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ON THE GENERALIZED CONVOLUTION FOR
I-TRANSFORM

NGUYEN XUAN THAO AND TRINH TUAN

ABSTRACT. An I-transform and a generalized convolution for this transform
are introduced and their properties are considered

1. INTRODUCTION

Let us consider the integral transform K : U(X) — V(Y), where U(X) is a
linear space, V(Y') is an algebraic one. The convolution of two functions f, g for
transform K defined by the symbol f * g, is an operator such that the following
factorization property is valid:

K(fxg)y) = (Kf)y) (Kg)(y), yeY.

In 1942, Churchill initiated the convolution of functions f, g for the Fourier
transform in the famous form as follows

+o0
(f+g)(x) = %27 / f(x — Dg()dt

(see [18]). Analogously, the convolutions for the Mellin and Laplace transform
have been investigated (see [18]):

“+00

(Feoe) = [ 1(3)s0F.

0
(f*9g)(z) = /f(a: —t)g(t)dt.
0

Further, the convolution with a weight-function + of f, g for the transform K is
an expression such that the following factorization property hold valid:

K(f *g)(x) =7(x) - (Kf)(z) - (Kg)(z), z€Y.

In 1958, for the first time Vilenkin [21] studied convolution of the above type for
the generalized Mehler-Fox transform, where the weight-function is the following
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function:

, 1
I(p+ iz + 5)
It is well known that, convolutions of integral transforms have a broad applica-
tion in solving mathematical physics equations (see [18]), in evaluating various
integrals and series (see [12]). On the other hand, the convolutions are also in-
tegral operators. They are studied in [8, 12]. Note that, integral equations of
convolution type and their applications are widely investigated [12, 19, 23, 6, 7]

—2
V() = m‘ ‘

In 1967, Kakichev [9] gave a new definition of convolutions with (and without)
weight-function:

A generalized convolution of functions f and g under three operators K, K7,
K5 and with some weight-function ~y is a function, denoted by the symbol f * g,
such that the following factorization property holds

K(f * g)(x) = v(x) (K1 f)(2) (Kag) (x).

An example of the generalized convolution was first introduced by Churchill

+oo
(+9)a) = o= / FWlalle =y — gl +y)ldy

and the respective factorization property has the form

F(f = g)(x) = (Fsf)(2)(Feg)(x)

where Fj, F,. are the Fourier sine and Fourier cosine transforms

400
Epw) =2 [ 1) sineiy
0

400
Ep) =2 [ rwcostriy
0

(see [18]). Some authors have studied similar generalized convolutions for the
transforms of Mellin type [22], the G-transforms [16], the H-transforms [25],
transforms of Kontorovich-Lebedev type [24], the Fourier cosine and sine trans-
forms [14], the Stieltjes-Hilbert and the Fourier cosine-sine transforms [13].

An H-transform is defined in [10, 25] as

L[ -
(HI)@) = g [ Xl ()20, >0,
where
p
XPoow(s) =TT (4; +a;5), peN,
j=1
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A; :%— (aj—%)signaj,

m = (mi,ma,...,mp), mj € Z,
a=(ai,az,...,ap), a; €C,
a=(o,0,...,0p), aj €R,

ai+1 > 2(Rea; — 1)sign «y,
1
and f* is the Mellin transform [18] of function f(z), o = {s,Res = 5}

The aim of the present work is to investigate an I-transform, which generalizes
the H-transforms [10, 25] and the G-transforms [16] and of the properties of a
generalized convolution for this transform.

2. I-TRANSFORM

Definition 1. The I-transform of a function f is defined as follows

F(z) = (If)(x) = 55, 5,(/)(2)

T

1 . -1 _
B o (S ) e 50
pAR
where (see [10])
Pi
X5 () = [T 7 (b + ayjs), mi; € Z, pi €N,
j=1
1 1, .
(2) bij = 5 — (aij — 5)81gn Qij, Q5 € C, Q5 € R,
mi = (M1, Mg, -+, Map, ), i = (A1, Gz, - - -, Cip, ),
a; = (i1, iz, - - Qi)

a;j +1> (2 Rea;; — )signoyj, j=1,p;, i=1,7,

1
f*(s) is the Mellins transform [15] of function f(z), 0 = {s,Res = 5} The
parameters a;, ; are chosen so that
T
Z X%iﬁiyai(s) 70
i=1

on the contour o.

