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BILINEAR PROGRAMMING APPROACH TO
OPTIMIZATION OVER THE EFFICIENT SET OF
A VECTOR AFFINE FRACTIONAL PROBLEM

LE DUNG MUU AND HOANG QUANG TUYEN

ABSTRACT. We formulate the problem of optimizing a linear function over
the weakly efficient set of a multicriteria affine fractional program as a special
bilinear problem. For solving the latter problem, we propose a decomposition
branch-and-bound algorithm taking into account the affine fractionality of the
criterion function. The bounding uses only linear subprograms, the branching
takes place over a simplex in the criteria space.

1. INTRODUCTION
Consider the multicriteria mathematical programming problem
(VP) Vmin{F(z) = (fi(z),..., fp(z) | z € X}

where X C R" is a bounded polyhedral convex set (polytope).

We recall that a vector = € X is called efficient (resp. weakly efficient) point for
Problem (V P) if there does not exist y € X such that F((y) < F(x), F(y) # F(x)
(resp. F(y) < F(x)). By E(F,X) (resp. WE(F, X)) we will denote the set of
all efficient (resp. weakly efficient) points. Here and subsequently for two vectors
a = (a,...,ap) and b = (by,...,b,) the notion a < b (resp. a < b) mean that
a; < b; (resp. a; < b;) for all i = 1,...,p. The inner product of two vectors a and
b is written as (a,b) or a’b, b’ a.

Recently the problems of optimizing a real valued function over the weakly
efficient and the efficient sets of (V' P) have attracted much attention because of
their important applications in decision making. A number of solution methods
have been developed for solving these problems (see e.g.[2, 3, 5, 6, 7, 12, 16,
19, 23] and the references therein). Most existing methods have been obtained
assuming that Problem (V P) is linear. These methods are based upon one or
more of the following properties of efficiency:

e Both the efficient and weakly efficient sets are closed.
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e Both these two sets are connected and consist of facets of the constrained
polyhedron X.

e They can be characterized as equalities defined by d.c. or saddle functions.

Unfortunately these properties in general are no longer valid when (V P) is
an affine fractional vector optimization problem, i.e., each function F; is affine
fractional (see [8, 18]). Namely, for affine fractional case the efficient set may be
neither closed nor open. Both the efficient and the weakly efficient sets do not
necessarily consist of facets of constrained polyhedron. Up to now the question
of how to formulate these sets as the solution-sets of inequalities or equalities
defined by d.c. or saddle functions is, to our knowledge, still open. This explains
why the developed methods for linear case could not be applied directly to affine
fractional case.

Affine fractional functions are widely used as performance measures in some
management situations, production planning and the analysis of financial en-
terprises. Thus the multicriteria programming problems with affine fractional
criterion functions are important and have wide applications.

In this paper we consider the optimization problems over the efficient and
weakly efficient sets of a multicriteria affine fractional program. These problems
are given respectively as

(P) min{d’z | z € BE(F, X)}

(WP) min{d’z | 2 € WE(F, X)}

where E(F, X) and WE(F, X) are the efficient and weakly efficient sets of Prob-
lem (V P) with F' being a vector affine fractional function.

The main difficulty of these problems arises from the fact that both E(F,X)
and WE(F,X), are in general neither convex nor given as a constrained set of
an ordinary mathematical programming problem.

These problems have been studied in [9, 22]. In [9] Choo and Akin proposed
a parametric algorithm for solving (P) with F(F, X) being the efficient set of a
bicriteria affine fractional program. This parametric algorithm seems to work well
for bicriteria case, but it cannot be extended for three or more criteria. Recently
in [13], Malivert shows that Problems (P) and (W P) can be proceeded by solving
a sequence of linearly constrained penalized problems of the form

min{f(z) + tepw(z) | 2 € X}

where ¢ > 0 and p,, is a certain penalty function representing the efficient and
weakly efficient sets, which are in general neither convex nor differentiable. So
the penalized problems remain difficult global optimization ones. No solution
method for solving the penalized problems has been discussed in [13].

In our recent paper [22] we used the necessary and sufficient condition for
efficiency established by Malivert in [13] to characterize the weakly efficient set
by an equality defined by a biconvex function. We proposed there an algorithm
for approximating a minimal point of a convex function over the weakly efficient
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set WE(F,X). From a computational point of view, the proposed algorithm of
[22] has the disadvantage that it requires solving minimax subproblems rather
than linear ones for computing lower bounds.

In this paper we continue our work by refining the algorithm of [22] for ap-
proximating a global optimal solution of a linear function over the efficient and
weakly efficient sets of the multiple objective affine fractional Problem (V P).

