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UNIQUE RANGE SETS FOR HOLOMORPHIC CURVES

DOAN QUANG MANH

Dedicated to the memory of Le Van Thiem

ABSTRACT. The purpose of this paper is to give a uniqueness result [Theorem
2.2] for holomorphic curves from C to P"(C).

1. PRELIMINARIES

In 1926, Nevanlinna proved that two non-constant meromorphic functions of
a complex variable which attain five distinct values at the same points must be
identical. In the present note, by using Nochka theorem [4], we prove a theorem
on the unique range set for the case of holomorphic curves from C into P"(C).

Let f be a meromorphic function in the complex plane C and a € C be a
complex number. Nevanlinna has constructed the following functions.

Let n(f,a,r) denote the number of points z € C for which f(z) = a and |z| <7,
counting with multiplicity. We set

T

Ny(a,r) :/n(f, at) _n(f’a’o)dt—i—n(f, a,0)logr,

t
0
17 1
=— [logt ————db
mytanr) = g [ 108" (a0
0

where logt x = max(0, log z), and set
T¢(a,r) = mg(a,r) + N¢(a,r).

Nevanlinna’s First Main Theorem asserts that for every meromorphic function
f(z) there exists a function Tt(r) such that for all a € C.

Ty(a,r) = Ty(r) + O(1),
where O(1) is bounded when r — oc.

Definition 1.1. Let f : C — P"(C) be a holomorphic curve from C into
the n—dimensional complex projective space P"(C). The Cartan characteristic
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function of f is defined by

2

1 0
Ty(r) = —W/lg?garicﬂlog‘fj(re )|dé.

0

Let H be a hyperplane of P"(C) defined by the equation F' = 0. For every
positive integer k, we define the counting function of F o f truncated at k by

r
Ny ¢(H,r)= Z log+‘ K
0#a€D,

where every zero a of function F'o f is counted with multiplicity if its multiplicity
is less than or equal to k, and k times otherwise.
For any positive integers k, £, by ngjé(t(m)) (resp. N>g #(t(m))) we denote the

sum taken over all the zeros a with multiplicity less than or equal to ¢ (resp. at
least £+ 1). Then

Ny s(H,r) = N=¢

wr(H,r) + NZY(H, 7).

For every k > 1, we have

Ny f(H,r) < Ny p(H,7) < kNyp(H,7), N f(H,7) < N¢(H, 1),

b
(+1

1

NEG(H, ) + NZ5(H,7) < T N (H ).

Set
Ef(H)={z€C: Fo f(z) =0 ignoring multiplicities}.
For every positive integer k, define a set
E¢(H,k)={z€C: Fo f(z) =0 ignoring multiplicities with ordsz < k}.

Hyperplanes Hy,... ,H, in P*(C), ¢ > n+1, are said to be in general position if
any n + 1 of them are linearly independent.

Theorem 1.1. (See [4]). Let f = (f1,... , fot1) : C — P*(C) be a linearly
m-nondegenerate holomorphic curve and Hi,...Hy be hyperplanes of P™(C) in
general position such that f(C) ¢ Hj, j=1,...,q. Then

(g —2n+m—1)T(r) ¢(Hi,r)+S(r),

I MQ

where S(r) = 0(log(r.T¢(r))).
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2. THE UNIQUE RANGE SET FOR HOLOMORPHIC CURVES

From Theorem 1.1 we can deduce the following.

Theorem 2.1. Let f = (f1,..., fn+1) : C — P*(C) be a linearly m-nondegenerate
holomorphic curve, ki,... ,kq be positive integers and Hy, ... H, be hyperplanes
of P*(C) in general position such that f(C) ¢ Hj, j=1,...,q. Then

q
ks
(;k’i+1_2n+m_1Tf ;k 7V (Hir) £ 5(r),

where S(r) = 0(log(r.T¢(r))).
Proof. For H; € {H1,... ,Hy} and k; € {k1,... ,kq}, we have

N g (Hi,r) = NN (Hi,r) + N2V (H;, )

; . 1 . A
<k7’ Skl kz
< ki_i_anTL’f(Hi,?”)—i- ki_’_le’f(Hi,r) +N;Z7f(Hi>7ﬂ)
ki <k 1
< N="0(H;, N¢(H;,
S G al s o) b g Ny ()
ki <k 1
< N> (H;, T 0(1
Sl m,f( ?”)+ki+1 ¥ (r) +0(1)
It follows that
! 2 kz <k 1
N, H < N="(H, T 0(1
; ms{ “T)—;k;ﬂd m.f Z’T)+;kl+1 §(r) +0(1)

On the other hand, by Theorem 1.1, we have

(q—2n+m—1)Ty(r) <2Nmf (H;,7) + S(r).

=1
The conclusion follows from the last two inequalities. U
Theorem 2.2. Let f = (flv"' afn-l—l); g = (gl>'-' 7gn+1) :C — Pm(c) -
P*(C) be two linearly m-nondegenerate holomorphic curves and Hi,... ,H, be

hyperplanes of P*(C) in general position such that f(C) ¢ H;, j = 1,...,q.

q k;
Let ki, ..., kq be positive integers such that ky > --- > kg and ) >
i=omn+1 ki + 1
2n —m+ 1. Assume that

Ef(HZ ﬂ]P’m(C),kZ) = F (HZ ﬂ]P)m((C),]CZ), 1= 1, e 54,

and f(z) = g(z) for any z € U E¢(H;NP™(C),k;). Then f =g.

i1
Proof. Assume to the contrary f;g; Z f;g;- From the hypothesis it follows that

k1 > > kq 21.

