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DIRECTIONAL KUHN-TUCKER CONDITION AND
DUALITY FOR QUASIDIFFERENTIABLE PROGRAMS
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Dedicated to Professor Pham Huu Sach on the occasion of his siztieth birthday.

ABSTRACT. In this paper a notion called “directional Kuhn-Tucker condition”
for quasidifferentiable programs with inequality constraints is introduced. This
is a version of the Lagrange multiplier rule where the Lagrange multipliers de-
pend on the directions. It is proved that this condition is a necessary condition
for optimality. Under the assumption that the problem is directionally n-invex,
it is also a sufficent condition for optimality. Some results on duality of the
class of problems are obtained.

1. INTRODUCTION

Quasidifferentiable functions whose directional derivatives are representable as
the difference of two sublinear functions, were introduced by V. F. Demyanov
and A. M. Rubinov in 1980 [5]. Since then the quasidifferential calculus has
been developed (see [4], [6], [10], [14], [15], [18], [19],...) and various optimality
conditions for unconstrained and constrained quasidifferentiable problems have
been obtained. Most of the optimality conditions are of geometric forms (see [7],
[9], [12], [19], [21],...).

The aim of this paper is to study a so-called “directional Kuhn-Tucker con-
dition” which is a version of the Lagrange multiplier rule where the Lagrange
multipliers depend on the directions. It is shown that this is not only a necessary
but also a sufficient condition for optimality in the case where the problem is
directionally n-invex. We will also present some duality results.

The paper is organized as follows. In the remainder of this section we will
recall the notion of quasidifferentiable function and present the problem that we
will deal with throughout the paper. In Section 2, a directional Kuhn-Tucker
condition is introduced. It is proved that the condition is weaker than the usual
Kuhn-Tucker condition but stronger than the generalized Kuhn-Tucker condition
proposed in [12], [21]. In Section 3, it is proved that the directional Kuhn-Tucker
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condition is a necessary and also a sufficient (under an invexity assumption) op-
timality condition for quasidifferentiable problems with inequality constraints.
As a consequence, we prove that for convex (as well as differentiable, or locally
Lipschitz and regular) problems, the Langrange multipliers can be chosen to be
constants. This shows that the directional Kuhn-Tucker condition can be consid-
ered as a generalization of the Lagrange multiplier rule to nonconvex problems.
An example is given to show that in general, the dependence of the Lagrange
multiplires on the directions can not be ignored (i.e., the multipliers can not be
chosen to be constants). Section 4 is devoted to the dual problems constructed
by means of directional Kuhn-Tucker condition and duality theorems.

A function f : IR™ — IR is said to be quasidifferentiable at zo € IR" if the
directional derivative
f(@o + Ad) — f(x0)
A—0t A

is well defined for all d € IR and there exists a pair of convex, compact subsets
9f(xg) and Of (xg) of R™ such that

Fwo,d) = max (d.&)+ min (d,&), VdeR"
£€of(xo0) £€df(xo)
From the previous equality it follows that f’(zg,.) is represented as the difference
of two sublinear functions. The pair

D f(xq) := [8f (x0),Df (xo)]

is called a quasidifferential of f at zo. The sets 0f(xg) and 0f(xg) are called the
subdifferential and the superdifferential, respectively. The class of quasidifferen-
tiable functions contains convex, concave, differentiable, DC-functions. It even
contains functions which are not locally Lipschitz (see [9], [15]).

Let f,g; (i =1,2,...,m) be functions defined on IR™. Consider the following
mathematical programming problem (P)

(1.1) min f(x)
subject to
(1.2) gi(x) <0, i=1,2,...,m.

Let S be the set of all the feasible points of (P) (i.e. points of IR™ that satisfy
(1.2)) and xp be a point of S. Set I(xo) = {i | gi(zo) = 0}.

From now on we tacitly assume that f and g;, ¢ = 1,2,...,m, are quasidiffer-
entiable at xg, and g; is continuous at z¢ for all i ¢ I(zg).

2. DIRECTIONAL KUHN-TUCKER CONDITION FOR (P)

In this section we introduce a directional version of the Kuhn-Tucker condition
and discuss its relation with other types of the Kuhn-Tucker condition proposed
in the literature.
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Definition 2.1. A point zg € S is said to be a directional Kuhn-Tucker point of
(P) (or Problem (P) satisfies the directional Kuhn-Tucker condition at xq) if for
every r € IR" there exists A(r) € IR, A(r) = (A1(7), Aa(7), ..., Am(7)), such that
the following conditions hold

m

(2.1a) f'@o,m) + > Xi(r)gi(zo, ) >0,
i=1

(2.1b) Ai(1)gi(zro) =0 forall i=1,2,...,m.

Definition 2.2. ([12], [17], [21]) A point zy € S is said to be a Kuhn-Tucker
point of (P) if

(22  -df@)c () [2f@o)+ Y cone (Qgi(wo) + )],
w; € ggi(l“o) 1€I(xo)
1 € I(xo)
where cone A = {tv |v e A, t € Ry }.

