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HEIGHT OF P-ADIC HOLOMORPHIC MAPS IN
SEVERAL VARIABLES AND APPLICATIONS

VU HOAI AN
Dedicated to the memory of Le Van Thiem

1. INTRODUCTION

In the last years there is an increasing interest in the p—adic Nevanlinna theory.
Hu and Yang [4], Khoai and Quang [6], and Boutabaa [1] proved p—adic analogues
of two Main Theorems and defect relations of Nevanlinna theory. In [5], Ha Huy
Khoai considered the case of several variables. He introduced the notion of height
of p—adic holomorphic functions of several variables and proved the Poisson-
Jensen formula. However, the height defined in [5] is difficult to compute. In
[3], Cherry and Ye considered holomorphic maps from C}* to P"*(C,) and proved
p—adic two Main Theorems. In this paper, we define the height of holomorphic
maps from CJ' to P*(C,), which is easier to compute, and give a p—adic version
of the two Main Theorems.

2. HEIGHT OF p-ADIC HOLOMORPHIC FUNCTIONS OF
SEVERAL VARIABLES

Let p be a prime number, Q, the field of p-adic numbers and C, the p-adic
completion of the algebraic closure of Q,. The absolute value in @, is normalized
so that |p| = p~!. We further use the notion v(z) for the additive valuation on
C, which extends ord,.

We use the notations

by = (b1, bin),

DT:{ZE(Cp:M §T,T>O}, Dy~ = {ZECP:M :r,r>0},
D:{ZG(CP:\Z|§1},

Dy, = Dry X -+ X Dy, where 1) = (r1,... ;1) for r; € Ry,
Deripy> = Dapy> X oo X Dy,

D™ = D x --- x D the unit polydisc in C}’, |f|T(m) = ‘f‘(m,...,rmw

Yi S N7’Y = (717 "'77771)7 h/| =M + - +’Ym7 2V = ZIﬂ'"Z;f’Lmu rY = T’{l'"r;;flma
t;, =

log = log,, —logri, i=1,....;m, coy +t=(c1+t,...,cm+1).
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Note that the set of (rq,...,rp) € R such that there exist xy,...,2,, € C,
with |z;| = r;,i = 1,...,m, is dense in R7'. Therefore, without loss of generality
one can assume that Dy, > # 0.

Let f be a non-zero holomorphic function in D represented by a convergent

T'(m)
series
(o0}
/= Z ay2Y, |z <ry fori=1,... ,m.
/=0
We define

.
‘f‘?‘(m) 0<I‘n?i{ |a"f|r .

Set vt = y1t1 + - - - + Ymtm. Then we have

lim (v(ay) +7t) = +oo.
[yl —00

Hence there exists an (y1,...,79m) € N™ such that v(ay) + 7t is minimal.
Definition 2.1. The height of the holomorphic function f(z(,)) is defined by

H(t, )= mi £).
F(tem)) OSI‘TWIEOO(U(%) + 1)

We also use the notation
Hy (tm)) = —H (tm)-

Set
Ii(tm)) = {(717---,%) eN™: U(av)Jth:Hf(t(m))}’
rnf (tomy) = min {|7] : v € I5(tm) },
ny (tmy) = max {y] =7 € Ir(tm) }
ns(0,0) = min {|y| : ay # 0}.

Theorem 2.1. Let f(z) be a holomorphic function on D,. Assume that f is not
identically zero. Then there exist a polynomial

g(z) =bo+ b1z + - +byz", deg g =n;(t),t =—log,r,
and a holomorphic function h =14 > c,2"™ on D, such that
n=1
f(2) = g(2)h(2),

f(2) just has ny (t) zeros in D,

1)
2)
3) ny(t) — ;{(t) is equal to the number of zeros of f at v(z) =t,
4) h has no zeros in D,

For the proof, see the Weierstrass Preparation Theorem [4].

The set of z in C, with |z| < 1 forms a closed subring of C,. We denote this
subring by O (called the ring of integers of C,), and the set of z with |2| < 1
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forms a maximal ideal I in O . We denote the field O/I, which is called the
residue class field, by C,,. Note that since C, is algebraically closed, so is C,, and
in particular C, cannot be a finite field. Given an element w in O, we denote its

equivalence class in C,, by w.
[e.e]

Let f = > a,27 be a non-zero entire function on C}'. Choose y = y(,,) such
that e
lyl = max{[y] : [ay] = [flq1,....»)}-
Define fby

> a
fZE 0.

a

=0 ¥

o] < 1 for all but finitely many v, and thus ]?is a polynomial
Gy

Since f is entire,

in m—variables with coefficients in C,. Since

~

f is not the zero polynomial.