We equivalently formulate Problems (P) and (W P) as special cases of linear
programs with additional bilinear constraints. We then propose a decomposition
branch-and-bound method for solving the latter problems. The main difference
between this algorithm and the algorithm of [22] is that here the subprograms
needed to solve are linear whereas in [22] they are minimax problems.

The content of this article is as follows. In Section 2, we first illustrate our
work by an example showing that both Problems (P) and (W P), unlike the
linear case, do not necessarily attain their optimal solutions among the vertices
of the constrained polyhedron X. Next we show how to formulate (P) and (W P)
as linear problems with additional bilinear constraints. Section 3 describes an
algorithm solving Problem (W P) when all vertices of X are known, particularly
when X is a simplex. In Section 4 we describe a relaxation algorithm for solving
Problem (W P) without requiring that all vertices of X are known in advance.
In Section 5 we show how to approximate a solution of Problem (P) by solving
problems of types (W P). Finally, in Section 6, we illustrate the first algorithm
by a small example and report some computational results.

2. PRELIMINARIES

To be precise throughout the paper we suppose that the criterion function in
the multicriteria programming problem (V P) is given by

F(z) = (

Az + 51 Apx + sp)
Bixz+t,"" Bpx +1t,/’

where A;, B; are n-dimensional vectors; s;,t; are real numbers for all 1 =1, .., p.
As usual we assume that B;x +¢; > 0 for all z € X and all i = 1,...,p. Thus F
is continuous on X. By definition, the efficient and weakly efficient sets of (V P)
can be given by

E(F,X)={ze X | Aye X :F(y) < F(x),F(y) # F(z)},
WE(F,X)={zreX| AyeX:F(y) < F(z)}

Since X is compact, the weakly efficient set W E(F, X) is compact too [8] whereas
the efficient set E(F, X) in general neither closed nor open. Since WE(F, X) is
compact, Problem (W P) has always a global optimal solution. Throughout the
paper we assume that (P) has also a global optimal solution.

It is worth pointing out that, in contrast to the linear case, both Problems (P)
and (WP) do not necessarily attain their optimal solutions among the vertices
of X. To see this let us consider the follwing example.
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—x7 3%‘1—2%‘2)
T+ a2 X1 — T2+ 3

min F(z) = (f1(a), fo()) = (

subject to
T — 2%‘2 S 2
—Xr1 — 2%‘2 S —2
(x1,22) e X =1z —x1+22 <1
I S 6

2120, 2220

min{—z1 — 22 | (z1,22) € WE(F, X)}

Since the affine fractional function f;(x) (¢ = 1,2) is monotone along the line
segment joining any two points y' and y? in X, it follows that if

fily) < fily?) (i=1,2)
then
fily") < fiw' + (1= N)y?) < fily®) (1=1,2)
for every A € (0,1).
Take six points (Figure 1)
y'=(0,1); ¥ =(2,0); ¥* = (6,2),
1
4 _ R 8= (2 2
y =67 y" =23 v = (5. 7)
A simple calculation shows that
F(yl) = (Ov _1)7 F(yZ) = (_ L,
6 2 2
Fiy"=(-==.2), F@°)=(-=,0), Fy°) = (- =,0).
(W) = (=132 F) = (-£,0), Fy") = (- £.0)
Using the monotonicity of f;(z) we can see that the weakly efficient set W E(F, X)

for this example consists of three segments [y*, %], [v°,4%] and [y®,4?]. This can
also be verified by using Corollary 1 in [13]

Thus
min{f(z) :=d'z = —21 — x5 | (x1,22) € WE(F, X)}

Clearly, y° & V(X) = {y',4°,y%, y'}.
The following theorem due to Malivert [13] will be useful for our purpose.
Theorem 2.1. [13] A vector x € X is efficient (resp. weakly efficient) if and only

if there exist real numbers \; > 0 (resp. A\; > 0 not all zero) for alli =1,... ,p
such that
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p
D Nil(Biw + i) Ai — (Ajz + si)Bil(x —y) <0 Wy € X.
=1

Figure 1

p p
By dividing by > A; > 0 we can assume that > A; = 1. So, if

vt}
v

Ao = {)\ = iy Ap) [ A>0

i

then

E(F,X) = {:c € X |3 e Ay,

p
STN(Bix + ) A; — (Aiw + s:)Bil(z —y) <0 Wy € X}.
=1

WE(F, X) = {xeX | 3X €A,

p
Z )\Z[(BZJL‘ + ti)Ai — (AZ$ + SZ)BZ](l‘ — y) <0 Vy (S X}
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Thus both Problems (P) and (W P) can take the form

min{f(z) = d' z}
s.t.
(IP) z€X, NEA,

p
> Ai[(Bix 4+ 1) A — (A +5)Bil(x —y) <0 Vye X
=1

where A = Aq for (P) and A = A for (WP).
Let v!,...v9 denote the vertices of X. Problem (I P) then can be further reduced
due to the following proposition.