1>
T k+1" ke +1 2
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By Theorem 2.1, we have

q
<Zkik —2n +m— DTy(r
=1 —

kan <k;
< 2 N NSk
= Tegmm + 1 ; m,f( )

)

7k2mn+1

2mn k‘g

+ )Ty (r) + Sp(r) 40
Ejk_+1 o Ty (r) 4 () + 0(1)

where S¢(r) = 0(log(r.T¢(r))). This gives

k; ank‘gmn
—2n+m — DT (r
< Z k—l—l komn + 1 >f()
1=2mn+1

 komn <k
N H 1
[re— g ,7) + Sp(r)+0(1)

mkamn

kanHZN“ (Hi, )+ Sp(r) +0(1)

mnkomn
<— Ny, o4(r)+S +0(1).
< PN () + S5(r) 000
On the other hand, by [3, Lemma 3.1, Chapter VII] we have

Ny o (r) < N%(?”) + Nai (r) < Ty(r) +Ty(r) +0(1).

fi 95
Therefore
k; ankan
—2n+m — 1)Ty(r)
1=2mn+1 k + 1 k?mn + 1
k mn
< TR (T (1) 4 Ty(r) + Sp(r) + 0(L).
k2mn + 1
Similarly,

q

ki 2mnk
(Y gt m - D)
1=2mn+1 it 2mn +

mnkamn

< W(Tf(?”) + Tg(?”)) + Sq(r) +0(1).
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From the above two inequalities we obtain

(S o= DY(Ty0) + Ty() < Sy(r) + S,(r) +0(1).

i=2mn+1 ki +1
Hence
q
k; Sp(r) + 8g(r) +0(1)
(2.1) —2n+m—-1)< .
<i27zn;z+1 ki +1 > Tf(r) + Ty (r)

Since f, g are two linearly nondegenerate holomorphic curves from C into P"*(C)
and H; NP™(C), i =1,...,q, are hyperplanes of P"*(C) in general position, by
[1, Theorem 5.2.1] we have

lim inf Sf(r)
r—-+oo Ty(r)

<0.

From (2.1) and the hypothesis, we get a contradiction. Hence fig; = fjg;. Thus,
f=g. O

Corollary 2.1. Let f = (f1,.-- s fut1), 9 = (91,--+ ,gny1) : C — P™(C) C
P*(C) be two linearly m-nondegenerate holomorphic curves and Hy, ... Hg be hy-
perplanes of P™(C) in general position such that f(C) ¢ Hj, j =1,... ,q, with
qg>2mn+2n—m+ 1. Assume that

E{(H;nP"(C)) = E,(H;NP"(C)), i=1,...,q,
and f(z) = g(z) for any z €= L JEf(H; NP™(C)). Then f = g.

Proof. In Theorem 2.2, take ki = ko = --- = k; = k and let k — o0. O
Corollary 2.2. Let f = (fla"' 7fn+1)7 g = (gla"' 7gn+1) :C— ]Pm((c) -
P*(C) be two linearly m-nondegenerate holomorphic curves and Hy,... ,H, be
hyperplanes of P™(C) in general position such that f(C) ¢ H;, j = 1,...,q.

q ki
Let k1,... ,kq be positive integers such that ky > --- > kg and ) L >
i=2m+1 ki + 1

2n —m+ 1. Assume that
E;(H; nP™(C),
E;(H;nP™(C),

7

NEf(H; "P™(C), k) =0, Vi#j

k
k = FQ(HZ ﬂ]P)m((C),]CZ), 1= 1, e 54,

~— —

7

q __
and f(z) = g(z) for any z € |J Ey(H; "NP™(C), k;). Then f =g.
i=1
Corollary 2.3. Let f = (fla"' 7fn+1)7 g = (gla"' 7gn+1) :C— ]Pm((c) -
P™(C) be two linearly m-nondegenerate holomorphic curves and Hy,... ,H, be
hyperplanes of P*(C) in general position such that f(C) ¢ H;, j =1,... ,q, with
q>2n+m+ 1. Assume that

E¢(H;nP™(C)) N Ef(H;NP™C)) =0, Vi#j
Ef(H;NP™(C)) = E,(H;N"P"(C)), i=1,...,q
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and f(z) = g(z) for any z € L(_]J E¢(H;NP™(C)). Then f = g.
=1

2

Proof. In Corollary 2.2, take ky = ko = --- = k; = k and k — oc. O

Note that for m = n from Corollary 2.3, we obtain the uniqueness theorem for
holomorphic curves of Stoll [6].

Corollary 2.4. ([6]) Let f = (f1,---, fn+1);9 = (91,--+ ,gnt1) : C — P*(C)
be two linearly non-degenerate holomorphic curves and Hy, ... ,Hsyyo be hyper-
planes of P"(C) in general position. Assume that

STHH) N TN H) =0, Vi),
fYH) =g (Hy), i=1,...,3n+2,

and f(z) = g(z) for any z € BU2 fY(H;). Then f=g.
i=1
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