Definition 2.3. ([12], [17], [21]) A point z¢p € S is said to be a generalized
Kuhn-Tucker point of (P) if

(2.3) —0f(xo) C m [Qf(mo) + cl { Z cone (dg;(wo) + w;) }] ,
w; € ggi(l‘o) i€l(zo)
1€ I(l‘o)
where cone A denotes the topological closure of cone A and cl {2 denotes the topo-
logical closure of a set 2 C R”.

Relations between the three types of Kuhn-Tucker points will be discussed in
the following theorem.

Theorem 2.1. (i) If xog is a Kuhn-Tucker point of (P) then it is a directional
Kuhn-Tucker point,

(ii) If g is a directional Kuhn-Tucker point then it is also a generalized Kuhn-
Tucker point.

Proof. (i) Suppose that z is a Kuhn-Tucker point, that is (2.2) holds, and r € IR"™
is an arbitrary point. We will search for a vector A(r) = (A1(r), A2(7), ..., A (7)) €
IR’} satisfying (2.1a) and (2.1b).
Since df(z9), 0gi(wo), i € I(x0), are compact and nonempty, we can find
v € argmin (r, &),

£€df (o)

v; € argmin (r, &), i€ I(xp).
€i€0gi(x0)
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It follows from (2.2) that

0€df(xo)+7+ Z cone (Qgi(aco) +@-).

1€l(xo)

This implies that there exist a € 9f(x¢), b; € dgi(xo), and p; > 0,7 € I(xg), such
that

Therefore

m
f'(xo,7) + igi(xo,7) = max (r,v) + min (r,w)+
(o) + 3 gl (aner) = s )+ i ()

+ Z HZE max (r,&)+ min (rn;)]

icl (zo €9gi(z0) ni€0g;(wo)
= ) ) +

Uerg;l(};())(r v) + (r,7)
+ 7 ) 7_i

Z pal, mex (&) + (7))

1€l(xo

> (r,a) + ('r, D)+ Y (b + ()]
iEI(Io)
> (ra+v+ Y pilbi+7))
i€l(xo)

> 0.

Set A\i(r) = p; for i € I(xg) and Aj(r) = 0 for j ¢ I(xzg). Then A(r) =
(A1(7), ..., A (1)) satisfies (2.1a) and (2.1b), which proves that xq is a directional
Kuhn-Tucker point of (P).

(ii) Assume that z¢ is a directional Kuhn-Tucker point of (P). We will prove
that for all w; € dg;(xg), i € I(xg), the following inclusion holds

(2.4) 9 (z0) € Of (wo) + o { > come(dgi(wo) + W) }.

1€l(xo)

To obtain a contradiction, suppose that there exists a € 9f (z) such that

—a ¢ Of(x)+ Cl{ Z COHe(QQi($0)+@i)}7
1€l(xo)
or equivalently,

(2.5) 0 ¢ df(wo)+at cl{ 3 m(Qgi(ajO)—i—Ei)}:: M.
1€I(xo)
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Since 9f(xo) + a is a nonempty convex, compact set and
cl { Z cone (dg; (o) + @Z)}
i€l(xo)

is closed and convex, the set M in the right hand side of (2.5) is closed and convex.
It follows from (2.5) and the separation theorem that there exists 7 € IR™ such
that

0> (F,c) forall ce M,
hence
(2.6) 0> (T, u+a+ Z wi(vi +w;))
i€l(xo)
for all u € 9f (o), vi € gi(xo), i € I(x0), and for all p = (1i)icr(zy) = 0.
Let us take

(RS argmax<77 £>> v; € argmax <Fv 772'>> S I(Jfo)
£€df(zo) ni€0gi(zo)

Since A(T) = (A1(F), A2(T), ..., A (7)) € IR, it follows from (2.6) that
0> Futat > NE)(y+w)) =

’iEI(CC())
> (Fu)+ (Fa)+ Y NE[Fv) + 7))
i€l(xo)
> max (F,§)+ min (7,§) + ANi(T)| max (F,m) + min (T, w;
§€Qf($0)< ) £€df(x0) ZGIZ(M mngi(:vo)< 0 wieggi(xo)< Z>]
>f xo, T Z )‘ gz Zo, T )
zEI(xo)
1307 + Z)‘ gz 1307
which contradicts (2.1a). Thus (2.4) is proved and the proof is complete. O

Remark 2.1.

