ VnTGn dn,
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where 50 = C’gﬁo, 6’N = C’TﬁN and
~ e, T—=—1 o T——1
Bi=v—CoVoiQ V' Gy qo — CrVn—1Q*Vy Gy an.
Now, let {u,}N_, satisfy the following TPBVP:

(51) Upy1 = Myptiy +7, (n=0,N —1),
(52) Cotip + Cntiny = B,  Qotip = 0,
or equivalently,

(g1 — Un) /T = (Pl Ps(tn) — PuG, By,

+P,G g + PLQuGr it (n=0,N —1),

Coup + Cnun =B, Qotup = 0.
Since the last system is obtained as an application of the EEM to the TPBVP
(46), (47), we get (see [6, Theorem 1, p. 429]):

[tn = u(tn)|l = O(7), n=0,N.
Furthermore, arguing as in the proof of Theorem 2.3 and putting
Tn = (I = QuGy ' Bu)in — QuGrlan  (n=0,N),
we have ||Z, — z(t,)|| = O(7), n =0, N. Noting that
IVaQ VG2t = Vo QV, G, | = O(r) - and

Tp — Tp = ﬁn(un - an) + (VHQ*VnTGgl - anlQ*VnTéyzl)(Bnﬂn - QH)a n=0,N,
as well as ||z, — z(tn)]] < [|zn — Znll + ||Zn — 2(tn)]|, we come to the conclusion
that if ||u, — @) — 0 7 — O then ||z, —Z,]] = 0as7 — 0 (n=0,N), and
hence, ||z, — z(ty)|| = 0as7—0 (n=0,N).

Coming back to the problem (49), (50), we observe that its solution is a solution
of the IVP

Upt1 = Mpup + 1, n=0,N,
Uy = Up,

where u) satisfies the condition
(53) Siup = B,
where S7 := 6’0 + éNMN_l ..My + KQqy and
By =0 —Cn(rv_1+ My _17n_9+ -+ My_1... Myrg).
Similary, the unique solution of (51), (52) satisfies the IVP
{ﬂnH = M,y +7n, n=0N—1,
Ug = Uy
where % is determined by
(54) Siug = B



IMPLICIT DIFFERENCE EQUATIONS AND DAEs 37

with S; := Co+ CnMny_1... Mo+ KQq and
Bi:=0—CNn(n-1+ My T2+ -+ My_1... My7p).
Since
S1:=Co+CnMy_1... Mg+ KQ,
S1:=Co+CnMy_1...My+ KQo
it follows that
151 — S1|| < ||Co — Col| + ||ONMy_1 ... My — CxyMpy_1 ... M|

Noting that ||M,, — M,]|| = o(7) for n = 0, N — 1, we can write M,, = M, + E,
(n=0,N —1), where ||E,|| = o(r) for n =0, N — 1. Thus

MN—l . MO = (Mny_1+ EN_1)MN_2 . ..M()
= MNflMN72 .. .Mg + ENflMN72 e Mo.
Observing that

N-1 N-1
| H My 1]l < H [My—1—i|| < P70 = const, Vk=0,N—1
i=k i=k
qnd putting Ele = EN_lMN_Q - Mo, we get MN—I - Mo = MN_lMN_Q - Mo—i-
En_1, where ||[En_1|| = o(7). By the same argument we have

My_1...My=Mn_1Mn_oMy_3...My+ En_1+ En_o,
where ||En_2|| = o(7), etc.. Finally, we come to the relation
My_1...My=My_1...My+EN_1+ -+ Eo, |[Ep]|=0(r) (n=0,N—1).
From this we get
ICNMy_1...My— CnMy_1 ... M|

= ||(CN—CN'N)MNfl...M0+C_'N(EN,1+'”+E_'())H
< |Cxn = CnllIMy—1 ... M| + ICx [l D I Enll-

n=0
: . S T — t N-1
Noting that ||E,| = o(r) (n =0,N —1) and N = —— we find Y [|E,| =
T

n=0
ol7) = 0(1). Combining this estimate with ||Cy—Cy|| = O(7) and ||[My_; ... M| <

eC(T_tO)_:const, we obtain ||CxMy_1 ... My —C,Mn_1.. . Myl| = o(1); therefore
181 = 51l = o(1).
Now we shall prove that |31 — 81]| = o(1), where

(55) 61 :B_C’N/Bfa Bl :ﬁ_C(NBika
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and
By i=rN—1+ Mn_1rN—o+ -+ My_1... Miro,
Bt i=7Nn_1+My_1FN_2+ -+ My_1... MiFo.
Consider the IVPs:

Uny1 = Mpvp+710, n=0N-1
0 =Y

and
Vpi1 = Mup+7p, n=0,N—1
g = 0.

Note that these IVPs were considered in Theorem 2.3 and their solutions were
denoted by u, and u,, respectively. Besides, from the proof of Theorem 2.3, it
follows that ||UN —wun|| = o(1). Since B = vy — My_1... Mg°, B} = vn —
MN 1- Mo?) and HMN 1- M()—MN 1- M(]H—O( ) HUN—’I_)NH:O(1>,it
follows that Hﬁl Bill = o(1 )

From (55) we have
181 = Bull < 118 = Bl + ICn B; — Cw i |
<16 = Bl + ICN 15T = 871 + ICN = Cw 1B5-
Using the fact that [|5 — 8]| = O(7), [|Cx — Cn| = O(7), B = Bil| = o(1) and

noting that [[Cn || < [|Cr|[|Ps(T)|] =const, ||57]| < [lowll + [My-1 ... Mov®|| <
const, we can conclude that ||3; — f1]| = o(1). Thus

(56) S1 — S1]| = o(1) and |31 — B1]| = o(1) for sufficiently small 7.

(
As mentioned above, Y (t) is the fundamental solution matrix of the IVP Y'(t) =
Ct)Y(t), teJ, Y(to) =1. Applying the EEM to this problem and noting
that

C(t) := P'(t)Ps(t) — P()G(t) B(t)
=PI -Q)G™ (t)B(t)) — P(t)G~'(t)B(t), for t € J;
M, :=1+7P.(I -Q,G,'B,) —7P,G;'B,, n=0,N—1,

we get

Y1 =DM,Y,, n=0N-1,
Yy =1.

Therefore, Yy = Mpy_; ... My. Thus we can rewrite S as S; = Cy + CnYn +
KQy. Since S := Cy+ CONY (T) + KQ(to) and ||[Yn — Y (T)| = O(7), we come to
the conclusion that ||S; — S| = O(7). The last equality and relation (56) imply
that Sy — S as 7 — 0. Since the shooting matrix S of the continuous problem
is nonsingular, the matrices 5'1_ L and ST 1 do exist and are uniformly bounded
for 7 small enough. Hence from (53), (54), (56) it follows that |juf — || = o(1).
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Proceeding as in the proof of Theorem 2.3 and noting that &y := ||ug—1uo|| = ||uy—
ad|| = o(1) we obtain &, < o(1) for all n = 0, N. It implies that |u, — %,/ — 0
as 7 — 0, hence ||z, — Z,|| — 0. Therefore ||z, — x(t,)| — 0 (n = 0,N) as
T —0. g
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