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REPRESENTATIONS IN POLYDOMAINS

H. BEGEHR

Dedicated to the memory of Le Van Thiem

1. INTRODUCTION

Iterating Cauchy-Pompeiu operators leads to higher order Cauchy-Pompeiu
representation formulas. There are two basic second order representations. One
is related to the Laplacian §?/020%, the other to the Bitsadze operator §%/0z2.
These two formulas applied for different variables and iterated in proper manner
lead to different representation formulas of second order for functions of sev-
eral complex variables in polydomains. They are called of second order as only
derivatives up to second order with respect to each variable are involved.

On one hand these representation formulas provide particular solutions to
certain inhomogeneous second order overdetermined systems as inhomogeneous
polyharmonic, the inhomogeneous polyanalytic and some mixed kind systems.
On the other hand they even can be used to transform more general systems
including lower order terms into systems of singular integral equations for some
density functions. They determine a particular solution to the inhomogeneous
system.

The most general second order representation is given in Theorem 3. For
one group of variables the Laplace operator is involved while for the others the
Bitsadze operators is. Theorem 1 and Theorem 2 present special result where
only one of the two operators appears.

The representation formulas (15) and (16) in Theorem 3 correspond to different
kinds of systems. While the first formula is related to

Wy, z; = fu for pe {l1,... 0y},
worz = fu for p€ {fit,. b},
the latter is related to
Wy, zy = fup for pe {f,..., 0},
Werzr = fup for p€{lbr,... G}
wzz = fu for 1<p<v<n

Here {¢1,..., 00, lxy1 ..., 0} ={1,...,n} for some A, 0 < XA < n, and proper
compatibility conditions have to be satisfied. Dual formulas with the roles of the
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Laplace and Bitsadze operators interchanged are available, too. For the origin of
the Pompeiu operator see [5].

2. BASIC REPRESENTATION FORMULAS
The complex forms of the Gauss theorem

1 1
(1) /wzda:dy = — /wdz, /wzdxdy = —— /wdE
21 21
oD oD

D D

for w € C1(D;C) N C(D;C) with bounded smooth domains D C C lead to the
Cauchy Pompeiu representations

1 d 1 déd
@ e =ge [u0Fs -1 [0, cep,
oD
1 ¢ 1 déd
@ we =g [u0 -2 fu@EL e
oD D

Iterations of these formulas lead to higher order representations in terms of inte-
gral operators from a certain hierarchy, see [4]. The simplest are

B i 1 [ T—=
w(z) = g [wl72 - 5 [l
oD oD
1 C—=z
3) + ;/%g(()c — dédn, z€D,
D
1 d _
wz) = 3= [ w05 + 5 [ e loglc — P
oD oD
3 1 2
(3) + 1 [ulOloglc ~ sPdsan, = D,
D

for w € C*(D;C) N CY(D;C). As (2') is a dual representation to (2) there are
dual formulas to (3) and (3’) where (-derivatives are used instead of (-derivatives
and vice versa. E.g. instead of (3’) one has

w(z) = ——= / w(@) =2 — L [ (1081 - 2f2dc

271 (—2z 2m
oD oD
1
(37) + /wCE(C) log|¢ — 2z|*d¢dn, =z € D.
D

For functions of several complex variables (2) can be used to represent w €
J— n
CY(D™;C) N C(D™;C) for polydomains D™ = k)EIDk C C™ with bounded smooth
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domains D, C C, 1 <k <n, as

“vp

1 dg'/pd Yo n
(4) _Z Z F// Cuk H#, z e D"

n
Here 0y D" := k)_ilﬁDk is the distinguished boundary of D so that w has to be

continuous just on D™ U JyD™ rather than on the closure D™ of D™. Variables Cu
which are not integrated upon are understood to be replaced by z, throughout
this paper.

In (4) only first order derivatives with respect to each variables zx, 1 < k < n,
are involved as the higher order derivatives occurring only in mixed form. In
[3] the iteration of (4) with its dual formula is used to develop a formula where
second order derivatives with respect to each variable occur in order to solve the
inhomogeneous pluriharmonic system, see also [1, 2].

Here (3) and (3’) will be iterated for creasing “second order” representation
formulas for functions in several complex variables.

But also first order and second order representations can be combined leading
to representations for solutions to mixed systems. There are many combinations
possible.

3. ITERATION OF (3)

=2 : .
Let w € C?(D% C) N CY(D";C) for a bounded smooth bidomain D? = D; x
Dy C C2. By w € C1(D?;C) we mean a complex-valued function with continuous
derivatives w.,, Wy, W2y, Wer, Wey, Wess, Wayss, Wiis, i D2, ete.