(i) Note that in Definition 2.1 the Lagrange multiplier A(.) depends on r € IR".
As we can see in the proof (part (i)) of Theorem 2.1, the reason for this is the
existence of nonzero vectors in df(z) and dg;(zo), i € I(xg). In the case where
these sets reduce to {0} (then the directional derivatives turn to be convex with
respect to the directions), A(.) can be chosen as a constant function (see Corollar-
ies 3.2, 3.3). It is the situation where f, g; are differentiable or convex or locally
Lipschitz or, more general, subdifferentiable at xy in the sense of Pshenichnyi
(see [18]). So the “directional Kuhn-Tucker condition” can be considered as a
generalization of the Lagrange multiplier rule to nonconvex problems. The fact
that the Langange multipliers can be not constant was noticed by H. Frankowska.
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The Lagrange multipliers depend on the specific choice of each nonzero vector
w = (wo, w1, ..., wy,) with wy € f (o) and w; € dg;(x0), i = 1,2,3,...,m (see
[8], [12]). It is shown in Example 3.2 (see also the Remarks 3.1, 3.2, and 3.3)
that the notion of directional Kuhn-Tucker point is really weaker than that of
Kuhn-Tucker point and that for some problem (even very simple), the multiplier
A(.) can not be chosen to be constant.

(ii) To verify whether a point zy € S is a directional Kuhn-Tucker or not
we have to consider the following system of linear inequalities of variables A;,
i=1,2,...,m, (r € R" is fixed):

f/(.l'(),?”) + Z )‘Z‘gz/'(x()ar) > 0)
=1

*
) X >0,
Ai-gi(zg) =0 foralli=1,2,...,m.
If for each r € IR™ the system (x) has at least a solution A = (A1,..., A\;,), then
xg is a directional Kuhn-Tucker point of (P). On the contrary, if there is r € R"™

such that the system () has no solution then z is not a directional Kuhn-Tucker
point of (P) (see Remark 3.3 for an application of the idea).

In the remainder of this section we shall prove that under some constraint
qualification the three types of Kuhn-Tucker points coincide.

Let J := {1,2..,p}. Given nonempty compact convex sets B; (i € ) in IR",
we define

¢i(§) == max(£,b;), i€J

b, €B;
and consider the following system of inequalities of variable £ € IR"
(2.7) i) <0, i€

The following lemma is a special case of Proposition 2.2 in [20].

Lemma 2.1. [20] System (2.7) has a solution if and only if
(2.8) 0¢ co U B;,

i€J
where co€) denotes the convex hull of a set Q C IR™.

Definition 2.4. [17] Problem (P)is said to be regular at x if for all v; € dg;(xo),
i € I(xp), one has

(2.9) 0¢ co |J (@gi(xo) +vi).
1€l (xo)

Lemma 2.2. Suppose that Problem (P) is reqular at xo and w; € 9g;(xq), i €
I(xg). Then the set

Q= cone (9gi(xo) + ;)

’iEI(CC())
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18 closed. Consequently,

Q= vone (gi(xo) + ;).

iEI(Io)

Proof. Let w; € 0g;(xg), i € I(xp). Assume that (c;)r C Q and ¢ — c as k tends
to infinity. We will prove that ¢ € Q.

Since ¢ € @ for all £ € N, one has
(2.10) ch= Y pF(f+w),
1€l(xo)

where pf >0, oF € 9gi(x0), k € N, i € I(xp).

We first claim that the sequence (u*); (where p* = (Mf)iel(xo)) is bounded.
In fact, if this is not true then, without loss of generality, we can assume that

|1¥|| — oc. Setting v, = > uF > 0 and dividing (2.10) by 7 we get
i€l(xo)

& € co U (Qgi(azo) —i—@i).
Vi )
ZEI(;B())

Letting k — oo and taking into account the fact that the set in the right hand
side of the previous inclusion is compact we get

0€ co U (9gi(x0) +w;),
i€l(xo)
which conflicts with the regularity of (P) at x.
Therefore, we can assume that
i — pi,  vf — v € dgi(wo), Vi € I(wo), k — o0
(note that for each i € I(zg) the set dg;(xo) is compact). Together with (2.10),
this implies
c= Y pilvi+W) € Q.
’iEI(CC())

The proof is complete. O

The following fact is a direct consequence of Theorem 2.1 and Lemma 2.2.

Corollary 2.1. If Problem (P) is regular at xo then the three types of Kuhn-
Tucker points in Definitions 2.1 - 2.8 are the same.

3. NECESSARY AND SUFFICIENT CONDITIONS FOR OPTIMALITY

In this section we will show that if (P) is regular then the directional Kuhn-
Tucker condition is necessary for optimality and under some generalized convexity
condition, it is also sufficient.
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3.1. Necessary conditions for optimality.

