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FIXED POINTS OF SEMIGROUPS OF
LIPSCHITZIAN MAPPINGS

LE ANH DUNG AND DO HONG TAN

ABSTRACT. In this paper we establish three results on fixed points of semi-
groups of Lipschitzian mappings. The first one generalizes Lifschitz’s fixed
point theorem for uniformly Lipschitzian mappings in metric spaces. The sec-
ond one generalizes Kirk’s fixed point theorem for mappings of asymptotically
nonexpansive type. The last one generalizes Lim-Xu’s fixed point theorem for
uniformly Lipschitzian mappings satisfying the Casini-Maluta condition.

1. INTRODUCTION

The notion of uniformly Lipschitzian mappings, i.e. mappings satisfying
(1) d(T"z, T"y) < kd(z,y)

for every x,y in a metric space (M,d) and for all n = 1,2,..., was introduced
and investigated in 1973 by Goebel and Kirk [2]. They showed that if C' is a
closed convex bounded subset of a Banach space X with the characteristic of
convexity £9(X) < 1 and T is a uniformly Lipschitzian mapping in C' with the
coefficient & in (1) less than 7 then 7" has a fixed point in C. Here y denotes the

1
unique solution of the equation ~y (1 —0x (—)) = 1 with §x being the modulus of
v

convexity of X. Later, in 1975 Lifschitz generalizes this result in a metric space
setting for uniformly Lipschitzian mappings with k < (M) where the Lifschitz
constant of a metric space M is defined by

k(M) =sup{B>0|Fa>1:Ve,ye M, Vr>0, d(z,y) <r=
(2) 32 € M : B(z,ar)NB(y,Br) C B(z,r)}.

Here B(x,r) denotes the closed ball centered at x with radius = [6]. Our first
result extends Lifschitz’s result for semigroups of Lipschitzian mappings.

On the other hand, in 1974 Kirk introduced the notion of mappings of asymp-
totically nonexpansive type, i.e. mappings satisfying for each x € C,

limsup (sup(|[T"z — T"y|| — |z — y)) <0
n yelC

and established a fixed point theorem for mappings of this type [5]. Our second
result extends this result for semigroups of mappings of Lipschitzian type.
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In 1985 Casini and Maluta established an analogous result to Goebel-Kirk’s
fixed theorem for Banach spaces with N(X) < 1 and k < N(X)~'/2, where
N(X) denotes the constant of uniformly normal structure [1]. In 1989 Ishihara
generalizes this result to semigroups of Lipschitzian mappings [4]. Later, in 1995
Lim and Xu proved an analogous result to Casini-Maluta’s theorem in a metric
space setting [7]. Our third result extends Lim-Xu’s theorem to semigroups of
Lipschitzian mappings.

Throughout this paper S denotes a left reversible semigroup, i.e. every pair
of right ideals in S have nonempty intersection. We introduce an order in S by
setting

s>t & {s}UsSC{t}uUts.

Being left reversible, S becomes a directed set, i.e. for every s,t € S there is
r € S such that r > {s,t}.

Let C be a set and 7 = {Ts : s € S} a family of mappings in C. If for every
s,t € S we have T,T; = Ty then 7 is called a semigroup of mappings in C. In
what follows we establish some results on common fixed points of mappings in
such semigroups.

2. A GENERALIZATION OF LIFSCHITZ’S THEOREM

Let S and 7 be as above, for each s € S and z € C we denote 7, = {TsT :
T €T} and Ty(x) = {T:T(z) : T € T}. Now we are able to state our first result.

Theorem 1. Let M be a complete metric space, S a left reversible semigroup,

T ={Ts : s € S} a semigroup of ks-Lipschitzian mappings in M with lim sup ks =
S

k < k(M). Suppose there exist so € S and xog € M such that Ts,(zo) is bounded.

Then there exists a common fixed point for all Ts in T .

