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A NEW CLASS OF UNIQUE RANGE SETS FOR
MEROMORPHIC FUNCTIONS ON C

TA THI HOAI AN

Dedicated to the memory of Le Van Thiem

ABSTRACT. In this paper, we give a new class of unique range sets for mero-
morphic functions.

1. INTRODUCTION AND THE RESULT

In 1926, Nevanlinna [N] proved the well-known Five-point Theorem: “Let f
and g be two meromorphic functions on C. If f~!(a;) = g~'(a;) for five distinct
points a;, ¢ = 1,...,5, then f = g. Since then such a similar uniqueness property
of meromorphic functions has been studied extensively.

Let f be a non-constant meromorphic function on the complex plane C and
S be a subset of C. Define

Ef(8) = | Er(a),
a€sS
where Ef(a) = {(m, z) € N x C|f(2) — a =0, with multiplicity m}.

A set S is called a unique range set for meromorphic functions (URSM)
if, for any pair of non-constant meromorphic functions f and ¢, the condition
E¢(S) = E4(S) implies f = g. A set S is called a unique range set for entire
functions (URSE) if for any pair of non-constant entire functions f and g, the
condition E;(S) = E4(S) implies f = g. A natural question arises: Which
conditions warrant S to be a unique range set?.

There are several contributions to this quetion. For example, in 1982 Gross
and Yang [GY] showed that the set S = {z € C | z 4+ ¢* = 0} is a URSE
(note that S contains an infinite number of elements). Afterwards, URSE and
also URSM with finitely many elements have been found by Yi ([Y1], [Y2]),
Li and Yang ([LY1], [LY2]), Mues and Reinders [MR], Hu and Yang [HY], and
others. In fact, in these papers, they showed that the set {w,w?+ aw? " +b = 0}
gives small unique range sets for meromorphic functions or entire functions under
suitable conditions on constants a, b and positive interges ¢, . Recently, Frank
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and Reinders [FR| gave a unique set for meromorphic functions with 11 elements,
which are given as the set of all zeros of the polynomoial

Pw) = (q_l)Qqu —qlq— 2)wq—1 4 Q(QQ— 1)wq—2 e

for ¢ = 11 and a constant ¢ # 0, 1. Forthermore, the method used in the above
cited papers involves estimations of Nevanlinna characteristic functions. In [FR]
the authors remarked that by the method of estimations of Nevanlinna charac-
teristic functions one cannot obtain a lower bound less than 11, while there is a
conjecture saying that Ays = 6 ([LY]) (recall that Ay = inf{#(S) | S is a URSM},
where #(S) is the number of elements of the set S.)

In this paper, we give a new class of URSMs (with 13 elements), using a recent
result of Y. T. Siu and S. K. Yeung [SY]. The main idea is to relate the problem
of finding URSM to the problem of proving some curves to be degenerate.

Theorem 1.1. Suppose that n and 2m are two positive integers such that n and
2m have no common factors and n > 8 + 4m. Let

S={z€C|2"+az"""+bz""?" +c=0},
where a, b, ¢ € C* such that a®> — 4b # 0 and the algebraic equation
24 a4 b e =0

has no mutiple roots. Then S is a unique range set for meromorphic functions.
2. SOME LEMMAS

The following lemmas will be needed in the proof of our theorem.

Lemma 2.1. [SY] Let g;(xo,... ,zy,) be a homogeneous polynomial of degree ¢;
for 0 < j <mn. Suppose there exists a holomorphic map f : C — P"(C) so that
its image lies in the curve described by

n

p—0;
ij ’gj(xo,... ,2n) =0,
=0

and p>(n+1)(n—1) —I—Zéj.
j=0
Then the polynomials

-5 _
2 g1 (zoy ...y xn)s ..., 2b 5”gn(a§0,... , )

are linearly dependent on the image of f.

Lemma 2.2. (The Second Main Theorem, [L]). Let f be a meromorphic func-
tion and ay,... ,aq be distinct complex constants. Then

(¢—2T() <3 Nilag,r) + S0, f).
j=1
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Furthermore,
> ofla) <2,
acC
where
1
5¢(a) M
a)=1-— lim sup —————-
! r—oo T, ])

Lemma 2.3. [M] If X is a irreducible curve of degree d and genus g in the
complex projective plane, then

%M—iﬂd—2%29+§:@, 20, = py + 72 — 1,

where p is multiplicity of X at the singular point z, and r branches of X pass
through the singular point z.

3. PROOF OF THEOREM

Let ay, as, ... ,a, be the distinct roots of the polynomial 2" +az" "™ 4bz"~ 2" 4
c =0 and (21, 22, 23, z4) be homogeneous projective coordinates in P3(C).