Theorem 3.1. If xg € S is a local solution of (P) then for each & € IR™ there

exists A(&) = (Ao(&), A1(€)s---, Am(§)) # 0, Xi(§) > 0 for alli = 1,2,3,..
such that the following conditions hold:

(31) )‘ an +Z)‘ gz xOv = 07

(3.2) Ai(€) - gi(xo) —0 for allt=1,2,...,m

Proof. Observe that the optimality of x¢ implies the inconsistency of the following
system of variable £ € IR™:

53) {f’(xo,é) <0,

gi(x0,€) <0, i € I(x).
In fact, if £ € IR™ is a solution of (3.3) then by the definition of directional
derivatives and the continuity of g; for all i ¢ I(xy), we can find A € R, A > 0
satisfying

gi(xo + AT) < gi(zg) =0 for all i € I(xy),

gi(xo + AT) < gi(zo) <0 for all i ¢ I(xo),
and

flxo+Az) < f(xo).
These conflict with the optimality of xg.
For any ¢ € IR™ (fixed), select ¥ € 9f(z¢), U; € dg;(z0) such that

<£7§> = min <§>U>> <§>§i> = min <£7'Ui>v (S I(l‘o),

vedf(zo) v €0gi(x0)
and set
®(z) ;= max (z,v)+ (z,7), z¢€lR",
vedf(wo)
U,(xz) := max (z,v)+ (z,7;), x€lR".
v€Dgi(z0)

It is clear that ®(§) = f/(xo,&) and ¥;(§) = gi(xo,§), i € I(xo).
Note that the inconsistency of the system (3.3) implies the inconsistency of the
following system of variable x € IR™:

P(z) <0,
(3.4) {\Iji(x) <0, i€ I(x).

Indeed, if & is a solution of (3.4) then we have

f'(z0,&0) < ®(&) <0,
gi(xo,&0) < V(&) <0, i€ I(x)

which conflicts with the inconsistency of (3.3).
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It is clear that the functions ®, ¥; where i € I(x(), are convex. By the Gordan
alternative theorem (see [13]), the inconsistency of (3.4) implies the existence of
Ao(€) >0, )\-(5) >0,i€ I(:z:o) not all zero, satisfying the following inequality

(3.5) + > A )>0 forall xzelR"
1€l(zo)
In particular,
+ >0 A >0,

1€l(xo)

hence
)\0( .1‘0, Z )\ gl .1‘0, = > 0.
1€l(zo)

Let us set A\;j(§) = 0 for all ¢ ¢ I(xp). Then the vector A(§) := (Ao(€), A\1(§),- -,
Am(€)) # 0 satisfies the desired conditions (3.1), (3.2). The proof is complete. [

It is possible to give a simpler proof for Theorem 3.1 (see [2]). However, we
prefer the previous one since it serves as the first part for the proof of Theorem
3.2 below.

Theorem 3.2. Suppose that (P) is reqular at xy. If xo is a (local) solution of
(P) then xq is a directional Kuhn-Tucker point of (P).

We need the following lemma for the proof of Theorem 3.2.

Lemma 3.1. Problem (P) is reqular at xq if and only if the following (RC) reg-
ular condition holds:

(RC) There exists T € IR™ such that

(3.6) max (T,v;) + max (T,w;) <0, Vie l(xy).
UiEQQi(iBO) wieagi(xo)

The regular condition (RC) was introduced in [12] for (P) with m = 1.

Proof of Lemma 5.1. (Necessity) Suppose that (P) is regular at zo then if v; €
0gi(z0), i € I(xg), one has

0¢ co |J (@gi(xo) + ).

’iEI(CC())
We will prove that
(3.7) 0¢ co |J (9gixo) + Dgi(0))-
1€l(xo)

Assume to the contrary that

0 € co U (99i(x0) + 0gi(x0)).
i€l(zo)
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Then there exist u; € dgi(xo), U; € 9g;(xo), and \; > 0, where i € I(x), such

that
1= )\,
’iEI(CC())
0= > Xy +m)e Y N(@gi(wo) +u),
i€l (xo) i€l(zo)

or equivalently,
0 co |J @gi(xo)+W), i€ dgi(xo), i€ l(xo),
i€l(xo)
which contradicts the assumption. Hence
0¢ co | J (9gi(xo) + Dgi(x0))-
iEI(Io)
It follows from (3.7) and Lemma 2.1 that there exists & € IR™ such that

max (§,a;) + max (€,b) = max (€ ci) <0, iel(x).
aiGqu(LBO) bieagi(xo) CiEQgi(xO)+agi(xO)

Thus (3.6) holds.

(Sufficiency) Assume that (3.6) holds for some Z € IR" but (P) is not regular
at xog. Then there exist v; € dg;(x0), i € I(xg), such that

(3.8) 0€ co U (0gi(zo) +75).
i€l(xo)

It follows from (3.8) and the Lemma 2.1 that the following system of inequalities
(of variable £ € IR™) is inconsistent

901(5) = max <§> bz> < 0> (XS I(l‘o),
b;€9gi(x0)+v;

or equivalently, the following system of inequalities of variable & € IR™ is incon-
sistent

max (&, u;) + (§,7;) <0, i€ I(xg),
u;€0gi(z0)

which contradicts (3.6).
The lemma has been proved. ]

Proof of Theorem 3.2. 1t suffices to prove that under the regularity of (P) at xg
we have A\g(§) # 0 for all £ € IR™.