A special case of the I-transform is the H-transform [10, 25]. Namely,
L =H o

m,a,a —m,a,o”

Definition 2 [17]. Let ¢, v € R and
(3) 2 sign ¢ + signy > 0.
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Denote by Qﬁgi(l)) the space of functions given in the form
1
f@) = 5 [ 1902,
2mi
g

where f*(s)|s|7e™l*l € L(o).

Definition 3. As in [10, 25], let

1 Pi
(4) ¢ =3 D miglal,
j=1
1 & Pi
V=3 > mij(signai; —ai;) — Re [ > (1= aiy)sign(majay) |

j=1 Jj=1
We define a couple of characteristic numbers (cg,y9) by setting

(5) ¢o = min {ci}, 70 = min {7}.

i=1,r
Using the method in [25] we have

Theorem 1. I-transform (1) with the couple of characteristic numbers (co, 7o)
exists in the space Qﬁ;}f(l)) if and only if

(6) 2 sign (¢ — ¢o) + sign (y —70) = 0.

If (6) is fulfilled, then I-transform (1) maps homeomorphically the space Dﬁg}f(L)
onto the space f)ﬁc_,lco’,y,% (L). Under condition (2), its inverse transform has the
form

T

(7) f(l’) = (IﬁlF)(ﬂc) = Z (H%,ai,aiF) (33)7

i=1
where (see [10, 25])
. 1 , N _
(HB: ) () = 5 / XZ o (5)F*(s)a~ds, x> 0.

g

Remark. Hereafter the Mellin-Parseval form of the I-transform and its inverse
transform have the form

400
F@) = (9@ = [ 1(Flrpsma.m)10F
0

provided
4 sign cp + 2 signy + sign [0g] < 0, f(z) € Sﬁgi(L),
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and
N dt
(8) f(x) = (I*lF)(x) = Z / H(%!pi,mi,ai,@)F(t)?,
=1 0
if

—4 signcg — 2 signyp +sign|dg| >0, F(x) € fm;lc()’,y,%(L).

Here H(z|p;,m;,a;,@;) is Fox’s H-function [5, 10|, I(z|r,p;, m;, a;, @;) is the I-
function [20],

Pi
6o = min{d;}, & = Zmijaij-
=1

i=1,r

3. A GENERALIZED CONVOLUTION

Let us consider the Ij-transforms (k = 1,3), where

1 Tk

9) Uk f)(x) = 2_m/ (ZX%;,EM,EM(S)) _lf*(s)x_sds, x> 0.

S i=l

Using the standard definition of generalized convolution [11] in the original space
imgi(L) (resp., the image space O, ! (L)) we put

c—Co,Y—"70
fi% g5 = L7 (T Tigy) = I (F.Gy),
F; = Li(f:), Gj=1Ii(g;),

(FEG; = L (7' F) (71 Gy)) = Ik(fi-99)),

where F;.G; (f;.g;) is a product of functions in O, (L) (resp., in imgi(L))

C—Co,Y =70

Executing commutation of integral order in I, YIfid i9;), we have

—+00 400

(10) (fiigj)(xk): / /wﬁ(%)%(%)dl’idl’j

.I‘Z‘.I‘j
0 O

/L7jak:173727éj7 k;’é.ﬂ k;’é%

where
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Tk +oo
_ t t T .
Uik (xk, x4, 25) = E /t 1Ii<;>lj(_>H(7|pk£7mk£70k£7ak£)dt
(=1 v