Applying (3) for D; to w, and for Dy to w and to wzr and inserting the last
two into the first gives

1 déi  dg
we) - (2ri)? / / w(gl’@)Cl — 2162 — 22

0D1 ODo
1 ¢y G2 — 22
- — d
(QM)ZaL[ a! valen CZ)Cl — 210 — 2 G2
1 2
dCl (o — 2
d d
27”71-8ZD/ ) Cla@ o CZ_ZQ 5 712
1 2

1 G=a, d
- W / / wC_l(Cl’C2)C1 _ZldCICQ — %2

0D1 0Do
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1 G — G2 — 22
- (2mi)? / / s GG -2 dgl G2 — 22 a2

9D; ODs
G —
2 1Cod
2m7r// Cl@ — <§2_ Gadlny
D1 Do
L G
+;/MQQ(C1722)HCZ€1d7]1'

Dy

Using (3) once more for D; to wzz shows

C1, (2) wﬁ(fl» C2) G—=
wiz,2) = (2mi)? / / (C1 B

— 21)(C2 — 22) G2—2z G —21

E(QD QQ) CQ — 29

Gl — 21 G2 —
Gl—21 G—2

G — 21 Q2 — 22
- % /w@@(ﬁ,zz)—gi — L d¢ydm + l/ we, ¢ (21, CQ)E dfzdnz

Do

5) 2 // Waaae (1, CQ)Q B0 d&dmd&drm’

Gl —21C— 2
D1 Do

a6 G, G)

2 bacudc,

(2’1, ZQ) S Dl, DQ.
In order to eliminate the boundary values of wg ¢, one can apply the Gauss
theorem to deduce that

1 G-nl-=
(2mi)? / / wCTC_Q(Cl’CQ)C — 2 G — ZQdC 1dGe

0Dy OD3o

_ 1 & G —21G—
= p/ 96,06 [wgl gQ(ChCz)g = G — 2 2| dgydmdadi

D1 Do
_ 1 (1 —21G— 2

F / / {waaag(gl’ CQ)Cl — 21 CQ — Z2
D1 Do
G—=n 1 1 G-

+uage( @) — o taaa@h @)

wﬁg_Q(Cly CQ)
(&1 — 21)(C2 — 29) }d&dmd&gan,

C1—21C2— 2

Hence, for (z1,29) € D1 X Do,
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C17C2)
w(z) 27” // (C1 — 22)(C2 — 22)

*<<17<2>< 0 w50 )G -
S 11—z Y%
G-z G-z G—z1 G- z}dgd@
+ %D/ we, ¢, (1, 22)72 : 2 d&idm + %D/ YR tat gg)g d&an
1 d&idnz d€adn;
+ P//wg—lg(ﬁ,@)gl e ——
D1 Dy
G-z
// Y AR o CQ—ZQ
D1 Dy
(6) + w556 )#CQ }dg dnydéad
C1Ga G 5152 G — 21 G — 1411052072

Generalizing (5) and (6) to more than two variables gives the following result.

Theorem 1. Let w € C?(D™;C) N CY(D",C) for a bounded smooth polydomain
n
= k)Ele Cc C™. Then for z € D™

1
wiz) =Y (-DF N W/wa@@m

k=0 1<y < <vpg<n doD™

p=1 K
n 1
YD z [ renee©
k=1 1<y <-<vp<n I
V1 Vi
7 S — 2, e Ve e, d
(7) XHQI/_I/ gupnu,ﬂ
]
and
n—1 1 k n
k=0 1< <---<vp<n 80 D™ pP= 1 p=1 H

n—1

k+1 gu — 2y
- Z(_l) —k / / Cu1 Cuy - Zyy, Cuk H Cyz - dfl’pdnl’p

k=1 1<z/1< <1/k<n vy
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n—1 (_1)n
DI - e g e e ©

k=0 1< <<y <n D
1<vp1<--<vn<n

{v1,.ovn}={1,...,n}

k
dé,d
(8) <11, == H T
p—1 Cu — Zu
Here the variables which are not integrated upon are through to be z’s rather than
n
(’s. Moreover, 9yD™ := k)EIODk is the distinguished boundary of D™.

The proof is by introduction and follows the above argumentation in the case
n=2.

4. OTHER ITERATION

In an analogous way one can proceed with (3’).