Lemma 2.1. Let

(e}
fs(z(m)) = Z a'SyZ’yv s = ]-7 7(]7

[v1=0
be q non-zero entire functions on Cy'. Then for any Dy in CJ' (D<y(, > # 0)
there exists w = u(y) € Dy, such that
|f5(u(m))‘:‘fs‘r(m)7 8:17"' >, q-

Proof. We first prove that if r(,,,) = (1,... , 1), then there exists w = w,,) € D™
such that

(2.1) |fs(w)] = max |a

s=1,...,q.
0<|v|<o0

A
For each s =1,... ,q, choose ys = (v{, ... ,¥;,) such that

lys| = max{h\ : |afy| = |f|(1,...,1)}-
Set

Mz{fs,s:l,... ,q}

~ a .
Since fs is not the zero polynomial, so is [] fs.
s=1
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a .
Let w = w(,,) € D™ be such that @ is not a solution of [] fs. Set

s=1
L)y, 5=t
ay,
We have
by = (D)
Since w is not a solution of all fs,
bs & I.
Thus
ay, '
Hence [fs(w)| = |ay,|.
Now let z1,... ,2,, € C, be such that |z;| = r;. Consider the following trans-
formations of C'":
@(Z(m)) = (.1‘121, e ,xmzm).
Set z = (z1,... ,2m). We have ¢(D™) = D, and
[e.e]
fso@(zm) = Y (a5a”)2
lv|=0

are non-zero entire functions on Cj*. By (2.1) there exists w = w(,,) such that

op(w)] = max |alz?| = max |ad||z1|" - |z
oot = s fora] = max Joz e ol
g s Y g .
OSIT'IY?‘?OO ‘Q’Y‘T ‘f's‘T(m)

Set u = ¢(w). Then u € Dy, and | fs(w)] = |fs‘r( 8= L....q O
Lemma 2.2. Let fs(2(m)), s = 1,2,... ,q, be ¢ non-zero holomorphic functions
on Dy . Then there exists u = u(y) € Dy, such that

‘fs(u)‘:|fs‘7‘(m)v 82172>"' »q-
Proof. Let
[o¢]
Fslzm) = ) 032
Iv|=0
For each s =1,2,...,q, we set

ko= max {hl: el =15, )
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Then
P, = Z atz", s=1...,q,
0<|y|<ks
are non-zero entire functions on Cg. By Lemma 2.1, there exists U(m) = (Ury...,up) €
D with ‘uz‘ = r; such that

"(m)
| Ps(wmy)| = |Ps‘r(m), s=1,...,q.

Moreover,
|Psl, . = 5]
Thus | fs(wm))| = [fslrgmy, s =1, 1 q. 0

As an immediate consequence of Lemma 2.2 we have

|Ps(ugm))| = |fs(um)], s=1,...,q.

T(m)’

Corollary 2.1. Let f(2()) be a non-zero holomorphic function on Dy .- Then

e |f ()] = [£lrm -

"(m)

o0
Let f = > a,2” be a non-zero holomorphic function on Dy -
Iv|=0
We set for simplicity
a=nf(tm), k=n5(wm), B=ns0,0).
We consider the following holomorphic functions on Dy,
P(z(m)) = Z aWZ’Yv Q(Z(m)) = Z a"/z’y’ Qﬁ = Z aWZ’Y'
IvI=k Iyl=c Iv|=8
The functions are not identically zero. For a fixed i (i = 1,... ,m), we set
T _
gj:?“_]" j:1,2,...,m, E(m) :(517---75771)7
(2

Bi iy = {0 =) € Dy [Plugn)| = [P, .
Q)] = @l [Qa(wen)| = Qs }-
By Lemma 2.2, B}m(m) is a non-empty set. Set
fiw(z) = flunz,...,wynz), we B}’T(m), z € D,,.

The following theorem shows that we can use the Weierstrass Preparation
Theorem [4] to count zeros by slicing with a generic line through the point w.

Theorem 2.2. Let f(z(m)) be a holomorphic function on D Assume that

T(m)*
f(2(m)) is not identically zero. Then for each i = 1,...,m, and for all w €

(]
Bf,r(m)7 we have

1) Hf(t(m)) = Hfi,w(ti)v
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2) ny (tamy) is equal to the number of zeros of fiw in Dy,

3) n;(t(m)) — n}r(t(m)) is equal to the number of zeros of f;. at v(z) =t;.