Lj

:i / t1@(%)[]-(%)}1(%@%%@,1—akg,akg)dt
_y e | oo () (2)" «

X { / t”“’lH(t\pM,m% 1-— akg,akg> dt}dsdu
0

-S| o) ()

Os Ou

~

kae

Mpe,l—age,0e

Ty /% CHE)
©,(u)
Ty/T; Do, Mk, Tre, Age(u + )

X

(s +u)dsdu

Il
o~ S
I =
—_

~

Here
_ -1
0uw) = (X X5 a0, ()
h=1

and
Ty /T O;(s)

I ©;(u)
xk/xj pé;mk&ak&akf(u'i_s)

—1 Te\S [/ TE\Y
B (27Ti)2 //@i(s)@j(u)XSfIfe,akz,au(u+8) (x_l> (.’E_]> dsdu.

Os Oy

Analogously, the generalized convolution in the image space has the form

—+00 +00

k U. ' Yis Yi
a @i = [ —Qk(yy’f;% ) (90) G o)
(24
0 0
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where Za]akzl)_3> i £ J, k#FJ, i #£k,

Y/ Yi Dig, M, Qi , Wi (5)

Unk(yis 0iryy) = Y 1 Py M, @y Wiy (1)
E=T,r \Ww/yj Ok (u + s)
n= 1>Tj

Using the method in [25], we can obtain Theorem 2 and Theorem 3 below.

Theorem 2. The generalized convolution exists in the space Sﬁc_kl%(L) if and
only if

2 sign (¢ + cor — coi) + sign (v + Yok — Y0i — dox) = 0,

2 sign (¢ + cok — coj) + sign (v + Yok — Y0; — ok) = 0,

2 sign (2¢x, — coi — coj) +sign (2% + 1 — Y0 — Y05) = 0,

sign (¢ + cor — o) + sign (cx + cor — coj) +

+ sign (2cx — coi — coj) + 2 sign (v + Yok — Y0i — Y0j — dok) = 0.

k —
Under these conditions (f; * g;) € 93?021%([/), where

)k —coi+cok | vk — Y0i + Yok — ok o '
min . 4 ) . . _s ) Zf Cog # €05,
(ng ’ %,C ) _ Ck — Coj T Cok | 7Yk — 705 T YOk 0k
(cr — coi + cok, min (v — Y0i + Yok — ok
2k — Yoj — Y0i — Yok — o)) if coi = coj,

and the following factorization property holds
k
I (fi* g5) = (Lif:)Ligj),
Besides, let the couple of characteristic numbers (cf.,~y) be such that (f; ¥ gj) €

imgglﬁ,(L) for functions f;, gj € ML (L), then we have

CksVk

My (L) DM (L),

K Ch>
where (cor,Yok) S the couple of characteristic numbers for the I-transforms.

Corollary 1. If r; = 1, r; = 1, then the kernel of the generalized convolution
(10) is

- T/ Di, =My, Qj, O
Ulk(xk7$i7$j) :ZH p]a_m]7ajaa] )
t=1 xy/T; Dt Mty Tkt Okt



166 NGUYEN XUAN THAO AND TRINH TUAN

Ty /T O (s)
Ulf(x€7$kuxn) =1 pnu_mnyanyan )
To/xy De, My, Gy, Ol

where £,m = 1,5, € # n and the function on the right hand side of the first
formula is an H-function of two variables [3].

Besides,

Te(fi%0) = (H'sm 2 2, ) (' 2 2.05).
H o (Fi b gx) = (H o = ) (g,

H oo (b 00) = (Do) (H . 95)-

Theorem 3. Generalized convolution (11) exists in the space f)ﬁck (L) if and
only if the following conditions are satisfied

2 sign(cx, — cor + coi) + sign(ve — Yok + Y0i + dox) = 0

2 sign(cy, — cor + coj) + sign(ve — Yor + 705 + dox) = 0,

2 sign(2cy, + coi + co5) + sign(2v, + 1+ v0i +705) > 0

sign(cx, — cor + coi) + sign(cx — cox + coj) +

+ sign(2cx + coi + coj) + 2sign(vx — Yok + Y0i + Y05 + dox) > 0

k —
Then the generalized convolutions (F; x G;) belong to Qﬁcgjﬁ (L), where

. ek +coi —cor | Yk Y0i — Yok + ok :
min ) 5 ) Zf Cog # €055
(s 7h) ¢k + Coj = Cok ) Yk + Y05 — Yok + ok

