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ABSTRACT. It is studied under what conditions quasinormability and asymp-
totic normability of Frechet spaces are invariant for spaces of entire functions
of bounded type on their strongly duals.

INTRODUCTION

In the period 1970-1980 Vogt has introduced and investigated “geometric”
many properties of Frechet spaces. His results found important applications
to some problems concerning plurisubharmonic and holomorphic functions on
nuclear Frechet spaces (see for example [2], [3], [7], [9],...).

Recently the stability of certain Vogt’s properties for the spaces of entire func-
tions and of germs of holomorphic functions have been considered in [5] and [6].
In fact the problem was investigated earlier by Meise and Vogt in [7] for the
nuclear case. The aim of the present paper is to study a similar problem for the
quasinormability and asymptotic normability of the spaces of entire functions
of bounded type on strongly dual spaces of Frechet spaces. The following two
theorems are proved.

Theorem A. Let E be a quasinormable Frechet space. Then Hy(E') is quasi-
normable if one of the following two condition holds:

(i) E is Hilbertisable
(ii) E' has an absolute basis.

Theorem B. Let E be an asymptotically normable Frechet space. Then Hy(E")
80 1.

1. PRELIMINAIRIES

1.1. Let E be a Frechet space, || - |1 < |- ]l2 < ... a fundamental system of
seminorms on E defining the topology of E and U = {z € E : ||z||; < 1} for
every k > 1. We say that F is
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(i) Quasinormable if
(QN) Vp 3q Ve >0 3 abounded set M C E: Uy C M + cU,.
(ii) Asymtotically normable if

(AN) dp Vg > p 3k > q: the semi-norms || - ||, and || - ||; define equivalent
topologies on Uy.

In [8] Meise and Vogt have proved that F is quasinormable if and only if there
exists a Banach space B and a nuclear Frechet - Kother space A(A) such that E is
a quotient space of BR,A(A). Later a similar characterization for asymptotically
normable Frechet spaces was given by Terzioglu and Vogt [12]. They have proved
that F is asymptotically normable if and only if there exists a Banach space
B and a nuclear Frechet space A(A) with a continuous norm such that E is a
subspace of B&,A(A).

1.2. By M we denote the set of strictly increasing positive functions on (0, 00).
If ¢ and ¥ are in M we say that ¥ dominates if for every A > 1 there exists
C\ > 0 such that

(1.1) p(At) < C\U(t) forall te (0,00).

Let E be a Frechet space and ¢ € M. Following Vogt and Wagner [15], we say
that E has the property

1
(Qyp) <= Vp ¢ VE 3IC >0, Vr >0:U, C Co(r)U, + ;Up,

1
(DN,) <= 3p Vq 3k, C>0Vr > 0:U) C Co(r)Up + ;U,?.

It is known that [8] (resp. [12]) F is quasinormable (resp. asymptotically
normable) if and only if ' € (2,) (resp. E € (DN,)) for some ¢ € M.

1.3. Let F and F be locally convex spaces and D an open set in E. A function f :
D — F is called holomorphic if f is continuous and uo f is Gateaux holomorphic
for all u € F’, the strongly dual space of F. By H(D, F) we denote the space of
F-valued holomorphic functions on D equipped with the compact-open topology.
Let H(D) denote H(D,C).

An entire function f : E — F is said to be of bounded type if f is bounded
on every bounded set in E. We denote by Hy(F, F') the space of F-valued entire
functions of bounded type F equipped with the topology of uniform convergence
on all bounded subsets of E. Write Hy(E) for Hy(E,C). It is known [10] that if
E is a bornologicall (DF)-space, then Hy(E) is a Frechet space.

For more details concerning holomorphic functions on locally convex spaces
the readers may consult [1].

2. PROOF OoF THEOREM A

The proof requires some lemmas.
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Lemma 2.1. Let E be a quasinormale Frechet space. Then so is E”.