Proposition 2.1. We have
P
Z/\Z [(Biz +ti)A; — (Aix 4+ 5)Bi](z —y) <0 Vye X
=1

if and only if

p
Z)\Z[(le‘ + ti)Ai — (AZ.I‘ + SZ)BZ](JL‘ — ’Uk) <0 Vk=1,..,q

Proof. Since v',...,v? € X, we only need to prove the “only if” part. Since every
y € X can be expressed as

q q
y=Y ", 0<3 <1 and Y =1,

k=1 k=1
we have
q p
D WD Nil(Bir + ) A — (Aiw + 5i)Bil(x — ") <0 VE=1,...q
k=1 i=1
p
& Z)\i[(Bix—Fti)A (Aijz + s;) Bj] ((Z%>x—2%v )

i=1

p
& > N(Biw+t)A; — (A +s)Bil(z —y) <0 VyeX.
=1

For simplicity we define
M\ x,y) Z)\ [(Biz +ti)A; — (Aix + si)Bi|(z — y),
k()‘vw) = ()‘wravk)

V4
= Z )\Z[(BZx + ti)Ai — (Azl‘ + SZ)BZ](JL‘ — Uk), k=1,..,q.
=1
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By Theorem 2.1, if (A\,z) € A x X (resp. (Ag x X) then x is weakly efficient
(resp. efficient) if and only if
M\, z,y) <0 VyeX
or
Mp(\x) <0 Vk=1,..,4q.

Clearly,

(i) M (A, z,.) is affine on X for each fixed (A, x);

(ii) For each k, the function My(\, z) is bilinear on A x X.

For each v we define

Gk(/\) = zp: /\z[(tz + Bzvk)Al — (Si + Aivk)Bi],

p
bk(/\) = Z /\z [tzAz - SZ'Bi]Uk.

Let G(\) denote the (¢ x n)-matrix whose kth row is Gx(A) (k = 1,...,q), and
b(\) denote the g-dimensional vector whose kth entry is bx(\). Suppose that

X ={z>0]| Gz <b}.

Then by using Proposition 2.1 and the definitions of G(\) and b(\) we can rewrite
Problems (IP) as

min{f(z) := d'z}

(Pl_\) s.t.
Gr—-b<0,z >0,
G(N)z —b(\) <0, €A,

Remark 2.1. To determine Problem (PA) we require that all vertices of the
polyhedron X are known in advance. So this formulation is recommended to use
when the vertices of X can be easily calculated. A special case appeared already
in some applications (see e.g. [17, 18]) where each component x; of the decision
variable x represents the ratio of ith quantity to be defined. In this case X is a
simplex given by

n
X = {ZC = (21, ., Tp) | sz =1, ;>0 Vi= 1,...,n}.
i=1
Clearly X has exactly n vertices which are the unit vectors of R™.

3. SOLUTION METHOD

From the preceeding section we see that the problems of optimizing a function
f over the efficient and weakly efficient sets of a multicriteria affine fractional
program (V P) can be formulated as bilinearly constrained problems of the form
(PA) with A = Ag and A = A, respectively. The main difference between these
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two problems is that A is a unit simplex where Ay = intA. Problem (PA) is thus
easier to be handled.

Bilinear programming is an important topic of mathematical programming. A
lot of methods have been developed for solving bilinear programming problems
(see e.g. [1, 11, 14, 15, 20, 21] and the references therein). Most of the developed
methods have been obtained by assuming that the bilinear term appears in the
objective function.

In this section we first describe a decomposition method for solving Problem
(PA) with A = A by using its specific structure. Then we will use the fact that
Ag is the interior of A to approximate a solution of (PAg).

As usual, for a given € > 0, we call a point x an e-optimal solution to Problem
(P) if x is feasible and f(x) — f. < e(|f(z)| 4+ 1), where f,. denotes the optimal
value of (P).

The proposed algorithm is a branch-and-bound procedure using Lagrangian
bounding operation and a simplicial subdivision. Unlike the algorithm in [22], this
algorithm uses only linear programming for computing lower and upper bounds.

Let
H(\) = [G%)} » (N = [b(b)\)}

Then Problem (PA) can be rewritten as follows

min{f(z) = d' =}

- s.t.
BA
(BAY) H(\)z — h()\) <0,
x>0, \€A.

Lagrangian Bounding Operation
Define the function ¢ : A — R by setting

(Py) d(\) =min{d’z | H\)z —h(\) <0, z > 0}.
Then the problem
(MP) min{p(\) | A € A}

is equivalent to Problems (BA) and (W P) in the sense of the following proposition
whose proof is obvious from the results of the preceeding section. Let f, and w,
denote the optimal values of Problem (P) and (W P) respectively.