(ck + coi — cor, min(vg + Yoi — Yok + dok,
2k + Yoi + Y05 — Yok + o)) if coi = coj,
and the following equalities hold

(12) LN (ER G = T R)IG),

Besides, if the couple of characteristic numbers (¢}, ) is such that (F; ¥ G;) €
M (L) for functions F;, G € Dﬁ% i (L) then

Cr Vi

My (L) > M (L).

CroY
Corollary 2. The equality (12) can be written in the following form

Tk i Tj

j
k ; P
Z H%ckttvakt,akt (FZ * Gj) - ( Z Hﬁlfhamazzﬂ) ( Z Hmjfé aje,qje Gj) ’

t=1 =1 e=1
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Corollary 3. If rip = 1, then the kernel of the generalized convolution is

T/ T Dig, Mg, Qg , Vg
UQk‘(xk'ydjux] Z H pjnamjnvajmajn ’
n&=1r; Ty /2 Dky — Mk, O, O,
T To/x), Dk, Mk, G, Ok
Une(e, oy 0n) = > 1 Pt Myt Gyt gt |
t=1 xg/xy Oy

where £=1,7, n=1,7, n#L, and the following factorization properties hold

7

T J
k .
Pk A N — Dit . Pjn .
H o (Fix Gj) = (Z HmﬁmthZ) (Z Hm]mamamG]),

i . Tj
Pit oL _ Pjn . Pk

Z LLEE (£ * Gy) = (Z Hmamagm%nFJ> (HmkvakkaGk)’

t=1 n=1

Tj . Ti

Pjn J Dk § ’ Pit .

Z Hmjnvajmajn (Fk * G ) (Hmk [ OllcF ) ( Hmmamazt GZ :
=1 t=1

For illustration we give an example.

Example. Examine the inverse I-transforms [4]
f= (2 eos@vm)} + 2= {sm 2a) )
It = (Jefeos ()} + %{ oin (22)}2)s.
I;h = (ml/QA;lafl/Q - \%{ cos (%) })h.

From formulae (13), (18), (19) (21), (22) in ([4] p.24-25) and Theorem 1 we have

(Ilf)(l‘) = L / F(F)(l/Q - 8) f*(S)l‘iSdS,

271 s)+T'(1+s)
(I29)(z) = 2;/11(_2()11_2;;18)_ 8)9*(s)x_sds,

g

(1)) = 5 [ T sy,

g
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The generalized convolution for I;-transforms has the form:

+oo+ooU ( )
k 16\ Lk, Ly Tj
(fi* g5) (k) = / / ——— S fi(4) g (2g) dgda,
ZTilj
0 0
where
.1‘1/.1‘2 @2(8)
Uni(x1, 9, 23) =1 O3(u) ) +
-Tl/.l‘g 1>17_171;17_17§7_1
l‘l/l‘g @2(8)
+1 O3(u) ) :
:L‘l/:c3 1,1,0,1;1,—1,5,—1
xg/l‘l @1(8)
Uia(x2, 1, 23) = 1 O3(u) +
xo /w3 1,1,0,—1;1,—1,571
1‘2/1‘1 @1(8)
+1 O3(u)
xa/x3 1,1,1,—1;1,—1,5,1
x3/x1 ©1(s)
Uig(xz, x1,22) = 1 O2(u) +
xg/xg 1,1,1,0;1,—1,5,1
l‘3/l‘1 @1(8)
+ 1 @Q(U)

/e | L1,0,-11,-1, 2.1

r(1/2—s) (s) = '1/2+s)
T(s)+T(1+s) 2 T T(—s)+T(1—s)

@1(8) =

o - {EES

In addition,
k
Ii(fi * g5) = (Lifi)(1595),
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From (4) and Theorem 2 we have

1
co1 = co2 = cp3 = 0, Yor="55 NW2=5. =5

do1 =2, dp2 =—2, 0do3=—2.