Proof. Let W be a neighbourhood of 0 € E”. Take a neighbourhood U of 0 € F
such that U C W. Since E is quasinormable we can find a neighbourhood V
of 0 € E such that

Ve > 0 there exists a bounded set M in E:V C M + ¢U.
Since M is o(E", E')-compact, the bipolar theorem implies that

VO C Clypn pry(M +eU) € M +eU% C M +eW.
By an appropriate modification of Vogt [13] we get the following.

Proposition 2.1. Let
0—-E—F—F1&:AA) -0

be an exact sequence of Frechet-Hilbertisbale spaces. Assume that E € (§,) for
some ¢ € M, while A(A) € (DNy) for some VU which dominates . Then the
sequence split.

Proposition 2.2. Let E be a quasinormable Frechet-Hilbertisable space. Then
there exist an index set I and a nuclear Frechet-Kothe space A(A) such that E'
is a subspace of [(2(I)@,A(A)].

Proof. Let {||-||x} be a fundamental system of Hilbert seminorms of F satisfying
Vk>1Ve>0dabounded set M C E: Uiy C M+ Uy

(i) Let us consider the canonical resolution of Palamodov [11]

0—>Ei>HEki>HEk—>07
E>1 E>1

where

q:{rp} — (Pk+1,k$k+1 — ),
e:x — (wgr);

here pp11k 1 Erpy1 — Ej and w : E — K are canonical maps and Ej, are Hilbert
spaces associated to || - |-

We shall prove that every bounded set in [] Ej is the image of a bounded set
k>1
in [] Ex under the maps ¢q. Indeed, by virtue of [11] it is enough to check that
k>1
for any index set S the space £*°(S, E) is dense in £*°(S, Ey1) with respect to
the norm of ¢>°(S, Ey,).

Given o € £>°(S, E11) and € > 0. Choose a bounded set M in E satisfying

_° _n,.

Ugy1 C M+
||U||k+1
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Since {% 1S € S} C Ug41, we deduce that there exists 5 € £°°(S, E) such
Ollk+1
that

| ||Z|(|Zl 06, < ooy for o€S

Thus for v = ||o||g+108 € €°°(5, E) we have

llo— 7k <e.

(ii) Following [8], we put

F={o={n}e ] Bl =Y llul? < oo}

k>1 k>1

For each k we let F}, be the topological complement of Ey in F,i.e. F = E; ® F.
By taking the direct sum of the above canonical resolution with the exact sequence

o0 o0
0—0— J[[A-L]]F—o0
k=1 k=1

we obtain the exact sequence
0—>E—>FNi>FN—>0.

It is easy to check that every bounded set in FN is the image under ¢ of a
bounded set in FV. By Proposition 2.1 and the same argument as in [8], we
deduce that E is a quotient space of £2(I)®,A(A) for some index set I and
a nuclear Frechet-Kéthe space A(A) such that every bounded set in E is the
image of a bounded set in £2(I)®,A(A). Tt follows that E’ is a subspace of
[P(DEA(A)] 2 2(1)S-A(A). O
Lemma 2.2. Let B be a Banach space and E a nuclear Frechet space. Then

Hy(BRE') is quasinormable.

Proof. Tt is easy to see that the topology of Hy(B®;E') is defined by the system
of seminorms

(1) I1f]ll, = sup {p"|Pnf(w)| : w € Ap,n >0},
where
_ 1 fOw)
flw) = ;)Pnf(w% Puf=5= | Sord)
"= Ai=p

is the Taylor expansion of f € Hy(B®,FE') at 0 € B&,E" and {A,} is an exhaus-
tion sequence of bounded sets in B&,E'.

Let p > 1. Choose ¢ > p + 1 such that the canonical map

wpg; £y > Fy
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is nuclear. Now we claim that for every € > 0 there exists a bounded set M C
Hy(B®,E'") such that W, C M + 2¢W,,, where for each k > 1 we put

Wi = {f € Hy(BELE) « ||| fllx <1}

Given € > 0, we select n. > 0 satisfying

P n
(m) <e Vn> Ne.