Theorem 2. Any w e C*(D";C) N CY(D";C) can in D" be represented as

1
R S AR

- 1<y <<y <n Og D™
1<vp1<--<vn<n

{v1,.ovn}={1,...,n}

n dc,
leogk,,p sl 11 & B

p_l p= k+1 a

+;(_1)k+1 _/ / W, Gy Gop (©)

1<1/1< <vEp<n

1/

k

(9) x [T 10816, — 2, /%d&, dny,
p=1

and

— 1
ZZ > Griy / Cromiron (9
=0 < <--<vg<n do D™
I<vpi1<--<vn<n

X H log ‘Cyp Zup| dCVp H

p=ht1 Cup - Zup
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n—1 1
+]€Z:1(—1)k+1 3 = /m/wCulCul---Cukcyk(o

1<vi<--<vp<n Dy, D”k

k

x [ log ¢y, — 20, [y, dny,
p=1

n—1 (_1)71
+ > o /wgulcyl...cykcykcykﬂ...%(C)

k=0 1< <<y <n Dn

1<y 1<--<vn<n

n

(10) leogKl,p 2,2 H Cy 11 d¢udn,.

p=k+1 ”pu 1

Let (3”) applied for Ds be inserted into (3’) used for D;. Then for (z1,22) €
Dy x Doy analogously as before one gets

w(C1,¢2) —
wlan, 22) = 27” / / (G1—21)(C — ZZ)dgldCQ

0Dy 0
g_l(Cla@) log |1 — 21[2dCrdcy + Yee\e1¢2) C2(C1a§2) log |Cy — z2|2dC1dCs
G2 — 22 G-

+ waCQ (Clu QQ) log ‘Cl - 21‘2 log ‘CQ — 22| dCldCQ}

1
+— /wglgl(gla 22)log [¢1 — z1[*dérdm
Dy

1
+- /w@@(zla (2)1og [¢o — zo|*dEadny
Do

1
(11) o2 //wﬁlﬁ@@(% (2)log[C1 — z1[* log [C2 — 2|*d&1dm dEadna.
D1 Do
This can be reformulated as

w(Ci, C2) =
W) =~ o | / G

0Dy 0

" wg (G5 G2) Cg(Ch C2)
G2 — 22 G —

1
+— /wglg_l(ChZQ)lOg G — 21 d&rdm
Dy

log |61 = 21[2dGrdGs + ~ 2222 l0g|¢y — 221G |
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1
+ /%@(21, (2)log |Ga — z2[*déadny

// (s M ) + Page (@ e) log |G — 21
1

—21 C2—Z2) C1— 22

(12)  + M
<1

log|Cz — 2 }dgydim dgadip,
G-

Generalizations of (11) and (12) are not yet available.

5. ITERATION OF (3) WITH (3’)

Inserting (3’) for D into (3) applied for D; gives for (21, 22) € D1 x Do

8! dCy
w(z1,22) = al[@! w(C1, C2) G5
L d¢i G — 2z
_Wagal[ w5 GGz 22
dCl (o — 2
27rz ﬂaD/D/ CaC2 Cl’@ - df dna
L _d
+ (27i)2 / / = (C1,G2) log |G — 212 dClC G2
D1 9Ds
! A
_ Wﬁ! 6! wg—lg(Cl,Cz)log |G — z1|%d(y o z2dg2
27T27r / / YaaG (1, ¢2) log [G1 — 21 dCl d{gdm
8Dy Do
= / e, (G 22) 10g G = 21 *d€rdin
Cl (2)
2m / / G —2)(Ca — ZQ)dCld@
+ Mlog G — 21‘2dadC2 _ §2(517C2) (o — - deCg
CQ 2 Cl 21 CQ V%)
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G—=

wz, 5 (C1,¢2) log |G — 21 |2 dCldC2}

1 1 (9 — 2z
+;/wclg_1(41722)10g|C1 —Zl|2dC1d771 +;/w¢—2<—2(21,C2) = Z2d€1d?72

G2 — 22
Dl D2
G-
(13) // Weg 66 (G G2)log |G — 21 \2 d&dmdﬁzdnz,
D1 Do

where again (3’) is used to get rid of the mixed integrals. The Gauss theorem

(2;)2 / / wer g (G, C2) log (¢ — 21 |2< dC1dC2
0Dy 0D
Cf
J! aC18C Cl E(Cl) CQ) log ‘Cl —z1 |2CZ dfld’l]ldean
C log |¢1 — 21
7'1'2 // Weiei o CQ(Cl CQ) log |C1 —Z1 |2 Ch + C1C1G(C1’ CZ)ﬁ
Dy D2
1 G—2 1
+ wE@E(Cla CQ)H CQ 2 wC_1C_2(C17 CQ) (Cl _ Zl)(CQ — 22) }dfld?’]ld§2d7’/2

gives then for (z1,22) € D1 X Dy

w) =gy [ [ (wicne B, Ma)

(2mi Gl — 20— 2 G2 — 22
8D1 0Ds

x log|¢y — 21|?dCidés —

(Cl CZ) CQ

Cl —21 GQ— 2
222 ieodn
z9

1 1
t /wclcl(Ch 22)log (1 — z1[d€rdm + p /w@@(zl, CQ)C
D

G —
1 Do
1 d€ydm d€adn
+ﬁ//w<_1g_2@1a§2) 1dm dSadny

C1_21C2_22

2 didc |

D1 Do
log [¢1 — 21|
// <1<1§2 ClaC2) C 1_ Z21
D1 Do
(1) 4w (G ¢) —— 22 by dmdsady
C1Ca G \61s 2C 71 Co — 141 AG207)2.