It follows that
a) (f2 x g3) € f)ﬁ;,:%([/), =, 7y = min(y1 — 4,2y — 5/2), ¢1 > 0, for all
v1 € Rand ¢y =0, v > —1.

2 _ .
b) (f1*g3) € imc;%(L), cy = g, 5 = min(vyy + 4,272 + 1/2), ¢2 > 0, for all
Y2 € Rand cg =0, 79 > —4.

3 _ .
c) (fixg2) € imcglﬁé(L), ¢y = c3, v4 = min(y3 + 3,2v3 + 1/2), ¢3 > 0, for all
v3 € Rand ¢c3 =0, v3 > —3.

Generalized convolutions for I;-transforms in the image space are

+oo +ooU ( )
k 2k\Yk, Yi, Yj
(FEGw) = [ [ PR b ()6 )y
YilYj
0
where
Y/ Yi Dig, M, Qi , Wi (5)
Usk(Us s ) = Y 1 P> M, Gy A (1) |
E=T,r  \Uk/Yj Or(u + s)
n= 17Tj

and the following factorization property is valid
_ k _ _
LN (F +Gy) = (I R Gy),

Moreover,

a) (Fy % Gs) € ML (L), ¢ = 1, 74 = min(y + 4,27 +9/2), ¢ > 0, for all
v € Rand ¢ =0, y1 > —9/2.

b) (Fy H Gs) € m;,Qlﬁé(L), ¢y = co, ¥4 = min(y2 — 4,27y — 7/2), ca > 0, for all
Y2 € Rand ¢ =0, y9 > —1/2.

c) (Fy 3 Go) € mt;;ﬁé(L), c5 = c3, 75 = min(ys — 4,2y3 — 3/2), ¢z > 0, for all
v3 € Rand c3 =0, v3 > —1.

Theorem 4. Let generalized convolutions (fy igg)(agij +1),0=1,3,i=1,r,
Jj = 1,p; be obtained from (10), if in the right hand side the factor I (az; +
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(L—-1)4-29)

o ((2—0)%s + 5

t)) 1s replaced by

(-1)4-10)
5 t)) X

e (—1)(4—t
x [ (m“])(aez‘j+Oém((2—€)28+—( )2( )t)>.

FSign(mgij) (agij +1+ Oégl'j((2 — 5)28 +

Moreover, assume that agj, = agjo, Qijy = Qjys ik, = Gtkys Cliky = kg,
i=1,7p, £ =1,3. Then the following equalities hold

3 3
a) apik, (f1 % g2) (@155, + 1) + a1ijo (f1 * 92)(arik, — 1)
3
= (@145 Q1iky + Q1ijo — Olijo Gk ) (f1 * g2) (),
Miijg < 07 Q1459 < 07 Miikg < 0} Aikg > 0! 1= 17T1f jOakO = ]-7p1;
3 3
b) @ik, (f1 * 92)(a2ij, + 1) — a2ij, (f1 * 92)(a2ik, — 1)

3
= (a2ijo2iky — A2iko Q2350 ) (f1 * g2) (@),
ma2ijq < 07 Q2444 < 07 maik, < 0} Q2ikq < 0} 1= 17T2} jOukO - ]-'pQ;

asg 3 asg 3 3
c) =0 (f1 % go)(arijo + 1) + —L2(fy % go)(asero + 1) — (f1 * go) (@zyee + 1)
Q145 Q2¢ko