Proof. Write

f(Z) = Z a,VZW, fi,w(z) = Zb]zj’
=0

[v|=0
where
b = Z ayw’.
IvI=4
Set
b = Z ayw’, by = Z ajw’.
lv|=k lv|=a
We have
|fi7w‘ri < ‘f|r(m)'
By w € Bi’r(m),
(k] = fasffon[™ - w7 1 = E
and
[ba| = [ay[[wi[™ w14+ =
Therefore,
[brri = |ay|r? = [balr* = |£],, -
Thus
|fi7w‘ri = ‘f|r(m)'
So
Hy(tn)) = Hy, , (t:)
and n};w (t;) <a, k< ng. . (t)-
Now we consider j such that !bﬂr? = ‘fi7w|7ni. Because ‘fi’wL"i = |f‘r
!bj‘rg =|f|. . Since bj = > a,w?, we obtain
) Iyl=j
bl < s Jaolfan]” -+ <11,

Then there exists v = (71, ...,7m) with |y| = j such that

sl fu ™ = a7 = 1],
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Hence a < j < k. Therefore

n}r(t(m)) =a< n}zw(tl) and np () <k =n;(tm))

From this it follows that n}r(t(m)) = n};w (t;) and ng. (ti) = ny (tam))-
By Lemma 2.2 and Theorem 2.1, we have H(t()) = Hy, ,(t;), and ny (¢(m))

is equal to the number of zeros of fi . in Dy, ny ({(m)) — n;(t(m)) is equal to the
number of zeros of f;,, at v(z) = t;. The proof is complete. O

For each i = 1,... ,m, from Theorem 2.1 we see that ns(0,0) =ny, ,(0,0) for

all w e B},r(m)‘

Let f be a non-zero holomorphic function on Dy, . Define n £(0,7(y)) to be
the number of zeros with absolute value < r; of the one-variable function f; ,(2).

Theorem 2.2 tells us that
ng(0,7(my) = ny (tamy)-

For an element a of C, and a holomorphic function f on D,
identically equal to a, we define

) which is not

nf(aar(m)) :nffa(oar(m))a nf(a¢0) :’I?,f,a(o,()), t=1,...,m.

Fix real numbers p1,...,p, with 0 < p; < r;; 2 =1,...,m, such that
o T2 _Tm
L P2 Pm
Set
1

=7, n¢la,x)=ngs(a,(p1z,...,pmz)), with 0 <z <,
P1

¢ =—logp;, i=1,...,m.

Define the counting function Ny(a,t(y) by

T

1 ns(a,x)
Ny(a, tmy) = @/del"

1
If @ = 0, then we set Nf(t(m)) = Nf(O, t(m))

Lemma 2.3. Let f be a non-zero entire function on CJ'. Then
H (cimy +1) = Nylcny + 1)+ O(1),
where O(1) is bounded when t — —o0.
This lemma can be proved easily by using Theorem 2.2.

Theorem 2.3. Let [ be a non-zero entire function on C' and v a multi-index
with | v [> 0. Then

Hawf(tl,... ,tm)—Hf(tl,... ,tm) > — |’y | T,

where T'= max t;.
1<i<m
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The proof of Theorem 2.3 follows immediately from [3, Lemma 4.1].
3. HEIGHT OF p-ADIC HOLOMORPHIC MAPS

We say that an entire function g divides an entire function f if f = gh for
some entire function h, and we say that g is a greatest common divisor of n entire
functions fi,... , f, if whenever an entire function h divides each of non-zero
fi then h also divides g. We say that n entire functions fi,..., f, are without
common factors if 1 is a greatest common divisor.

Note that greatest common divisors exist in the ring of entire functions on C}’
(see [3]). By a holomorphic map

f:C — P(Cp) =P",

we mean an equivalence class of (n + 1)—tuples of entire functions (fi,... , fnt+1)
such that fi,..., fn+1 do not have any common factors in the ring of entire
functions on C}' and such that not all of the f; are identically zero. Two (n +
1)—tuples entire functions(fi,... , fn+1) and (g1, ... , gn+1) are equivalent if there
exists a constant c such that f; = cg; for all i. We identify f with its representation
by a collection of entire functions on CJ!

f: (fla"' 7fn+1)'