Proof. Taking any k' € (k,x(M)) there is s; € S such that k; < k' for all i > s;.
Choose sy € S such that so > {sg, s1}. For any y € M we define
r(y)=inf{p>0: 3z e M, Fi>sy suchthat Ti(z)C B(y,p)}.
Since 7y, (zo) C B(yo, R) for some yo € M and R < oo, we have
Ts,(0) C By, R+ d(y, o)),

so r(y) is well defined for each y € M.

We show that if 7(y) = 0 then Tsy =y, Vs € S. Indeed, we have r(y) < € for
every € > 0. Then by definition of r(y), there are x € M and ¢ > sy such that

d(Tz,y) <e, VT €T,
so for every T' € 7; we have

d(Ty,y) < d(Ty, T?z) + d(T?z,y) < Kd(y,Tz) + d(T°z,y) < e(k’ +1).
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Fix any s € S and choose j € S such that j > {si,i}. Then there are u,v € S
such that j = siu = 1v. Now we have

d(Tsya y) < d(Tsy7 T]y) + d(ij, y) = d(Tsy7 TsTiTuy) + d(Tiva% y)
< ksd(y, TiTwy) + d(TiToy,y) < (1+ ko) (1 + K )e.
From this we get Tsy =y, Vs € S.

Now we are going to construct a sequence {y,} in M by induction with an
arbitrary y;. Assume we have got y1,ya, ..., yn with 7(y,) > 0. Since k' < k(M),
there exists § € (k',k(M)). From the definition of k(M) (see Introduction) there
is @ > 1 such that (2) holds. Choose A < 1 so that

v = min{a\, BN/K'} > 1.

Since A < 1, by definition of r(y,) there is s > s such that

(3) d(ynaTsyn) > /\T(yn)
On the other hand, since v > 1 there are x1 € M and t > s5 such that
(4) d(yn, Tx1) <yr(yn), VI €T

Choose u > {st,t} then every T" € 7, has the form T' = T,T;T; for some i € S.
Thus for every T' in 7, we have from (4)

(5) d(TsynaTxl) = d(TsynaTsﬂﬂdfl) < k/'Y""(yn)
because s > s1 and T;T; € 7;.
Since u >t > s9, from (3), (4), (5) we get

(6) T.(21) C B(Yn, @Ar(yn)) N B(Lsyn, BAT(yn)) C B(2, Ar(yn))
for some z € M. Putting y,+1 = z from (6) we obtain
(7) (Ynt1) < A7 (yn)-

From (4) and (6) we get
d(yn7 ynJrl) < (a + 1))\?“(%)

which together with (7) shows that {y,} is a Cauchy sequence, hence converges
to some w in M, and 7(y,) — 0 as n — oo. We show that r(w) = 0. Take any
¢ > 0 and choose m such that d(ym,,w) < /2 and r(ym,) < €/2. Then there are
x € M and s > s such that d(Tz,yn,) < ¢/2 for all T € 7;. From this we get
d(Tz,w) < € for all T' € T, hence r(w) < ¢, i.e. r(w) =0. Thus Tyw = w for all
s € S and the theorem is proved. O

For a Banach space X the Lifschitz characteristic of X is defined as follows
ko(X) = inf{k(C) : C is a bounded closed convex subset of X}.

From the above theorem we immediately get the following
Corollary 1. Let C be a bounded closed convex subset of a Banach space X, S a
left reversible semigroup, {Ts : s € S} a semigroup of ks-Lipschitzian mappings
in C with limsup ks < ko(X). Then {Ts} has a common fized point.
S
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3. A GENERALIZATION OF KIRK’S THEOREM

Let us begin this section with some lemmas.

Lemma 1. Let S be a left revesible semigroup, {as : s € S} a bounded decreasing
net in R (the real line), {a; : t € S"} a subnet of {as}. Then we have

inf{a; : t € 8’} = inf{as : s € S}.
In particular, for each t € S we have

inf{a;s : s € S} =inf{as : s € S}.