Q3nto A3nto
U144 A2¢ kg

A2¢ky — a?mto) (f1 iEgz)(ﬂf),

mMiij, < 0, Q44 < 0, M2k < 0, Q¢ < 0, M3nto > 0, Q3ntg < 0,

i = 17T1; jO = 1»p17 é.: 1,?”2, kO = 1ap27 n= 1,?”3, to = 17p3;'

e 3 (0] 3 3
d) =0 (f1 % go)(anigj + 1) — —LO(f1 % go)(asere — 1) + (f1 * g2) (azney — 1)
Q145 Q2¢ko

Q3nt, Q3nt 3
= | =2 a1ij, + —ageky (azek, — 1) +1 — a377t0] (f1%g92)(),
a1, otk

Miije < 0, 5, < 0, Matky < 0, Qo¢ky > 0, M3nty > 0, Q3nty > 0.
Proof. By virtue of formula (1) ([1], p.17) we have

(f1 i92)(6L1i3'0 +1)

+00 +o0 Lo x/x (@145, — 145y 5)O1(s)
://——ZI 05 (u) x
T1T9 —
0 =1 x/To P3¢, Tge, Ase, i3y (u + )

0
X f1 (l‘l)gQ (wg)dl‘ldl‘Q,
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(=1 Jf/.’EQ

0
X f1 (.1‘1)92 (l‘g)dﬂ:‘ldl‘g,

(f1 i92)(613m0 —-1)

+00 +00 rs x/qjl
/>0
0 0 =1 \z/x

X

1
f1(z1)g2(xo)dz1dxs.
Z2

D3¢, M3e, Aze, 3¢5 1,1 —

O1(s)
(1 — asgry + a2er,u)O2(u) | X
P3¢, m3f7 5367 a3[(“ + 8)

O1(s)
@Q(U)

A3nto » X3nto (u + 5)

From this d) folows. The other three equalities are obtained by analogous argu-

ments.

O

Definition 4. Generalized convolution for I;-transforms, k = 1,6, are defined

as
+00 400 rs
(hige = [ [
0o o t=1
x/xy
I
z/x P3¢, M3e, Age, Azes 1,

1
X —— fi(x1)g2(x2)dx1ds,

X192
+00 +o00 rs
(f1 % 2)( / /
o o =1
x/xy ©1(s)
I @Q(U)
.1‘/162 p3€>m3€>a3fva3€;171>%7%;1>1 % %(U—FS)

1
X —fl(l‘l)gg(l‘g)dl‘ldl‘g,

122
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“+00 +00 rs
(hiee = [ [
0o o0 ¢=1
x/xy ©1(s)
I O2(u)
.’E/l‘g p3€7m3€7a3€7a3€7171707171 _1 1+V 1(’LL+S)

1
—_— dx1dxs.
X x1$2f1(331)£/2(96‘2) r1dxo

Theorem 5. The following equalities hold:
+oo

A [ CL E g e = (1 F ) (21),

0

where J,(.) is the Bessel function of the first kind [2], Rev > ——;
i 1 1 1
_ 3 5
b) /t YK, () (f1 % go)(tz)dt = Z(fl * g2)(2z), D) < Rev < 7
0
where K, (.) is the modified Bessel function of the third kind [2];

—+00

o [ D00 e = |20 o) (So).

0

where D, (.) is the parabolic cylinder function [2], v € C.

Proof. From (10) and formula 1 in [2], (p.286) we have

—+00

/ 01 % go) ()t

+/OO+/OOf1 u)ga (v /OO “Us(te, u, ), (t )dt}cztciv
- +/OO+/OOf1 u)g2 (v 27rw 22//@1 105 (y

crg oy
“+o00

X XB (s +y) (f)(f)y( / 501 (¢ )dt) dsdy}d—“d—”

u v u v
0
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~+00 +00
://f1£u)927() {2ﬂw22//®1 105 (y
0 0 15, oy
v o s+y
X XD (ST Y) F<§+ 2 ) 25+y—1<§>8(§)y}dudv

v sty
(g5
+2 2

= %(fl j4k92)(237)-

Thus the first equality is proved. By the same way, from formulas 26 in [2],

(p-289) and 1 in [2] (p.294) we can verify other equalities O
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