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SOME GEOMETRIC PROPERTIES OF
SPECIAL DOMAINS IN A BANACH SPACE

LE TAI THU

1. INTRODUCTION

The Hartogs domains and Reinhardt domains are classical subjects of complex
analysis in several variables. They have been investigated since the beginning
of the 20th century. In particular, much attention has been given to properties
of these domains from the viewpoint of hyperbolic analysis since S. Kobayashi
introduced the notion of the Kobayashi pseudodistance and used it to study
geometric function theory in several complex variables.

In 1981 Kerzman and Rosay [7] and Sibony [17] studied the complete hyper-
bolicity of the Hartogs domain ,(A), where A is the open unit disc in C. In
2000 Thai and Duc [19] gave a sufficient condition for the complete hyperbolicity
of the Hartogs domain Q. (X), where X is a complex space. Unfortunately, this
condition is not explicit.

The first aim of this note is to give more explicit conditions for the complete
hyperbolicity of Q,(X), where X is a Banach analytic space.

Up to now, as far as we know, there are the following three classes of (finite
dimensional) complex manifolds having (PEP):

a) Every Siegel domain of the second kind in C" [16],
b) Every hyperbolic compact Riemann surface [15],

¢) Every compact manifold whose universal covering is a polynomially convex
bounded domain of C™ [18].

The second aim of this paper is to show the new class of Banach analytic spaces
which also have (PEP). That is the Hartogs domain Q,(X), where X is a Banach
analytic space.

In [13], Jarnicki and Pflug gave necessary and sufficient conditions on the O(>9)-
domain of holomorphy of pseudoconvex Reinhardt domains in C™. Ealier, in [11]
Pflug showed that every bounded balanced pseudoconvex Reinhardt domain in
C™ is finitely complete Caratheodory and thus is a O*>%-domain of holomorphy.

The last aim of this paper is to generalize the above-mentioned results to the
case of Reinhardt domains in a Banach space.
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Here is a brief outline of the content of this paper. In §2 we review some basic
notions needed for our purpose. In §3, §4, and §5 we are going to prove the
following results.

Theorem A. Let X be a Banach analytic space and ¢ an upper-semicontinuous
function on X.

(i) If Q,(X) is complete hyperbolic, then ¢ is continuous.
(ii) Let X be complete hyperbolic and ¢ satisfy the following condition: For

each x € X, there exists a neighbourhood V' of x such that for every e > 0, there
exist functions hq,...,h, holomorphic on V for which

a) hj(z') #0, Yo' eV, Vj=1,...,n;
b) p(a) —e < max {loglh;(2")[} < (), V2’ € V.
SJsn

Then Q,(X) is complete hyperbolic.

Theorem B. Let X be a Banach analytic space and ¢ : X — [—00;+00) an
upper-semicontinuous function on X. Then Q,(X) has (PEP) if and only if X
has (PEP) and ¢(x) > —oo for all x € X.

Theorem C. Let Q be a balanced pseudoconver Reinhardt domain in a Banach

space B with an unconditional basis {en}zo:l such that the gauge functional hgq

is continuous. Then Q is a O -domain of holomorphy.

2. BASIC NOTIONS

We shall make use of properties of Banach analytic spaces in Mazet [10]
and properties of the Kobayashi pseudodistance on Banach analytic spaces in
Kobayashi [8] or Franzoni and Vesentini [4].

2.1. We denote the Kobayashi pseudodistance on a Banach analytic space X
by dx. A complex space X is said to be hyperbolic if dx is a distance defined
the topology of X. If X is Cauchy complete for dx, we say that X is complete
hyperbolic. It is known [4] that every infinite dimensional Banach analytic space
contains a domain D such that dp is a distance but it does not define the topology
of D. Moreover [8], every finite dimensional Cauchy complete hyperbolic space
is finitely complete, i.e. every ball in X is relatively compact.

2.2. Let X be a Banach analytic space. A plurisubharmonic function ¢ on X is
an upper-semicontinuous function

p: X — [—00,+0),
such that ¢ oo is either subharmonic or —oo for every holomorphic map ¢ : A —

X, where A is the open unit disc in C.

2.3. A subset S of an open subset Z of a Banach space B is said to be pluripolar
if for every x € S there exist a neighbourhood U of z and a plurisubharmonic
function ¢ on U such that go‘UnS = —00.
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2.4. A Banach analytic space X is called to have the holomorphic extension
property through closed pluripolar sets ((PEP) for short) if every holomorphic
map

f:Z\S— X,

extends holomorphically over Z, where S is a closed pluripolar subset of a domain
Z of a Banach space B.