Proof. Putting my = inf{a; : t € S}, mg = inf{as : s € S} we have my < m;.
For every € > 0 there is ¢ € S such that a; < mg + €. Then for every t > ¢ we
have a; < a; < mg +¢e. Choose t € S’ so that t > i, then m; < a; < ma + ¢.
From this m; < msy, thus mq = mo. The last assertion follows from the fact that
{ats : s € S} is a subnet of {as : s € S}. O

Corollary 2. Let S be as in Lemma 1, {Ts : s € S} a semigroup of mappings
in a Banach space X. Then for x,y € X and t € S we have

limsup || Tsz — y[| = limsup || Tisz — y||.
S S

Proof. Putting as = sup{||T;z — y| : i > s} and using Lemma 1 we get
limsup | Tsz — y|| = inf(sup{||Tiz —y|| : i > s}) =inf{as : s € S}
s S
= inf{a;s : s € S} =limsup || Tz — ¥
S
O

Lemma 2. For two bounded positive nets {as : s € S}, {bs : s € S} we have

liminf(asbs) < lim sup ag lim inf bs.
s s s

Proof. Put m = liminf(asbs), my = limsup as, ms = liminf b;.
s s s
Since m = sup(inf{a;b; : t > s}), for every € > 0 there is s; such that
S

(1) inf{a;by : t > s1} >m —e.
Since my = inf(sup{a; : t > s}), for the above ¢ there is sy such that
S

(2) sup{as : t > s} <my +e.
Choosing s3 > {s1,s2}, from (1), (2) for every s > s3 we get
(3) asbs >m —e, as < mq+e.
Since inf{b; : t > s3} < meg, there is ¢ > s3 such that b; < mgy + €.
From this and (3) we get
m—e < ab; < (m1+¢e)(ma+e).

Letting € — 0 we get m < mimao. U
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Lemma 3. Let {as : s € S} be a bounded net in R and f : R — R a decreasing
continuous function. Then we have

liminf f(as) = f(limsupasy).
s s

Proof. We have
(4) liminf f(as) = sup(inf{f(a;) : t > s}).
We shall prove that

(5) inf{f(a;) : t > s} = f(sup{a; : t > s}).

Put M =sup{a; : t > s}, m =inf{f(a;) : t > s}. Since a; < M for each t, we
have f(a;) > f(M) for each ¢, hence m > f(M). On the other hand, for every
e > 0 there is ¢ > s such that a; > M — ¢, hence m < f(a;) < f(M —¢). Letting
e — 0 we get m < f(M). Thus (5) is proved.

Similarly, we get sup f(bs) = f(inf bs) for any net {bs : s € S}. From this and
(4), (5) we have (putzing bs = sup{sat ct>s})
liminf f(a,) = sup f(supfas : ¢ > 5})
= fzigfsup{at Dt > s})

= f(limsupasy).
S
The proof is complete. O

Definition. Let C be a subset of a Banach space, S a left reversible semigroup.

A semigroup of mappings in C' {Ts : s € S} is called of Lipschitzian type if there

exists a positive net {ks} such that for each z € C' we have limsupcs(z) = 0,
S

where

¢s(z) = max { sug(llTsa: — Toyl| = ksllz — yl)), 0}
ye

Now we are able to state our second result generalizing Theorem 2 in [8].

Theorem 2. Let X be a Banach space with 0(X) < 1, C a bounded closed
convex subset of X, S a left reversible semigroup and {Ts : s € S} a semigroup of
mappings in C' of Lipschitzian type. If each Ty is continuous and limsup ks < o,

S
then the mappings {Ts} have a common fized point, where 7y is defined as in the
introduction.
Proof. Since £0(X) < 1 we have vy > 1 and we may assume that ks > v Vs € S,
for some v1 € (1,79). Denote k = lim sup k.
S

Take x¢p € X and put s = Tz, Vs € S. For each x € C, denote
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r({zs},z) = limssup |lxs — x|,
({2}, €)= inf (), ),
A({zs},C) ={z€ C : r({zs},2) =r({zs},C)}.