It follows that

p3

<sup{< +1) "B, f(w )\:weAq}

<e VfeW,.
This implies that
(2) Y PufecW,, VfeW,
n>ne

Since for each n > 0, P(("(B ®xE")), the space of continuous homogeneous poly-
nomials of degee n on B®&,F', is isomorphic to a complemented subspace of

((B®7TE/)®7T e ®7r(B®7rE ))/ = (B®7r o ®7|-B) ®7|-(E®7r LRI ®7rE)
and the map
Wy -+ Oy : Bg@r -+ On By — Ep@p -+ OrEp

is compact, we can find for each n > 1 a bounded set M,, C P(*(B&,E")) such
that

(3) Wen Y P(UB@E))C Y My+eW,

0<n<ng 0<n<ng

combining (2) and (3) we have

Wy C > My +2eW,.

0<n<ne

Now we are able to prove Theorem A.

(i) Assume that F is a quasinormable Frechet-Hilbertisable space. By Propo-
sition 2.2 we can find an index set I and a nuclear Frechet-Kothe space A(A)
such that E’ is a subspace of £2(I)@,A’(A). Since A’(A) is nuclear we infer that
2(I)®,A'(A) has a fundamental system of Hilbert semi-norms. Combining this
with the fact that every entire function of bounded type on a (DF')-space can be
factoried through a Banach space [4] we can assert that the restriction map

R : Hy(*(D) &N (A) — Hy(E)

is surjective and, hence it is an open mapping by [10]. Consequently, we deduce
from Lemma 2.2 that H,(E’) is quasinormable.
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(ii) Assume that E’ has an absolute basis {u;} with the sequence of coefficient
functionals {e;} C E”. For each k > 1, put

2 = {ue B s Jul = les )l < oo}
Jj=1
where
HUHZ = sup {|u(ac)\ cx €U, u€ E/}.

Since E is quasinormable (hence E’ is bornological) and since {u;} is an absolute
basis of F’, it is easy to check by [10] that E' = limkind E'(k) and P("E') =
lim proj P("E'(k)) for n > 0.

a) First we show that every bounded set in P("(E’'(k+1)) can be approximated

in P("E'(k)) by a bounded set in P("E’). We consider only the case n = 2,
because the others cases can be proved similarly.

Let M be a bounded set in P(2E'(k+1)) = L(E'(k+1)), E"(k+1) and € > 0.
Since B (k + 1) 2 4, every f € P(*E'(k + 1)) can be considered as a sequence
{f} C E"(k + 1) with

I lesrar = sup {1, 0)] s (u,0) € A x Apsa |

= sup{\fn(u)| cu € Agyq,n > 1},
where
Apsr = {u € Bk +1) : ulllir < 1}.

By Lemma 2.1, E” is quasinormable. Hence, without loss of generality we may
assume that

Vp > 1Ve >0 3 abounded set B in E” :
(4) A2+1 C B+ (5Ag and 24, C Apyq forp > 1.

Applying (4) to the bounded set {f, : f € M,n > 1} C E”(k + 1) we can find a
bounded set {gfn : f € M,n > 1} such that

() [fn(u) = gpn(u)] <

for u e A and n > 1.

€
22

From (5) we see that the form

(6) gr(uw) ={grn(w)}, uweE(k+2)
defines g5 € L(E'(k + 2), E"(k)) such that
€
Hf_9Hk+1,k < 5 for f e M.
Choose a bounded set {z;: f € M,j > 1} in E”(k + 2) such that

(e

. c .
‘J* )—xf,ij71<2—2 for j>1, fe M.
k+2
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Then, for each f € M, the form

h;l)(u) = Zej(u) . HujHZH:L‘fJ for we E'(k+2)
Jj=1

defines a bounded set {h{") : d € M} in L(E'(k + 2), E"(k + 2)) such that

<= for feM.

thfl) B hf‘Q)HkJrQ,k 92

Continuing this process we get for each p > 1 a bounded set
(WP feM}cLE(k+p+1),E"(k+p+1))
such that

(7) R — n for feM.

l < it
k+p+1,k+p—1 = 9p+1
From (7) it follows that for each p > 1 and each f € M the series
(p) (g+1) (9)
i D [ =]
q=p

converges to fAL;p) in L(E'(k+p+1), E"(k+p)) and the sequence {ﬁ;p) }p>1 defines

hy € L(E',E") = P(*F)
such that
<e for feM.