Assume to the contrary that there exists £* € IR™ such that \g(£*) = 0. Then
it follows from (3.5) (see the proof of Theorem 3.1) that
(3.9) > NE)T(x) >0 forall z € R"
’iEI(CC())
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By the regularity of (P) at xg, Lemma 3.1, and the definition of the functions ¥,
there exists T € IR™ such that ¥;(Z) < 0 for all ¢ € I(xg). Since A\;(£*) > 0 and
Ai(€*) are not all zero for all i € I(:z:o) we get

> Ml 0,
1€I(xo)

which contradicts (3.9). The theorem is thus proved. O

3.2. Sufficient conditions for optimality. We now prove that the directional
Kuhn-Tucker condition is also a sufficient condition for optimality for (P) when-
ever (P) is directionally n-invex.

Definition 3.1. ([1], [17]) We say that the functions f, ¢;, i € I(xg), are
directionally n-invex! at xq on S if there is a function 1 : § — IR” such that,
for all x € S,

f(l‘) - f(J:O) Z f/($077’]($)),
gi(z) — gi(xo) > gi(zo,n(x)) for all i€ I(xo).
The following lemma is useful but its simple proof will be omitted.

Lemma 3.2. If f, g;, i € I(x9), are directionally n-invezx at xog on S then for all
A= (Mi)ier(zo) with A\; > 0 the function

ori=f+ Y A
iEI(Io)
is directionally n-inver at xg on S (with the same function n), that is,
@)\(l‘) - (I))\('TO) > (I)/)\(x()vn(x)) f Zo, M Z )\’Lgl Lo, 1 )
1€I(xo)

Theorem 3.3. Suppose that f, g;, i € I(xg), are directionally n-invex at xo on
S. If xy is a directional Kuhn-Tucker point of (P) then xq is a (global) minimizer

of (P).

Proof. Let x be an arbitrary point of S. Since zq is a directional Kuhn-Tucker
point of (P), if we take £ = (), there exists A = (A1(n(z)), A2(n(2)), - - ., Am(n(2)))
such that

(3.10) '@o,n(@) + ) Xin(x))gi(wo,n(x)) = (w0, n(x)) > 0.
ZGI(:Bo)

By Lemma 3.2, the function
Oyi=f+ Y Ni(n(x))g

1€l (xo)

Tt is “n-invex” in [1] and [17]. The terminology “directionally n-invex” was proposed by one
of the unknown referees
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is directionally n-invex at xzg on S. One has
P)(2) — @a(z0) = P)\(20,n(x), Vo €S
Together with (3.10) this gives
Ox(x) = @a(20) = P)(z0,7(2)) = 0.

Hence @) (x) > ®)(xp), or equivalently,

(3.11) + 3 z) > flao) + Y Mi(n(x))gi(zo).

1€l (zo) i€l(xo)

Since \;(n(z))gi(xo) = 0 for all i € I(xg), Ai(n(z)) > 0, and g;(x) < 0 for all 7,
from (3.11) we get

f(z) > f(z0),

which proves that z is a global minimizer of (P) since x is an arbitrary point of
S. O

The following corollary is immediate from Theorem 3.3 and Theorem 2.1.

Corollary 3.1. Suppose that f, g;, i € I(xg), are directionally n-invex at x¢ on
S. If xo is a Kuhn-Tucker point of (P) then xqy is a minimizer of (P).

The two corolaries below show that for the problems where f, g; are convex,
the Lagrange multipliers can be chosen to be constants.

Corollary 3.2. [11] Suppose that the functions f, g; (i € I) are proper and
convex and g; is continuous at xo for all i ¢ I(xo). If xo is a minimizer of (P)
then there exist \g > 0, A\; > 0, ¢ € I, not all zero, such that A\;g;(xo) = 0, for all
1€ 1 and

(3.12) Aof!(x0,) + ) Aigi(r0,€) >0, V¢ € R
i€l

Besides, if there exists & € S such that g.(zo,Z) < 0 for alli € I(zg) then Ao # 0.

Conversely, if xo € S satisfies (3.12) for some \g >0 \; >0, i € I, then xg is
a global solution of (P).

Proof. Note that under the assumption of the corollary, f’(zo,.) and g.(zo,.)
(i € I(xg)) are convex. The proof of the first conclusion follows directly from
the Gordan theorem (see [13]) and the inconsistency of the convex system (3.3).
Note also that if there is € S such that g}(zo,Z) < 0 for all ¢ € I(zg), then the
condition (RC) holds, and as a consequence of Theorem 3.2, A\g # 0.