It is well known that r({zs}, -) is weakly lower semicontinuous and A({zs},C)
is nonempty.

Take z1 € A({zs},C) and put r1 = r({zs}, 21). Using the corollary of Lemma
1 we have (for fixed s € S)

limsup || Tywo — Tsz1|| = limsup | TsThwg — Toz |
¢ ¢
(6) < hmtSUP(kSHTtl‘o — 21 + es(21)) = kor1 + es(21).

On the other hand, by definition it follows that

(7) limtsup | Tyzo — z1]| = 11 < ks1 + ¢s(21).

By convexity of C, for each s € S we have

T.
r1 < limsup HTtQ;O _ MH’
t 2
hence
T.
(8) r1 < liminf <limsup HTt330 _ % D
5 t

From (6), (7) for each € > 0 there is ¢y € S such that

sup {||Tta:0 -z t> to} < ksr1 4 cs(z1) + ¢,
sup {||Tixo — Tsz1|| : t > to} < ko1 + cs(21) + €.

From a property of modulus of convexity we get for ¢ > ¢g

1 1
H§(Tt$0 —z1) + §(Tt96‘0 - Tszl)H

9) < (ksr1+cs(21) +¢) (1 —0x (k;slzj—_cj(éf; H—I— z-:)) :

‘We now show that
|21 — Tsz1]|

(10) ksr1 + cs(21)

< 2.

Indeed, we have
|21 = Tsza | < limtsup |Tizo — 21l + limtSUP | Tiwo — Tz |

(11) <714 ko1 + cs(21),
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hence
=Tl oy m L by
ksr1 + cs(zl) ksr1 + cs(zl) ks 71
Thus (10) is proved. From this and the continuity of dx on [0,2), letting ¢ — 0
in (9) we get
21+ 1521
2

From (8), (12) and using Lemma 2 we obtain

limsinf |:(k‘s7”1 + cs(21) (1 —0x (%)ﬂ

‘<(hwl+CAZD)(1—5X<£§%i%§%%))'

(12)  limsup HTtl'O -
t

IA

™
. . 21 — Tozt |
B— i (1 oy (1= Tl y)
< 1mssup( <1+ cs(21)) im in B e e (1)
By Lemma 3, this implies
: |21 — Tez |
13 r1 < kr (1—5 (hmsu 7>>
(13) 1 1 X ) pksr1+cs(21)
If ry =0, i.e. limsup||Tizg — 21|| = 0, from the continuity of T for each s € §
t
we get (using Corollary 2)
limsup ||Tyxg — Tsz1|| = limsup ||TsTixo — Tsz1]| = 0.
t t

Hence from (11) we obtain ||z1 —Tsz1]| = 0, i.e. 21 = Ty2z1 Vs € S and the theorem
is proved.

If r1 > 0, then from (13) we have

: 21 — Tsz1]| 1
14 1) (hmsu 7> <1-—-.
( ) X s pks7”1+05(21) o k
We consider two possible cases.
: — Tsz |
If 6 (hmsu Hzlis) =0, then
X s P ksr1 + Cs(Zl)
: 21 — Tz || _ .. 21 — Tsz ||
limsup ———— < limsup —— < < g¢(X),
P 1 = P L +es(z1) — 0(X)
hence
(15) limsup ||z1 — Tsz1|| < keo(X)r:.
S

Since k < vp(X) it is easy to show that keo(X) < 1.

. — Tz . .

If o (hmsu Hzlis) > 0 then limsup ———————= > £¢(X). Since
* s pk‘sﬁ—i-cs(zl) s pk‘sﬁ—i-cs(zl) o(X)

dx is strictly increasing on [g9(X),2), from (14) we get

—T. 1 1 1
limsupM §5;(1(1— —) <(5;(1<1——) - .
s keri+cs(21) k Y0 Y0

|21 — Tsz1]]
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—T. 1
So limsupM < —