Definition 3.1. The height of a holomorphic map f is defined by

Hy(tom)) = HgnHHfz(( ))-

We also use the notation
Hi (tm) = —H(t(m))-

Let Hy,... ,Hy (¢ > n+ 1) be ¢ hyperplanes in P*(C,) in general position.
This means that any n + 1 of these hyperplanes are linearly independent. Let
[+ Gt — P" be a holomorphic map. Suppose that F' = 0, F; = 0 are the
equations defining the hyperplanes H, H;. We set

Hf(Hv(t(m))):HFof( (m ))
Hy(Hj, (tm))) = HEor(tm))s
Nf(Hv(t(m )) NFOf( ))
Ny (Hi, (tm))) = NEop(tm)),
my(H, (o)) = | max H, (tem) iEF o f 20,

Tf(Hv (t(m))) = Nf( ) (t(m))) + mf(Hv (t(m)))

Theorem 3.1. (First Main Theorem). Let f : CJ' — P" be a holomorphic
map. Let H be a hyperplane in P such that the image of f is not contained in
H. Then we have

Tf(H, (C(m) +1) = H;—(C(m) +1t)+0O(1),
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where O(1) depends on H, but not on t.

Proof. Let f = (f1,..., fant1). By definition,

Tf(H, (C(m) +1) = NFof(C(m) +1t)+ ISIZIISag{_H(H}’;(C(m) +1t) — Hj—?i‘—of(c(m) +1))

= H;F(C(m) +1t) + (Nrog(cim) +1) — H}rof(qm) +1)).

By Lemma 2.3,
NFof(c(m) + t) — H}Of(C(m) + t) = 0(1),
Therefore,
Tt (H, (cmy +1)) = Hf (cm) +1) + O(1).
and the proof is complete. ]

A holomorphic map f : CJ' — P" is called linearly non-degenerate if the
image of f is not contained in any hyperplanes of P™. If f = (f1,..., fn+1) is an
(n+ 1)—tuple of entire functions and if  is a multi-index, then by 97 f we mean
the (n + 1)-tuple

(0" f1,...,07 fug1)-

Lemma 3.1. [3]| Let f = (f1,..., fat1) be a linearly non-degenerate holomorphic
map from CJ' to P". Then there exist multi-indexes ¥1,... ,Yn such that | v; [<
i and f,0f, ..., 0" f are linearly independent over the field of meromorphic
functions on C7'.

Let f = (f1,..., fat1) be a linearly non-degenerate holomorphic map. By
Lemma 3.1, we can always find such 7; with | 4; |< i that the Wronskian

f 1 s f n+1
W = det : :
omfr .. O fann
is not identically zero.

Set B= Y. |7 | Notethat n < B <n(n+1)/2.
1<i<n

For a linearly non-degenerate holomorphic map f from C;' to P", we define
the ramification term Ny ram (t(m)) by

Ny Ram (t(m)) = Nw (t(m))-
For different choices of the ; one gets different ramification terms.

Theorem 3.2. Let Hy,... ,H, be q hyperplanes in general position, and f be a
linearly non-degenerate holomorphic map from CJ* to P". Then we have

q
(q—n—DH} (tam) + Hyy(temy) <D HF (Hj, () + BT + O(1),

where O(1) is bounded when T' = max t; — —o0.
1<i<m
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Proof. We first consider the case ¢ > n + 1.

Let G; = Fyo f,i=1,...,q, and B1,...,B;—n—1 be distinct numbers in the
set {1,2,... ,q}.

Let G = (... ,Gg,...Gg,—n—1,...), where (B,...,B4n1) is taken by all
possible choices.

We need the following lemmas.

Lemma 3.2. G determines a holomorphic map from C' to P*=1 where k = Cg_n_l.

Proof. Assume that the functions Gg, ...Gpg,_,_, have a non-constant greatest
common divisor. Then the functions Gg, ... Gg,_,_, have common zeros. Because
q > n+1, there exist Go,, i =1,... ,n+1and (2(,,)) € C}' such that G, (2(n)) =
0. Then

f(Z(m)) S Hai, t=1,... ., n+ 1.

Since Hq,, ..., Hq,,, are in general position, we have a contradiction. O
Lemma 3.3. We have

He(tmy) < (¢ —n—1)Hg(tm) + O(1),
where O(1) does not depend on (t(y,).

