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GROWTH OF A CLASS OF COMPOSITE
ENTIRE FUNCTIONS

JIANWU SUN

ABSTRACT. In this paper, we obtain the following results:

Let f1, f2 and g1, g2 be four transcendental entire functions with T'(r, f1) =
O*((logr)”e1°2™™) and T(r, g1) = O*((logr)?) (i.e., there exist four positive
constants K1, K2, K3 and K4 such that K; < T(Ti’fl)a < K3 and

(logr)velos)
T'(r,g1)
< Ky).
(logr)8 — 1)
If T(r, f1) ~T(r, f2), T(r,g1) ~T(r,g2) (r— oc), then
T(r, f1(g1)) ~ T(r, f2(g2)) (r— o0, r ¢ E)

where v > 0,0<a<1,8>1and o <1 and FE is a set of finite logarithmic
measure.

K3 <

We solved a problem due to C. C. Yang concerning the characteristic func-
tions of the composite functions.

1. INTRODUCTION

Chitai Chuang and C. C. Yang [2] proposed the following problem: Let f1, fo
and g1, g2 be entire functions. If T'(r, f1) ~ T'(r, f2), T(r,g1) ~ T(r,g2) (r — o0),
whether or not the relation

(1) T(’I”, fl(gl)) ~ T(’I”, f2(92)) (7” - OO)»

holds ?
If (1) does not hold, what conditions can assure that (1) holds?

Obviously, if f; is a polynomial, then (1) holds. However, we point out that
(1) does not hold the general case.

Example 1. Let f1(z) = €*, fa(z) = 2¢* and ¢1(z) = 2", g2(2) = 22™. Then we
have
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o fa(ge) = 2e*"

fl(gl) =e
r r
’I?’L(?“, fl) = ’I?’L(?“, f2) = = +10g2>
7T s
m(r,g1) =nlogr, m(r,g2) =nlogr+log2.
Thus
T(r,g1) ~T(r,g2), T(r, f1) ~T(r f2) (r— o).
But
2 .
1 n ~ind T
m(r, fi(g1)) = 5 /log+|e7’ dp = —
Q T
0
and
1 2T oy
m(r, fa(g2)) = o /10g+‘2€2rn51n9|d0 = % + log 2.
0
Thus

ti L0 filgn) _ o omir fi(g1)
r—oo T'(r, fa(g2)) =00 m(r, f2(g2))

This shows that T'(r, f1(g1)) is not equivalent to T'(r, f2(g2)) when r — oo.

= 2.

We now give sufficient conditions for (1) to hold.

Theorem 1. Let fi, fo and g1, go be four transcendental entire functions with
T(r, f1) = O*((logr)*e1°8"") and T(r,g1) = O*((logr?) (i.e., there exist four
T(T’ fl)

positive constants K1, Ko, K3 and K4 such that K1 < (Tog T)Vg(logr)o‘ < K5 and
T(T7 gl)

K3 < W < Ky). IfT(r, f1) ~T(r, f2) and T(r,g1) ~T(r,92) (r — 00),

then

T(r, f1(g1)) ~ T(r, f2(g2)) (r— o0, r ¢ E),
where v >0, 0 < a <1, af <1, and E is a set of finite logarithmic measure.

2. SOME LEMMAS

Lemma 1 ([4]). Let f(z) be an entire function. For 0 <r < R < 0o, we have
R+r

R—r

T(r, f) <log"™M(r,f) <

T(R, f).

Lemma 2 ([5]). Let f(z) and g(z) be two entire functions and g(0) = 0. Then
for all r > 0 we have

T(r, f(9)) < T(M(r,9), f)-
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Lemma 3 ([3]). Let f and g be two entire functions and g(0) = 0. Then
M(r, f(g)) = M((1 —o(1)M(r,g), f) (r— o0, r & E),
where E is a set of finite logarithmic measure of r.

Lemma 4 ([1]). Let f be an entire function of order zero and z = re'. Then,
for any ¢ > 0 and n > 0, there exist Ry = Ro((,n) and k = k((,n) such that for
all R > Ry it holds

log| f(re”)| = N(2R) —log|c| > —kQ(2R), (R<r <R,

except in a set of circles enclosing the zeros of f, the sum of whose radii is at
most nR. Here

Q(r) IT/M& and N (r) :/7"(75’;/"0)(&.
r 0

Lemma 5. Let f be a transcendental entire function with T (r, f) = O*((log r)e(1087)™)
O0O<a<l,>0) (ie., there exist two positive constants K1 and Ko such that

K1 S M S KQ. Then
(10g r),@e(bgr)a

1. T(r,f) ~logM(r,f) (r—o0, r¢E),
2. Tor, /) ~T(rf)  (r— o0, 022, r¢E),

where F is a set of finite logarithmic measure.