, hence
s kry 0

k
(16) limsup |21 — Ty || < 2L -
s o

k
Putting n = max{k:eo(X), —} < 1, from (15), (16) we get
70

(17) limsup ||z1 — Tsz1|| < nri.
S

Take 2o € A({Tsz1},C) and put ro = r({Tsz1}, 22). Then ro < nry.
Continuing this process we obtain a sequence {z,} C C' satisfying
(1) zn+1 € A({Ts2n}, C),

(ii) r, = r({Tszn-1}, 2n) = 7({Tszn-1},C), with n > 1, zp = xo,
(iii) limsup || Tszn — 2zn|| < n7p.
S

We have
| Znt1 — znll < limtsup zn+1 — Tiznl| + limtsup [ Ti2n — 2nll
<rpg1 +nrp <20y, < <20,

hence {z,} is a Cauchy sequence which converges to some z € C.
For each s € S we have

1Tsz = 2| < llz = zull + [2n — TsTiznll + [ TsTizn — Tsz||,
hence
(18) || Tsz — z|| < ||z — znl| + limtsup llzn — TsTiznl| + limtsup | TsTyzn — Tsz|]
Note that
limtsup | Tizn, — 2| < limtsup (HTth —zn|l + 120 — zH)
<nrp+llzn — 2| =0 as n — oo.
From the continuity of T we also have

limsup || TsTzn, — Tsz|| = 0 as n — oo.
t

Taking into account the inequality

limtsup l2n — TsTizn| = limtsup l2n — Teznl| < nra,

from (18) we finally get Tsz = z for each s € S, and the proof is complete. O
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4. A GENERALIZATION OF LIM-XU’S THEOREM

First of all we recall some notions presented in [7].
Let (X, d) be a metric space and M a bounded subset of X. Denote
r(z, M) = sup{d(z,y) : y€ M} for z e X,
6(M) = sup{d(z,y) : z,y € M},
R(M) = inf{r(z,M) : z € M}.
A subset of X is said to be admissible if it is an intersection of closed balls.
A(X) denotes the family of all admissible subsets of X. For a bounded subset A
of X, the admissible hull of A, denoted by ad(A), is the intersection of all those
admissible subsets of X which contain A. We have always
r(x,ad(A4)) =r(z,A), d(ad(A4)) =04(A).
The constant of uniformity of normal structure N(X) of X is defined by

N(X) = sup{% : A admissible, 0(A) > 0},
and X is said to have uniform normal structure if N(X) < 1.
Let S be a semigroup. We say that S is a totally ordered semigroup if it is
totally ordered with respect to the order defined by
s>t < {stuUusSc{t}uts.

A metric space (X,d) is said to have property (P) if for every totally ordered
semigroup S and two bounded nets {zs : s € S}, {25 : s € S} in X there exists
z € ()ad(z : t > s) such that

S

lim sup d(zs, 2z) < limsup(limsup d(zs, 2;)).

s t s

Before stating our last result we need two lemmas.

Lemma 4. Let (X,d) be a complete metric space with N(X) < 1, S a totally
ordered semigroup, {Ks : s € S} a decreasing net of nonempty admissible closed

bounded subset of X. Then (Ks # (.

Proof. Choose k € (N(X), 1) and for each closed bounded admissible subset C'
of X with 6(C) > 0 we denote

AC)={zeC : r(z,C) < Ek(C)}.
Then A(C) is closed bounded and nonempty.
Let {K, : s € S} be as in the Lemma. We must show that (| K # 0.
Put K! = ad({J A(K})), where K = K, for each t € S. Then K! is a
t>s

nonempty closed admissible subset of K? for each s and K! C K} whenever
s > t. We shall prove that §(K!) < k§(K?).
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Indeed, for 2,y € |J A(K?) we have 2 € A(K)), y € A(K])) with ¢ > p > s.
t>s
Since y € A(K}) C K C K)), we get
d(z,y) < r(w, Ky) < ko(Ky) < ko(K),

hence 6(K}) < k§(K?). Continuing this process for each s € S we get a sequence

s

of subsets {K! :i=1,2,..} such that K! C K} whenever s > ¢ and S(KY) <
kS(K:~1) for each i. For each s € S we have §(K?!) < klé(Kg) — 0 as i — oo.
By Cantor’s principle there is a unique x5 € X such that (| K! = {zs}.

i

For every s,t € S we may assume ¢t > s. Then
{z} =KD Ki = {a}.
i i
From this () K¢ # 0, hence [ K # 0 and the proof is complete. O
7,8 s
The above proof is essentially due to Maluta (1989).