Hﬁf - fHk-i—l,k

Moreover, the set {izf : f € M} is bounded in P(2E").
b) To prove that Hy(E’) is quasinormable it is enough to check that

(8)  Vk>1Ve>03abounded set M C Hy(E") : Wyy1 C M + Wy,
where

Wy = {f € Hy(E): |, <1} for p>1.
Given k > 1 and € > 0, we choose N such that

9 LI P N
( ) (,I{j——i-l) <e€ or n > IV.
For each f € Wy, 1, we consider the Taylor expansion of f at 0 € E’
1 ()
(10) flu) =D Puf(u), Puf(u)=o— [ SodA
n=0 A=

From (9) and (10) we have
Z P.f € eWy.

n>N
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By a) we can find a bounded set M in > P("E’) such that

0<n<N
> O WHiCM+te Y WrECM+eW,
0<n<N 0<n<N

Hence
Wi © M + 2eWy,
and (8) is proved.

3. PROOF OoF THEOREM B

Let E be an asymptotically normable Frechet space. By the theorem of
Terzioglu-Vogt [12] we can find a Banach space B and an asymptotically normable
nuclear Frechet space F' such that E is a subspace of BR,F. It follows from the
Hahn-Banach theorem that Hy(E') is a subspace of Hy(B'®.F"). Hence, it re-
mains to check H,(B'®,F') is asymptotically normable.

(i) Let {| - Hk‘};o:1 be a fundamental system of seminorms of F'. Since F' is
asymptotically normable, we have
(AN) Vg 3k - llp ~ - llg on Uy,
i.e., the topologies on Uj which are defined by || - ||, and || - || coincide. First we

check that for p, ¢ and k as in (AN) we have
m, ~my on Wi for n>1,
where W} denotes the unit ball in

(B®7TF)®7T T ®N(B®WF)

n

of the semi-norm 77} induced by || - |[x. For simplicity, we consider only the case
n=2.

Let {fn} C W with 72(f,) — 0 as n — oo. Since
(B&r F)@7(B&7F) 2 FRy(B®:B@,F) 2 L(F', B&:B&.F)
the sequence {f,} can be considered as a sequence
{fa} C L(F', B&,B&,F)
for which
sup{‘(wofn)(u)‘ uelU,we(VeVely)n> 1} <1,
and
sg(fn) = sup{|(w o fn)(u)| uclUpwe(VaVe Uk)o} —0

Assume that €2(f,) /> 0. Then for each n > 1 there exists w, € (V@ V @U,)°
such that

sup{!(wnofn)(u) tu € U(?} 40 asn — oo.
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This is impossible, because {wy, o f,} C U2 and |w, o f||, — 0 as n — oo.
(ii) For each k > 1, put

Wil f € Hy(B'EF) - Ifllle <1}

where

A1 = sup {1 £ ()] : w € conv(V° @ UD) }.

It remains to check that

Il ~ - 1llg on Wi

for p, q, k as in (AN). Assume that {f,} C Wy, [||fulllp — 0 as n — oco. Write

_ 1 [ fOw)
21 A+
[A|=p

fa(w) =Y Pifa(w),  Pjfa(w) X,

>0

Take 0 < § < 1 such that

conv(V ® Ug) C 6 conv (V@ Up).

For each € > 0, choose jg for which

Z |||ijn|||q < Z & < e.

J>Jjo J>jo

Then by (i) we have

Y WP falllg <e

0<j<jo

for n sufficiently large.

Hence ||| fn||l¢ — 0 as n — oc.

(1]
2]
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