If f, gi, i € I are convex then (P) is directionally n-invex at zp on S with
n(z) = x — xg. The sufficient condition follows from Theorem 3.3. O
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Corollary 3.3. [16] Suppose that the functions f, g;, i € I are convex and con-
tinuous at xo. If x¢ is a solution of (P) then there exist \g > 0, \; > 0, i € I,
not all zero, such that

0e )\oaf(l‘o) + Z )\i8gi(3:0), )\Z‘gi(l‘o) =0, Viel.
i€l

Moreover, if (P) satisfies the Slater condition, that is, g;(Z) < 0 for all i €
I(xg), and for some T € S, then the following is necessary and sufficient for
xg € S to be a (global) solution of (P):

There exists A = (A1, A2, ..., Am) € IR such that
0e 8f(l‘0) + Z )\ﬁgi(xo), )\Z‘gi(l‘o) =0, Viel.
el

Corollary 3.3 is a direct consequence of Corollary 3.2 and the separation the-
orem. It is possible to establish analogous results for differentiable problems as
well as for the problems in which the functions are locally Lipschitz and regular
in the sense of Clarke (see [2]).

Example 3.1. Consider the following problem (P1)
min f(z)
subject to
g(x) <0, zelR?
where the functions f, g : IR? — IR are defined by
f(@) == -,
g(z) == | |z1]| + 22|, = (x1,22) € R%

The functions f and g are quasidifferentiable at xo = (0,0) € IR?2. Namely, we
can choose

Qf(xO) = {(07 _1)}7 5f(xO) = {(070)} and

Qg(ﬂfo) = €O {(070)7 (272)7 (_272)}7 89(%0) = €O {(17 _1)7 (_17 _1)}'

Note that if 7 = (r1,72) € IR? and 7o > 0 then ¢'(zg,7) > 0. In fact, it is clear
that for such r one has

min (r,w) < 0.
wedg(zo)

Let

w € argmin (r,w) C co {(1,-1),(-1,—-1)}.
wEdg(wo)

Then
—2w € co {(2,2),(—2,2)} C 9g(zo).
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Since (r,w) < 0, we have

g (zo,7) = max (r,w) + min (r,w)
wEg(zo) wedg(zo)

Let A : IR? — IR, be defined by setting
r2

Ar) =< g'(xo,7)
0 if ro <0

if?“2>0

where r = (r1,7r2). We claim that the inequality
f'(@o, 1) + A(r)g (xo,7) > 0
holds for all » = (r1,72) € IR2. In fact, if 7o < 0 then
f'(zo,m) + A(r)g (x0,7) = =12 > 0.
If 7o > 0 then
J/@o,r) + N1 (0,7) = =12+ s/ (w0, 1) = .

Therefore zo = (0,0) € IR? is a directional Kuhn-Tucker point of (P1).
On the other hand, if we set 1 : IR> — IR? with

0,00 ifz<o0
77(%‘) T {(0 ZCQ) if zo >0

where x = (x1,22), then f, g are directionally 7-invex at zo = (0,0) on IR?. In
fact, if x = (z1,22) € IR? and 22 < 0 then
f(@) = f(zo) = —x2 > 0 = f'(20,0) = f'(x0,n(x)),
g9(x) — g(wo) = | x1] + @2 = 0 = g'(z0,n(x)).
If x = (21,22) € IR?, where x5 > 0, then
F(2) = Flao) = —22 = (0, 1), (0,2)) = (0, 1), 7(x))
= f'(wo,n(z)),
and
9(x) = g(xo) = | |21] + 22| > 22 = 22.9' (20, €2)
= ¢'(x0, (),
where e = (0,1).

We have just proved that f, g are directionally n-invex at z¢ = (0,0) and zg is
a directional Kuhn-Tucker point of (P1). By Theorem 3.3, z( is a minimizer of
(P1).
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Example 3.2. Consider the following problem (P2)
min f(x)
subject to
g(x) <0, zelR?
where f,g:IR?> — IR are the functions defined by
f(@) :=
o) = {xl + (2% + 23)
Ty + (23 + 23)
x = (x1,22) € R
(see [22, Example 3.2], [12, Example 3]).
Take 2o = (0,0) and note that ¢ € dg(xg) C IR?.
In [12], it is shown that
—9f(20) ¢ Of (xo) + cone ( Ag(xo) + o), x0 = (0,0) € dg(xo) C IR,
i.e., g = (0,0) is not a Kuhn-Tucker point of (P2).
We now prove that zg = (0,0) € IR? is a directional Kuhn-Tucker point of
(P2). Moreover, the functions f and g are directionally n-invex at zp. Hence, by

Theorem 3.3, xg is a minimizer of (P2). Meanwhile, (P2) is irregular at o (see
Corollary 2.1).

On one hand, it is clear that if A > 0 and = € IR? then
f(Az) = Af(x)
g(Az) = Ag(x).
Therefore, for all 7 = (r1,7r2) € IR?,

fAr) = fwo)

— T2 if xQZO
if z9 <0,

N N

(3.13a) §'(eo, ) =t LA I g O

On the other hand, for each r = (r1,72) € IR? where ry < 0, we have
g(r) =71+ (rf +13)% > v+ ()7 =i+ |ra| 2 0.
Let A : IR? — IR, be defined by setting
— 2 iy <0
0 if rg >0
for all r = (ry,79) € IR?%. We claim that
f'(@o, ) + A(r)g (zo,m) = 0
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for all » = (r1,79) € R2 In fact, if ro < 0 then f/(zo,7) + A7) (zo,7) =
2t (_ %) ~g(r) = 0. If ro > 0 then f'(zo,7) + A(r)g'(z0,7) = 12 > 0.
g(r
Consequently, zg = (0,0) € IR? is a directional Kuhn-Tucker point of (P2).
Since f(xg) = 0 and g(xg) = 0, it follows from (3.13) that the functions f, g

are directionally n-invex on IR? at zg where n(x) = z for all z € IR?.