Lemma 5. Let (X,d) be a complete metric space with N(X) < 1 and having
property (P), S a totally ordered semigroup and ¢ > N(X). Then for each
bounded net {xs : s € S} in X there is z € () ad (z; : t > s) such that

S

(i) d(z,y) < r({zs},y) for every y € X, where r({z},y) = limsup d(zs, y),
S

(ii) r({zs}, 2) < climssupé(a:t ct>s).

Proof. (i) For each s € S we put A; = ad(z; : t > s). By Lemma 4, A =) As #
(). For z € A, y € X we set
M =limsupd(zs,y) = r({xs},y).

Then for each € > 0 there is t € S such that supd(zs,y) < M + . Hence
s>t

d(z,y) <r(y, A) <r(y, A) < M +e,
and (i) follows.

(ii) Fix s € S. Since R(As) < N(X)d(As) < ¢d(Ag), there is zs € Ag such
that r(zs, As) < cd(As). The net {z;} is bounded, hence by property (P) there
is z € (Nad(z : t > s) such that

r({zs}, z) < limsupr({zs}, z;) < limsupr(z, Ar)
t t
< limsup cd(A4;) = climsup §(Ay).
t t

This implies (i) and the lemma is proved. O

Now we are able to state our third result.
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Theorem 3. Let (X,d) be a bounded complete metric space with N(X) < 1 and
having property (P), S a totally ordered semigroup, {Ts : s € S} a semigroup of
k-Lipschitzian mappings with k < N(X)~Y2. Then {T,} have a common fized
point.

Proof. Take ¢ € (N(X),1) such that n = k?c < 1. For z € X, put x5 = Tsz. By
Lemma 5 there is z = z(x) such that

(i) d(z,y) < r({Tsx},y) for all y € X,
(ii) r({Tsz}, z) < climsupd(Tyx : t > s).
S
Put r(z) = sup{d(Tsz,z) : s € S}. We have
limsup§(Tyx : t > s) < sup{d(Tsz,Tiz) : s,t € S}
S

< ksupd(Tiz,x) = kr(x).
€S

From this and (ii) we get
(1) r({Tsz}, z) < ckr(z).
From (i) we have

r(z) = supd(Tsz,z) < supr({Tiz}, Tsz).
S S

On the other hand
r({Tix}, Tsz) = limsup d(Tiz, Tsz) = limsup d(TsTix, Tsz)
t t

< klimsup d(Tyz, z) = kr({Tyx}, 2).
t

From this and (1) we get
r(z) < ck®r(z) = nr(x).
We construct a sequence {x,} by putting 1 = x, x,4+1 = 2(z,,), n > 1. Then
r(@nt1) <nr(zy) < ... <n"r(z1) - 0 as n — oo.
On the other hand
d(Tpt1, ) < d(@pg1, Tswn) + d(Tsn, )
< d(xpt1,Tsey) +1(zy), VseS.
From this we get

d(xps1,7n) < limsupd(zpi1, Tstn) + 7(xn) = r({Tsxn}, Tnyr) + 7(20)
S

< ckr(xn) +r(zn) < (14 ck)n™ r(xy).
This shows that {z,} is a Cauchy sequence. Let z = lim z,,. For each s € S we
n

have

d(Tsz, z) (

(

<d(z,xp) + d(xpn, Tszy) + d(Tsxy, Ts2)
<d(z,zp) +r(xy) + kd(xn,2) = 0 as n — oo.
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So Tsz = z, Vs € § and the proof is complete. O
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