Proof. We may assume f(0) = 1 (otherwise, we only need to make the transfor-
mation F(z) = f(z) — f(0) + 1). By Jeesen’s theorem,

@) NS = / ML D gy 7log\f<re”>|de < log M(r, f)
forr>1and A> 1. (1)3y (2) we have O

n(r1/f)log A < 7Mdt < N(Ar, 1/f) < log M(Ar, f).
So T
) 1/ ) < PELERT)

Since T'(r, f) = O*((logr)%e(°8")") (0 < a < 1, > 1), by Lemma 1 we get

(4) log M(r, f) = O((log )’ 7).
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1
Take A =7°(") and o(r) = (og1)™" By (3) we have
T

log M(r'*o), f)

) 1) <

Therefore, putting r = e“ we obtain

1 A (4 =2 ) (log 1)
(logr1+a(r))ﬁe(logr1+"“>)a <1+W> (logr)Pe™ " Toer

r1/2q(r)logr B r1/2(logr)t-o
(1 + 1/u)BuBelit1/u®)%us
(eu)1/2u1—a
(14 1/u®)?
o euc“(%ul—"‘f(lJrl/ua)O‘f(aJrﬁfl)u—alogu) )

(6)

Since 0 < a < 1 and § > 1, for sufficiently large values of u we have

1
§u1—a B (1 + 1/ua)a _ (a +3 - 1)u_alogu >0

1
and iul_a —(1+1/u*)®—(a+ B —1)u"*logu increases. By (6), for sufficiently

(lOg plto(r) )ﬂe(log plto(r))e
decreases.

large values of r, 2 (log

By (1) and (5) we have

“+00 “+o00

1 log M (')
Q(T):T/n(t7t2/f)dtgr/ Ogt2<y(§t)logt7f)dt

T T

“+o00

:T/ O*((log t1+o(®)Bellogt! 7))

dt
t20(t)logt

T

+o00 e
—O* (r/ (logt1+0(t))ﬁ€(logt1+ ON dt)
t20(t)logt

T

r1/20% ((log r1Ho(r))B llogrito )y oo iy
o(r)logr /t t

T

2log M(r1+o0), f)
B o(r)logr
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Note that

(log r1+7())Bellogr!+o (M)
(log r)ﬁe(log e

= (1 + o(r))Pellegn)(1+om)* 1]

— (1 + (o(r))Pelorn) a0(r)(1+o(1)

L \B (logr)®amqstss (1+0(1))

= (log )@
(1 * (logr)a) ¢ )

(8) —e*(>1) (r—oo).

From (7) and (8) it follows that

Q(r)  _ 2logM(r+o™, )
log M(r, f) = o(r)logrlog M (r, f)
2K (log r1to())Bellogrito()e
Kio(r)logr(logr)Pellogr)®
2Ko 1 (logT1+U(7’))ﬁe(logr1+0(r))a
Ki (logr)i—o (log r)e0E "

—0 (r— o00).

So
(9) Q(r) = o(log M (r, f)).

Since T(r, f) = O*(log r)?e(°87)") the order p of f is equal to zero, n(r,1/f) =
o(r) and

n=1

+o0 T
log M(r, f) < log [[(1+r/ra) = /log(l +r/0dn(6,1/F)
0

+oo

+oo
</%dn(t 1/f):r/Mdt
0

t(t+r)
/ / Vi

n(t.1/f) ., n(t, 1/f)
<r;0/ T/Tdt

(10) = N(r)+Q(r).
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So, from Lemma 4 and (9), (10) we obtain

log|f(re'?)| > N(2R
= N(2R

—kQQ2R) (CR<r<R,r¢E)
+Q(2R) — (k+ 1)Q(2R)
>log M(2R, f) — (k+1) o (log M(2R, f))
(11) =log M (2R, f)(1 — o(1))
(12) > log M (r, f)(1 = o(1)),
where E is a set of finite logarithmic measure.
On the other hand,

~~ Y~ ~—

(13) log|f(2)| <log M(r, f) <logM(or, f) (2| =r02=2).
In (11), let 2R = or, 0 > 2. Then from (11), (12) and (13) we get
(14) log|(2)| ~ log M(or, ) (r — 00,7 & ),

(15) log|f(2)| ~logM(r,t) (r— oc0),r € E).

By (15), for sufficiently large values of r, we have

2 2

1 . 1

m(r, f) = == [ log®|f(re®)|df = == [ log M (r, f)(1 + o(1))d6

271'\0/‘ 2W!
=logM(r,f)(14+o0(1)) (r—oo,r¢&FE).

So

(16) Tlg{)% =1 (r¢E).

By (14) and (15), we get

(17) log M(ar, f) ~log M(r, f) (r — oo,r & E,o > 2).
Hence, from (16) and (17) we obtain

(18) T(or, f) ~T(r,f) (r—oo,rgE,o>2).

From (16) and (18) we get the desired conclusion.