Remark 3.1. Example 3.2 shows that the directional Kuhn-Tucker condition is
weaker than the Kuhn-Tucker condition introduced in [12] and [21].

Remark 3.2. Note that for (P2), with » = (r1,72) € IR?, the inequality

(3.14) f'(xo,m) + A(r)g (z0,7) > 0
is equivalent to
(3.14") ro + A(r)g(r) > 0.

Consider 7 = (r1,72) € IR? with ry < 0. Then g(r) > 0 (see Example 3.2).

Therefore A(r) satisfies (3.14) (or (3.14")) if and only if A(r) € [— %,—i—oo).

The multilpier A\(r) := ~ "2 hosen in Example 3.2 (when 2 < 0) is the smallest
g(r

number possible such that (3.14) still holds.

We now consider a sequence of directions (r)r C IR? satisfying
re = (rig,rox), ror = —1 for all k € N, and ry;, — —00 as k — 4.
Then

1
Arg) = — "2k _ :\/1+r%k—r1k—>—|—ooask:—>+oo.
9(rr) rik+4/1+ 73,

This shows that there exists a sequence of directions such that the sequence of
the corresponding multipliers tends to infinity. In other words, in the case of
Problem (P2) the multiplier A(.) can not be a constant.

Remark 3.3. We consider Problem (P2) and suppose that we have not known
the candidate for minimizer (that is zp). We shall use the idea given in Remark
2.1 (ii) to search for such a point for (P2).

Recal that zg € IR? is a directional Kuhn-Tucker point of (P2) if and only if
for all r = (ry,72) € IR?, the following system of linear inequalities of variable
A € IR possesses at least one solution:

f'(@o,7) + Ag'(z0,m) 2 0
(3.15) A>0
Ag(xo) = 0.
We first observe that for x* = (z1,72) € R?, g(z*) = 0 if anf only if
(3.16) 21=0, 20>0 or x1 <0, 79 =0.
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() If 2* = (z1,22) € IR? and g(x*) # 0 then system (3.15) is equivalent to
A>0
o > 0

which has no solution if we take r = (r1,72) € IR? with 79 < 0. Thus z* is not a
directional Kuhn-Tucker point of (P2).

(B) If 2* = (x1,22) € R? with 21 = 0, x5 > 0 then g(z*) = 0 and an easy

calculation shows that f’'(z*,7) = r9 and ¢'(z*,7) = 1. Hence (3.15) is equivalent
to the system

T2+/\T120
A>0

which has no solution if » = (r1,7r2) when 71 < 0 and r9 < 0. This proves that
x* is not a directional Kuhn-Tucker point of (P2).

() If * = (x1,22) € IR? with 21 < 0, 2 = 0 then g(z*) = 0 and with

r = (r1,r2) € R2, ry < 0, we get f'(z*,7) = 2 and ¢/(x*,r) = 0. This time
system (3.15) is equivalent to

r9 +AX.0>0
A>0

which has no solution if r = (r1,79) with 7 < 0 and r9 < 0. This means that z*
is not a directional Kuhn-Tucker point of (P2).

Therefore, every x € IR?, except for g = (0,0), is not a directional Kuhn-
Tucker point of (P2). As it is shown in Example 3.2, o = (0,0) is directional
Kuhn-Tucker point of (P2) and it is actually the unique solution of (P2).

4. DUALITY

4.1. Mond-Weir dual problem of (P). Consider the Mond-Weir dual prob-
lem (MWD) of (P):

(4.1) max f (&)
subject to
(4.2) (&, M) eY.

Here Y is the set of all pairs ({,A) with £ € IR" and A : R" — IR}, A(r) =
(A1 (1), A2(7), . - ., A (7)), satisfying the following conditions for all » € R™:

(4.3a) f1(&r +ZA r)gi(&,r) >0,

m

(4.3b) > Xi(r)gi(€) = o.

i=1
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Theorem 4.1. Assume that T € S and (§,\) €Y. Iff, g (=1,2,.
quasidifferentiable at € and directionally n-invezx at € on S then

@) > f(©).
Proof. Since (£,\) € Y, we have
An(@)) = (@), (@), - -, Am(0(T))) = 0,

(4.4) +ZA ))gi (&, n(E)) > 0.