Proof. By the definition,

c(tm)) T Gﬁl...Gﬁqinfl( (m))
qg—n—1
= min He. (tom)-
(B1,-- sBg—n—1) ; Gﬂi( ( ))

Assume that for a fixed (¢(,,), the following inequalities hold
Hey, (tm) < Hag, (tm)) < -
< Hg,, (t(m))-
Then
H(tm) = He, (b)) + Ho, (b)) + -+ Hay (Hm):

On the other hand, due to the hypothesis of general position, we can represent
Ji by a linear combination of Gg,_, ... ,Gp,:

q
fi= ) a;Gs,. .
0<j<n
It follows that

Hy (tom)) 2 onin Hey, |

(t(m)) + O(1).
Therfore, we obtain
Hfi(t(m)) > HGﬂj (t(m)) + 0(1)7
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forj=1,...,g—n—1. Hence,
Hy(tm) = | min  Hy, (L))
> Ha, (ton)) +O(1),

forj=1,...,g—n—1. Lemma 3.3 is then proved by summarizing (¢ —n — 1)
inequalities. O

Proof of Theorem 3.2. For (n+1) g1,...,gnt+1 we denote by W(g1,... ,gnt1)
their Wronskian with respect to the ~; as in the statement of Lemma 3.1.

Let (ou,... ,any1) be distinct numbers in {1,... ,¢} and (B1,... ,B5—n—1) be
the rest. Note that the functions f; can be represented as linear combinations of
Goyy--- G Then we have

y Uag 41
W(Gay,--- >Gan+1) = Clay,... ,an+1)W(f1> oo fat1),
where (4, ... .a,,,) = ¢ is constant depending only on (a1,... ,an41).
We set
W(Gays-- ,Gapiy)
A=A, ... ,apn41) = Gy - G,
1 1
0" Gy, MGy
| O G
0" Gy, " Ga,
7(;&1 7Gan+1
Then
(3.1) Gi...Gy _ CG@I...Gﬁq_n_l'
W(f17~-~ 7fn+1) A
Let S be the set of all permutations of {0,... ,n}. We set % =1 1=
oy

1,2,... ,n+1, and

a’Yo'(O) GOll a’Yo'(n) Gan+l

o o€eSs.
7 Gal Gan+1 ’

Then we have

Ha(t(m)) 2 min He, (t(m))-

By Theorem 2.3,
chz(i) (t(m)) > — ‘ 'Ya(i) | T+ 0(1)7

Gaoy
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where T'= max t;. Then
1<i<m

(3.2 Haltin) > — |7 | T+ O(1) = =BT + O(1).
By (3.1) and (3.2) we get

q

> He, (tmy) — Hw (tomy) = Hey, .Gy, (tam) = Haltom) + O(1).
=1

This implies that

Hqa(t = min H
G( (m)) (517"'7/8(1—774—1) GﬂlGﬁq

—n—1

q
> " He,(tom) — Hw (tm)) — BT + O(1).
i=1

Therefore

_Q

(¢ —n—1)Hs(tmm)) > 4 Hg,(t(m)) — Hw (t(m)) — BT + O(1).

=1

Hence

From this and (3.2) we obtain
Hy (tmy) <> HF (Hiytmy) + BT +0(1).

Theorem 3.2 is proved. O

Theorem 3.3. (Second Main Theorem). Let Hy,...,H, be q hyperplanes in
general position and f be a linearly non-degenerate holomorphic map from C;' to
P™. Then

(¢ =1 — V) H{ (cmy + 1) + Nj,Ram (¢(m) +1)
q
<Y Ny(Hj, (cgmy +1)) + BT + O(1),
j=1
where T = max (c; +t), and O(1) is bounded when T — —o0.
<i<m

Proof. By Lemma 2.3,
Hyy (cmy +1) = Nw(cm) +1) +O(1),
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and
Hy (Hj, (cmy +1)) = Ny(Hj, (cimy +1)) + O(1).
Then, by Theorem 3.2, we have

(q—=n—1DH] (cm) +1) + Npram(comy 1) < Y Np(Hj, (cimy +1))
1<j<q

+ BT +O(1).
which completes the proof. O

In particular, for ¢; = co = ... = ¢, we obtain Cherry-Ye’s theorem.

Corollary 3.1. (see [3]) Let Hi,... ,H, be q hyperplanes in general position in
P", and f a linearly non-degenerate holomorphic map from CJ' to P". Then we
have

(q=n—1H (... 1)+ Npgam(t, - t) < Y Np(Hj, (.. 1))
1<j<q

+ Bt +0(1),

where O(1) is bounded when t — —oo.
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