3. PROOF OF THEOREM 1
By Lemma 2 we have
(19) T(r, fi(91) < T(M(r,g1), f1) = O*((log M (r, g1))" o8 M(m00)"),
Since T'(r, g1) = O*((log)?), by Lemma 1 we obtain
(20) log M(r,g1) = O*((logr)").
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So

T(r, fi(g1)) < O*((log M(r, g1))" el Mro0)%)
= O*(O*((log T)ﬂVe(O*((logr)ﬁ))a))
= O*(O*((log T‘)ﬁ”eo*((logr)aﬁ))).

Since O*((logr)*?) < K(logr)®® (K > 0), there exist ro > 1 and p > 0 (a3 <
p < 1) such that for 7 > ro we have K (logr)*? < (logr)*. So

0*((logr)*") < (logr)*  (aff < u < 1).
Similarly, we have
O*((logr)?) < (logr)? (Bv < o).
Thus
T(r, fi(g1)) < O*((logr)7el*™)").
This implies that
T(r, f1(g1)) = O**((log )78y (0< Br <o, 0<af < p<1).

T(’I“, fl)

(i.e., there exist two positive constants K’, K” such that K’ < ————>——-— <
(log )7 ellogr)*

K”).

Hence, by Lemma 5 we have

(21) T(r, f1(g1)) ~log M(r, f1(g1)) (r — oo,r € E),

where F is a set of finite logarithmic measure, and

(22 tim (<M (r,00), 1) /TG 90), ) =1 (r & B).

r—00

On the other hand, we may assume that g;(0) = b, G(2) = ¢g1(2) — b and F(z) =
fi(z+0b). Then

G(0) = 91(0) —b=0,
F(G(2)) = [1(G(2) + ) = f1(91(2))-

By (21), (22), Lemma 3 and Lemma 5, for sufficiently large values of r, we
have
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T(r, fi(gr)) = T(r, F(G)) = log M (r, F(G))(1 + o(1))
>log M(1—0(1))M(r,G),F)(1 +o(1))

> 1ogM< ) (14 0(1))
- logM(4 (r.91 = ), F) (1 +o(1))
210gM<8 (r,g1), >1+o
= (M0 01), £1) (1 +0(1)
(23) =T(M(r,91), 1)1 +0(1)) (r & E).
Thus, from (19) and (20) it follows that
(24) T(r, fi(g)) ~T(M(r,91), 1) (r— 00,7 & R).

Since T(’I”, fQ) ~ T(’I”, fl)v T(T’ 92) ~ T(T? gl) (T - 00)7 we have

T(r, f2) = O*((logr)"e!"*")")(1 + 0(1)),
T(r, g2) = 0*((logr)”)(1 + o(1)).

Similarly,

(25) T(r, f2(g2)) ~ T(M(r,g2), f2) (r—o0,r & E).
Since T(r, go) = O*((log)?), by Lemma 5 we obtain

(26) log M (r, g2) = O*((log 7)").

Then there exist two constants K5 and Kg (K¢ > K5 > 0), K¢ > 1, such that
K5 <log M(r,g2)/(logr)’ < Ké.

Then

(27) ng,(logr)B < M(T‘, 92) < ng(logT)B.

Since T'(r, g2) ~ T(r,g1) (r — 00) and T(r,g1) = O*((logr)?), by Lemma 5 we
have

lOg M(T7 gl) sin T(T7 gl) ~ T(T7 92) ~ lOgM(T‘, 92) (T - OO)
Therefore, for sufficiently small € > 0, there exist r; > r¢ > 0 such that for r > r;
it holds

log M(r, g1)

1-— <7
c log M(r, g2)

<l+e.

Take e = 1/(logr)?. By (27),
M(r,g1) < (M(r, g2))""= < M(r, go)eo50087)” — Ko pp(r go),
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and
M(r,g1) > (M(r,g2)) = > e K5 M (r, g2) > 1/2(e K5 M (r, g2)).
Put § = X6 (§ > 2) and & = 1/2(e~%5) (0 < &' < 1/2). We have
(28) 8 M(r,go) < M(r,g1) < SM(r,g2).
By (28) and Lamma 5, we get
T(M(r,g1), fr) < T(6M(r,g2), f1) = T(M(r,g2), f1)(1 + o(1)),

and
T(M(r,g1), f1) > T(6'M(r,g2), f1)
= (56 M(r,92), £1) 1+ 0(1)
=T(M(r,g2), f1)(1 4+ o(1)).
So
(29) T(M(r,g1), fr) ~T(M(r, g2), fr) (1 — o0).
Similarly we have
(30) T(M(r,g1), f2) ~T(M(r, g2), f2) (r — o0).

Since T'(r, f1) ~ T'(r, f2) (r — 00), it holds

T(M(r,g1), f1) ~T(M(r,g1), fa) (r — o0).
By (29) and (30),

(31) T(M(r,g1), f1) ~ T(M(r,g2), fa)  (r — 0).
Combining (24), (25) and (31) we get

T(r, fi(g1)) ~ T(r, fa(g2)) (r—oo,r & E).
This completes the proof of Theorem 1.
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