It follows from Lemma 3.2 that the functlon

m
Oyi=/+ in(n(l’))g
i=1
is directionally n-invex at xg on S. That is, for all x € S,

Dy(x) — O (€) > PL(E, n(x)).
In particular, due to (4.4),

(15 £+ SR @)a®) > 16+ Y ()
Since ¢;(Z) < 0 and X:(:nl(f)) >0 foralli=1,2 :m we have
S Ro(®)ei(7) < 0
On the other hand, by (4.310),21
iw(w))g@ -0

Combining these with (4.5) we get
f@) = 1(9),

as desired.

Theorem 4.2. Assume that xy is a point in S, (P) is reqular at xg.

..,m) are

O

Assume

further that for all (§,\) € Y the functions f, g;, i = 1,2,...,m are directionally
n-invex at & on S. If xy is a minimizer of (P) then xg is also a mazimizer of

(MWD).
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Proof. As a consequence of Theorem 4.1 we get

(4.6) f(xo) > sup{f(§) | (§,N) € Y}

On the other hand, by Theorem 3.2, zq is a directional Kuhn-Tucker point of
(P). Hence there exists a function X : R" — IR’} such that

m
"(zo, 7 Z r)gi(xg,7) >0, for all r € R",

Xi(r).gi(:co) = 0, 1= 1,2, e, M.

This ensures that (zg,\) is a feasible point of (MWD). Together with (4.6) we
get

flxo) = f(§) forall (§A) €Y,
which completes the proof. O

4.2. Wolfe dual problem of(P). Let Y] be the set of all pairs (£, \) satisfying
(4.3a), i.e
Yi={(&N|{€R", \:IR" — IRT, Ar) = (A(1), .., Am(7)) satisfying

1) +Z/\ (r)gi(&;7) > 0 for all r € R"}.

For the sake of convenience, let us set

9= (917927 ce 7gm)7 g/(l‘o,’l”) = (gll(xo,’l”),gé(l‘oﬂ‘), ce 79;71(13077‘))7
(A(r),g(z)) = Z)\i(?”)gi(z),

where r, z € IR".
Define ¥ : Y7 — IR by

‘Il(& )‘) = f(f) + inf <)‘( ) g(£)>7 (57 )‘) €Y.

relR™
By Wolfe dual problem of (P) we mean the following problem (WD):

max ¥ (&, \)
(4.7) (§,\) € .

Theorem 4.3. Let T€ S, (£,)\) € Yi. If f,9i (i=1,2,...,m) are quasidiffer-
entiable and directionally n-invex at & on S, then

f@) > T(EN).
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Proof. Following the same way as in the proof of Theorem 4.1 we arrive at

f= ) F(&) + (An(@)), (&)
F(©) + inf (A(r),9())

> \II(E,X)-

As a direct consequence of Theorem 4.3 we get

Corollary 4.1. If for all ({§,\) € Y1 the functions f, g; (i = 1,2,...,m) are
quasidifferentiable and directionally n-invex at £ then

inf f(z) > sup W(E,N).

zeS (57)\)63/1
Theorem 4.4. Suppose that T is a minimizer of (P), the functions f, g; (i =
1,2,...,m) are quasidifferentiable and directionally n-invex at T on S. Suppose
furthermore that (P) is reqular at T. Then there exists a function X : IR" — IRT
such that (T, \) € Y1 and

f@) =@, N).
Besides, if for every (§,\) € Y1 the functions f, g; (i = 1,2,...,m) are qua-

sidifferentiable and directionally n-invexr at & on S then (T, \) is a solution of

(WD).

Proof. Since T is a minimizer of (P), by Theorem 3.2 there exists a function
A IR"™ — IR’ such that

f@,r)+ (\r),d@r) >0, VreR"
Ai(r).gi(@) =0, i=1,2,...,m, Vr € R"
Hence (7, \) € Y;. Taking Theorem 4.3 into account, we have

F@) = 9@ ) = f@) + it (), 9(7)) = £(@).

That is, f(Z) = ¥(Z, ). The last assertion of the theorem follows immediately
from this and Corollary 4.1. U

Remark 4.1. It is possible to extend all the previous results to quasidifferen-
tiable problems with the presence of equality constraints (see [3]). Also, a more
general approach which is applicable to larger classes of problems (than that of
the quasidifferentiable ones) is introduced in [2].

Remark 4.2. When this paper is in the process of publishing, the authors
receive paper [1] from Professor B. D. Craven. It turns out that the idea that the
Lagrange multipliers depend on the directions (in nonconvex cases) was found
by B. D. Craven in the year 2000. The necessary condition of Fritz-John type
as in Theorem 3.1 was established in [1] for the feasible directions from x (this
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causes a little difficulty in application since one has to solve the problem of finding
the feasible directions first). No necessary condition of Kuhn-Tucker type (as in
our Theorem 3.2) was found in [1]. But a sufficient condition of the same form
as in Theorem 3.3 (once again, for the feasible directions) was established with
the same definition of directional invexity. Also, in [1], a special case where the
Lagrange multiplier is constant, was pointed out, and for this case, a strong dual
theorem was proved.
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