2.5. Let B be a Banach space and {en}zo:l C B. We say that {en}zozl is an

unconditional basis of B if {en}zo:l is a Schauder basis of B and for all z € B,

o0
. . oy e¢]
the series ) e} (z)e, is unconditional convergent to x, where {ej‘l}n_l denotes
n=1

the sequence of coefficient functionals of {en}zozl. A domain 2 in B is said to be
a Reinhardt domain if

e .
Z eVt (z)e, € Q
n=1

forall == ) el(r)e, € Q and all {Gn}zo:l CR.

n=1

2.6. Let ¢ be an upper-semicontinuous function on a Banach analytic space X.
Define

Qu(X) ={(z,\) € X xC: [\ <e?@} c X xC.
The domain Q,(X) is called a Banach Hartogs domain.

1
2.7. Let B be a Banach space and &y(z) := (1 + [|z]?) "2, z € B. For every
domain G C B, put d¢g := min{pg, do }, where pg denotes the Euclidean distance
to B\ G. For N >0, let

OM(G,d6) = {f € O(G) : |6 - flloe < +o0}

be the space of all holomorphic functions with polynomial growth in G of degree
< N (|| - |loo denotes the supremum norm). The domain G is said to be of type
0@ e 0>9) if for each N > 0, G is an ON)(G, §) - domain of holomorphy.

3. PrROOF OF THEOREM A

Lemma ([3], [1]). Let 6 : X — Y be a holomorphic map between Banach analytic
spaces. If Y is complete hyperbolic and for each y € Y there exists a neigh-
bourhood V' of y such that 0=1(V') is complete hyperbolic, then X is complete
hyperbolic.

Proof. We first show that X is hyperbolic. Let {z,} C X and dx(zn,z¢) — O,
xg € X. We must prove that z,, — . Since Y is hyperbolic and dy (0x,, 6z¢) <
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dx (zn, o), it follows that {Ha:n} converges to fxg. Put fzg = yo. By the hypoth-
esis, we can find a neighbourhood V of yg such that 6~1(V) is hyperbolic. On the
other hand, since dy defines the topology of Y, there exists a neighbourhood W
of yp such that dy (W, 9V') > 0. Thus there exists § > 0 such that f(§A) C V for
every holomorphic map f from A into Y such that f(0) € W, where A denotes
the open unit disc in C. We may assume that the neighbourhood W has the from

W =U(yo,r) ={y €Y :dy(yo,y) <r}

and x, € 0~1(W) for all n > 1.

Put W' = U(yo,r/2). To prove that dg—1(y(%n,29) — 0 and hence z,, — o,
we only need to show that there exist positive numbers ¢, s such that

(*) dx(p,q) > min {sycda—l(vv) (p, q)}, for all p,q € 6~ (W').

Consider a holomorphic chain joining p and g: { fi}le, fi : A — X are holomor-
phic, fi(0) = pi—1, fi(ai) = pi, i =1,.... k, where po = p; p, = ¢; a1,...,ax € A,
There are only two cases:
(1) pj € 071 (W) for some j = 1,...,k. We have

k k
Z da(0,a;) > Z dx (fi(0), fi(a:))
i=1 i=1

k
> " dy (0£i(0),0fi(a:))
i=1

> dy (yo,0f;(a;)) > /2.

(2) pos - --spk € 07HW'). Then 0f;(6A) CVforalli=1,...,k Ifa; & (6/2)A
for some j =1,...,k. Then

k

> " da(0,a;) > da(0,6/2).

i=1
If a; € (0/2)A for i = 1,...,k, then there is ¢ > 0 such that
dA(ya Z) > CdéA(ya Z) for all Y,z € (5/2)A

Thus
k k k
ZdA(O, ai) > CZdM(O, ai) > CZdO—l(W)(fi(O)’ fi(ai))
=1 =1 =1
k
=c¢ Y do-1w)(pispi-1)
=1

> cdg-1(w (P, 9)-
So there exist ¢, s > 0 with the required property.
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Finally, we prove that X is complete hyperbolic. Let {z,} be a Cauchy se-
quence in X. It is easy to see that {fx,} is also a Cauchy sequence in Y.
We may assume that {0z, } converges to yp € Y. By the hypothesis, we can
find a neighbourhood V' of yg such that §=1(V) is complete hyperbolic. We let
W = Ul(yo,r) C V. Without loss of generality we can assume that z,, € §~1(W’)

for every n > 1, where W/ = U (yo, %) Since {z,} is a Cauchy sequence, there
exists ng > 1 such that dx (z,,z,) < s for all m,n > ng. By the inequality (*),
it implies that
dx (Tm, Tn) > cdp-1w)(Tm, Tn)
> cdg-1(vy(Tm, Tn) for all m,n > ny.