These representations can be generalized by induction.
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Theorem 3. If w € C2(D™;C)NCY(D";C) then for = € D" and any grouping
{61,...,6)\}, {E)\_H,...,fn}, 0 < X <n, with {61,...,&1} = {1,...,’0}, 1</ <
< <n, 1< <<ty <,

W= Y G [ v © I1 lesle, s Pd,

k=01<v1<---<vp<n 8o D" vp€{ly,....00}

Zup_gl/p dC
S | O 2 | Do

z
VPE{KA_H,...,E"} MQ{Vl,-n,Vk} " ’

1<1/1< <Z/k<n Dy, Ve{él, aCVpaCyp
0? )
< I = H log |Gy, — 20,
Vp€{lat1s-bn} Cl’p Vp€{l1,....0x}

and
n—1 1 L
w(z) =) > riy / we o (©) I logléy, — 2, 17d<y,
k=01<n <--<vp<n 8o D" vp€{ly,....00}

vp€{layirsbn} ve pE{v1,evk ) “n
- k+1 782
+3 (-1 / / _
20 I o
— v < e <Vk<n Dy, V pE€{l1,...,00} ° P
0? 2
x I —==w© II Tloslg, -2,
Vp€Urt1ybn} CVp I/pE{fL SO0}

x H gll:p — H A&y, dny,

Vp€{lrt1,ln} p p=1

A—1n—1 ( 1)n
DD > A

P=00=X <) <cicvp <A AF1<pa 1< <ve<n Dn

1<v, 1< <VASAA+LI<Vg 41 <<V <N
p o 82

0
H 9y, aCeyT e H H a—C_uw(O

=1 A+l 8€€V pE{l,.-., pr WL R Lus }
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2 Co,, — 2,
x [ logl¢e,, — 20, * H —
T=1

Mt Ceyz — 2,
(16) x 11 = H .
H‘g{eul,~~~,€l/p,£l//\+17""£’/a} M k 1

These formulas are second order representations in some sense as they express
the functions w through its derivatives up to second order with respect to each
single variable. They can be used to solve overdetermined second order systems.
E.g. the Bitsadze system

W = fre, 1<k, {<n, inD"
satisfying fre = fer and the compatibility conditions
Trez; = frjzy 1<k, ¢, j<n
can be solved via (8). Let on 9yD"
Wrr 7 (2) = u(2), 1< <y <n, 0<k<n-1
Then in D"

n—1 1 k n dC
TOEDYCIND DR = 3 RER) | (el | Foe
k=0 1<y <-<vp<n 80 D" p=1 p=1>H H
n—1
k+1
+) (1) —/ /fumchcVQ a6, (©)
k=1 1<I/1< <vp<n
CVp ~ Ay
X H =00 dg,, dny,
Cyp - l/
Sy P,
™ V1Vk+1CV1 Cug Cug Cuk Cuk Cuk+2...Cun
k=0 1< <<y <n Dn

1<vp1<--<vn<n

(17) % H &, — 2,) H Epdiny |

Cu_zu

It is easily checked that the boundary integrals in (17) form a solution to the
homogeneous system

wﬁz—[ = O,

i.e. are pluriholomorphic functions while the area integrals altogether form a
particular solution to the inhomogeneous Bitsadze system. Similar remarks hold
for (10) and (16). It should be mentioned that (17) does not give a solution to
some boundary value problem. Only if w is the solution to the above problem it
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can be represented by (17). To solve this problem solvability conditions have to
be found first and then the solution has to be determined. For examples see [3].

Similarly, from (7) a solution to the system
Wz = o Semm = fomm, 1<k £<n, inD
with
We gy 70 (2) = Qi (@), 1 <11 <o < <y <n, 0<k <n, ongyD"

is seen to be given as

k n
& 1 el | P
(I IE Y RSN () o

k=0 1< << <n 8o D" p=1
n
k+1
+30(-1) = / / R oo (4
k=1 1<1/1< <1/k<n

CI/ - 2y,
X H C ° _ pdfl’pdn’/p
Vp Ry,

Similar remarks can be made for (9) and (15). Moreover, higher order repre-
sentation formulas are available in an analogous way starting from higher order
Cauchy Pompeiu representations with higher order operators from the hierarchy
in [4].
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