Consider the surface X in P3(C) define by
X : (21 —a129)(21 —ag22) ... (21 — anz2) — (23 — a124)(23 — agz4) ... (23 — apzq) = 0.

Let f, g be non-constant meromorphic functions such that E¢(S) = E4(S).
fi h

Represent [ = 7 and g = x where (f1, f2) and (I1,l2) are some pairs of entire
2 2

functions without common factors. Then there exists an entire function h such
that

(fi—aife) ... (f1 — anfo) = €"(t1 — arla) ... (61 — anla).

Put g1 = e%ll, g2 = 6%12, and define ® = (f1, f2,91,92). Then ® is a holomor-
phic curve in X. Hence

(1)
P af U 0fET) + ef = gl TP (98" + agl gl + bg3™) — gl = 0.
Since n > 8 + 4m, the hypothesis of Lemma 2.1 is satisfied (with k = 3, §p =

do = 2m, 01 = 03 = 0). Without loss of generality we can suppose that there are
numbers aq, as, ag, not all are zero, such that

ar fiE (™ af S BT + afy — asgy =0
We consider the possible cases:
Case 1: ajasag # 0.
Using again Lemma 2.1 (with £ = 2, 69 = 2m, 6; = d2 = 0), we obtain
QAT+ af S+ BT + 0 fy =0,

where not all o/ are zeros. This implies that f is constant.
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Case 2: a3 =0. It is clear that f is constant.
Case 3: ag = 0. Clearly, ajas # 0. Then

S+ aff T BT P = g,
where v = a3
a1

The image of the holomorphic mapp
(f1, f2,92) : C — P?

is contained in the curve L defined by the equation

n—mym 4 bl,n—me2m

" + ax —~vz" =0.

Denoting by F(z,y, z) the polynomial in the equation of the curve L, we have

F

88— = gn—2m-1 [na:2m + (n —m)ax™y™ + (n — Qm)bme],
z
F

(2) 88— = my™ 1" 2" (az™ + 2by™),

)

OF

9z i '

If t= (x0,%0,20) € P? is a singular point of the curve, then
OF oF oF
%‘t - dy ‘t - gh
From (2) and the hypothesis it follows that L has a unique singular point at
(0,1,0).
We prove that the curve L is irreducible. If not, since (0,1,0) is the only
singular point of L, the irreducible components of L must go through this point.
This implies that the point (0, 1,0) must be an irreducible singularity of L, which

contradicts to the assumption (n,2m) = 1. In this case, by Lemma 2.3, the genus
of L is

=0

m—1)n-2) (nn-2m—-1)(n—-1) (n—1)(2m—1)

2 B 2 B 2 '
The conditions on n, m imply that the genus of L is at least 6. Then L is
hyperbolic and (f1, f2, g2) is constant mapping.

Case 4: a1 = 0. It is clear that agas # 0. Further more,

afy = g3,

a
where a = —=. From (1) we obtain
a3

TP A+ af S+ bR
+o(l—a)f5 — gi 2™ (g7 + ac™ gl f5" + b f37) = 0,
where " = a.

We claim that o = 1. Indeed, if « # 1, then using Lemma 2.1 (with §y = d2 =
2m, 61 = 0, k = 2, n > 3 + 4m) we obtain that fI' 2" (fZ™ + af* f5* + bf3™)
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and f3' are linearly dependent, and then ﬁ = constant. This is a contracdition.
2
Hence f3' = g5.

Putting h = i, we conclude from (1) that
g

(3) (A™ = 1)g*™ + a(h"™™ — 1)g™ + b(h" ™2™ — 1) = 0.
We prove that h is constant. In fact, if it is not the case, we write (3) in the form
(4) (" = 1)g™ + S = )] = win),
where V¥ is defined by
2
U(2) = —b(z" — 1)(z"2m — 1) + “Z(z"*m 1)
Since
2 _ 4b 2 _
' (z) = 2 2md {(n - m)aTz" + bnz®™ — Mzm +b(n —2m)|,

and ¥(0) # 0, the polynomial ¥ has at least (2n — 2m) —n = n — 2m distinct
zeros. From (4), we obtain that the roots of U(h) = 0 have multiplicity at least

-2
2. It follows from Lemma 2.2 that % < 2, which contradicts the condition
n > 8 + 4m. Hence h is constant.

Furthermore, since g is not constant, equation (3) give A" —1 = 0 and "1 —1 =
0. It follows h = 1 and hence f = g. So S is a unique range set for meromorphic
functions.
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