This implies that {z,} is a Cauchy sequence in a complete hyperbolic space
6=1(V). Hence {z,} converges to a point in §~1(V). O

We now prove Theorem A.

(i) Assume that Q,(X) is Cauchy complete hyperbolic but ¢ is not continuous
at o € X. Since ¢ is upper semicontinuous, we can find a sequence {z;} C X
which converges to xg such that

e @) < p < 5 < @) for k> 1.

—p(z0)
Let )\0 = ¢

such that

, i, [rAo| = e#(0). Then (xg,7\) & Qup(X). Choose A > 0

IrA| < e~ #@o)
and choose a > 0 such that
Ir\| = e~ P(To)—a
Take § > 0 such that e=#(#0)=* < ¢=%(@) ||z — z0|| < 6. We have
dog(x) ((Tr, 720), (25,7X0))
< doy(x) ((xk., o), (z0, r/\o)) + dag(x) ((xo, o), (2, T)\O))
< dB(2y.,5)(Tk, T0) + dB(2.,5)(T0, Tj)-
Thus {(zk,7A)} is a Cauchy sequence in Q,(X), but {(z,7Ao)} converges to
(20:7A0) & Qp(X).
(ii) Consider the canonical projection
T Qu(X) — X
(z,\) — x.
For every € X, there exists a neighbourhood V of z such that Ve > 0,
3 hy,...,h, € H(V) such that
a) hj(z)#0, Vj=1,...,n; and Vz € V;
b) ¢(z) —e < max {log|hj(z)| : 1 < j <n} < p(z).
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Without loss of generality we can assume that V' = B(xg,d), 0 > 0. Choose ¢, | 0.
By the hypothesis, for each £ > 1, we can find hf eH(V), j=1,2,...,ng, such

that h?(:z:) # 0 for every x € V, and
p(x) —ex < max{log|h§(a:)| j=12,... ) <e(x), VeV
For each k there exists 1 < j; < ng such that

o(r) —ex < log |hE (zk)| < ¢(zk)

or
e @) —er < |h§k($k)\ < P@k)

Put

fre(z,\) = h?k(m))\, for (xz,\) € m1(V).
Since

Y V) c {(x,/\) CA < e @ g e V},
we have

| fu(@, A)] = [BE (2)] [N < e?@e™?®) =1, vz eV.

Hence

sup |fx] <1, for k> 1.
(V)

Obviously, fx(z,0)=0 for z €V and k> 1.
Now we prove that 7—!(V) is complete hyperbolic.

Assume that {(zg, \¢)} C 77 1(V) is a Cauchy sequence for dr-1(v). Since
771(V) is bounded, it follows that {(z, \x)} is a Cauchy sequence in B. Hence
(T Ak) — (20, Xo) € T 1H(V).

Assume that (29, \o) € O71(V), i.e., |[Ao| = e~#(*0), We have
klifgodw—l(V)((xk,Ak), (21, 0)) > lim Cro1 () (21, Ak, (21, 0))

: L+ [ fr(zk, Ap)|
> lim log ——————+= = +00,
& T (s M)
where C-1(y) denotes the Caratheodory distance of 7~1(V). This is impossible.
Hence (29, o) € On~1(V), i.e., {(zx, \r)} is the convergent sequence in 7= (V).

Remark. There exists a continuous plurisubharmonic function ¢ in AQR =
{(21,22) € C% : |z1| < R, |22| < R} for some R > 0 such that Q,(A%) is
not complete hyperbolic.

Let g be the continuous logarithmically-plurisubharmonic function in C? which
constructed by M. Jarnicki and P. Pflug [14]. Then {z € C? : g(z) < 1} is bounded
and has a connected component Z such that Z is not complete hyperbolic [14].
Choose R > 0 such that {z € C? : g(z) < 1} C A%. Consider the Hartogs domain
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Q,(A?), where ¢ = logg. Since {(z,1) : 2 € Z}, it follows that Q,(A%) is not
complete hyperbolic.

4. PROOF OF THEOREM B

(=) Assume that Q,(X) has (PEP).

Since X is contained in ,(X) as a closed Banach analytic subspace, it follows
that X has (PEP). Since X contains no complex lines, ¢(x) > —oo for all z € X.

It remains to show that ¢ is plurisubharmonic. Given ¢ : A — X is a holo-
morphic map. In order to prove the subharmonicity of ¢ o ¢ it suffices to check
that Q0 (A) is pseudoconvex [6].

Assume that g = (g1,92) : A" = Qoo (A) is holomorphic, where A* = A\ {0}.
Extend g1 to a holomorphic map g1 : A — A. Consider the holomorphic map
0 : Que(A) = Q,(X) given by

O(x,\) = (o(x),\) for (x,)) € Qur(A).
Since Q,(X) has the (PEP), f = 6 o g can be extended to a holomorphic map
f= (fl,fg) : A — Q,(X). By the relation fioo = g1, it follows that fioo = gi.
Thus the form

i(z) = (q1(z), fo(z)) for z € A,
defines a holomorphic extension of g. Since Q,,(A) is a domain in C?, it follows
that Q,5(A) is pseudoconvex.

(<) Now assume that X has (PEP) and ¢ is plurisubharmonic on X with
p(x) > —oo for all x € X. Suppose that

f=012) Z\ S — Qyp(X)
is a holomorphic map, where Z is an open set in a Banach space B and S is

a closed pluripolar subset of Z. By [2], we may assume that B = C". By the
hypothesis, fi can be extended to a holomorphic map

fi: 72— X.

Assume that x( is an arbitrary point of S. Since ¢(z¢) > —o0, it follows from
[6] that e~ is integrable at z( for all @ > 0. Choose a neighbourhood U of xg
such that

/6_3¢°f($)da: < 4o0.

U
Since |fa(z)]? < e 3¢0/(®) for all € U\ S, it follows that fo € L3(U). On
the other hand, since A, s = 0 [9], where Ao (E) denotes the a-dimensional

Hausdorff measure of E, a > 0, fo can be extended to a holomorphic function fg
on U by [5]. Hence f can be extended to a holomorphic map f : U — X x C.
Since log | f2(z)| + ¢(f1(z)) < 0 for z € U, by the maximum principle, we have

log | f2(x)| + ¢(fi(x)) <0 for z € U.
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Thus f : U — Q,(X). Since zg is arbitrary, f is extended to a holomorphic
map from Z into Q,(X).

5. PROOF OF THEOREM C
(i) Let zp € 002 and € > 0. Consider the cone
V= {tz!t > 0 and z € 9Q such that ||z — 29| < 6}.
By the continuity of hq, it is easy to see that V is an open neighbourhood of zj.

o0
Put B,, = Span (e, ...,e,) for n > 1. Since |J B, is dense in B, there exists
n=1

z' € VN B, such that ||z’ — z|| < e. Writing 2’ = ¢z, t > 0 and z € 9Q such that
[e.e]
|z — 20| < e. We have z € B,,. Thus |J 9(Q2N B,,) is dense in 0.

n=1

o0
(ii) Let zp € |J 9(Q2 N By,). Take n such that zp € 9(Q2N B,,). Given N > 0,
n=1

by [12] there exists g € O™M)(Q N B, danp, ) such that g cannot be extended
holomorphically to zp. Then f = ¢g-m, € O(Q) and f cannot be extended
holomorphically to zy. Moreover, f € OWN)(€Q, 6q) because

p(z, B\ Q) < p(z, B\ W;I(Q N Bp)) = p(mnz, By \ N By)

for z € Q.

(iii) Choose a countable dense subset {z,} of |J (2N B,) and a sequence
n>1
en 1 0. For n,m > 1 consider the Banach space Fy, ,, given by

fHB(zn,sm) < OO}'

Let Rym @ Fum — OWM)(Q, ) be the restriction map. Then Im R, #
OWN)(Q,8q) for n, m > 1. By the Baire theorem, |JIm R,,,, # O™ (Q,dq).
Thus there exists f € OWN)(Q,dq) which cannot be extended holomorphically
through every point of 9f).

Frm = {f € O(QU B(zn,2m)) : [l € OM(Q,60), |
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