Proposition 3.1. A point (\*,z*) is optimal to Problem (BA) if and only if «*
is optimal to (W P) and X* is optimal to (M P) and w, = f(z*) = ¢(\*).

Note that a feasible point of Problem (BA) can be obtained by solving a
standard linear program. In fact, if A € A fixed and 2 is an optimal solution
of the linear problem (Py) then (\,z?) is feasible for (BA). Hence x” is feasible
for (WP). So upper bounds for w, are computed by solving a standard linear
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program. As the algorithm executes more and more feasible points can be found,
and thereby upper bounds for w, can be iteratively improved.

We now compute lower bound for w, by using Lagrangian duality. Let S be a
fully dimensional subsimplex of A. Let V'(.S) denote the vertex set of S. Consider
Problem (BA) restricted on S, i.e.,

w4 (S) := mind’ z

s.t.

BS

(BS) H(MAx — h(X\) <0,
x>0, AeS.

Let L(u, A\, x) be the Lagrangian function with respected to the constraint H (\)x—
b(\) of this problem. That is

(1) L(u, M\ z) = dT o +ul (H(N)z — h(N)).
Define the function m(u, \) as

m(u, \) = I;lzi{)l{dT.l‘ +ul (H(\)z — h(\)}.

From the Lagrangian duality theorem we have

(2) m(u,A) < p(A) Yu>0, VA e S.

Since for each fixed A the function H(A)z — h(\) is affine, we have
(3) supm(u, A) = $(A).

Let

(4) ps(u) = minm(u, A).

From (2) it follows that

o o o ~o.
ps(u) = minm(u, A) < min ¢(A) = wy(S5) Yu =0

Hence

sup s (u) < wi(S).
u>0

Therefore, taking

(5) B(S) = sup fs(u)

we obtain a lower bound 3(S) for w.(S). The following lemma states that this
lower bound can be computed by solving linear programs one for each vertex of

S.
Lemma 3.1. Let \' (i=1,...,p) be the vertices of S. Then

sup —hT (Nu, s.t.

LS S) = mi .
(L5) b(S) /\énv}?s*){HT(/\z)u—i—dzo, w>0,i=1,..p
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Proof. From (1) and (5) it follows that

B(S) = sup ps(u) = supminm(u, \).
u>0 u>0

AES
Hence
B(8) = sup iy min{d" @ +u' (H(\)z = h(A)}-
Then
(6) 3(S) = supmin { min(d” + u" H(\))z — ul'h(N))}.

u>0 AES T x>0
If A € S is such that d” + " H()\) # 0 for all u > 0, then
min(d” + v H\))z = —cc.
x>0

So, the supremum in (6) can be taken over all v > 0 satisfying
(7) H'\Nu+d" >0 vaes
which implies

min(u? H(\) +d? )z = 0.

>0
Since
(H'Nu+d>0 YA€ S) = (H' Nu+d>0 YAeV(9)),
it follows from (6) and (7) that

(8) B(S) = supmin{ —uTh(A) | HTNu+d" >0i=1,... ,p}
u>0 AES

with A\¥ € V(S), 4 = 1,...,p. By the minimax theorem, we can interchange the

supremum and the infimum in (8) to obtain

_pT
B(S) = min suIT) h (MNu, s.t. |
xevis) | H (NMu+d >0, i=1,...p, u>0,

which proves the lemma. O

Simplicial Bisection

At each iteration k of the algorithm to be described below, a subsimplex of the
simplex A will be bisected into subsimplices such a way so that as the algorithm
executes the obtained lower and upper bounds tend to the same limit. This can
be done by using an exhaustive simplicial bisection that is commonly known in
global optimization [11]. This simplicial bisection can be described as follows.
Let Sy be a subsimplex of full dimension of A that we want to bisect at iteration
k. Let v*, w* be two vertices of Sj such that the edge joining these vertices
is longest. Let u* = txvF + (1 — t;)w” with 0 < #; < 1. Bisect Sj into two
subsimplices S and Sgo, where Si; and S are obtained from Sy by replacing
v* and w” respectively by u*. It is well known [11] that Sy = Ski U Sko, and
that if { Sk} is an infinite sequence of nested simplices generated by this simplicial



BILINEAR PROGRAMMING APPROACH 129

bisection process such that 0 < dp < t < §; < 1 for every k, then the sequence
{Sk} shrinks to a singleton.

Now we are in a position to describe the algorithm for solving (PA) with A = A.

Algorithm LB

Initialization. Choose a tolerance ¢ > 0 and set Sy := A. For each v € V(Sy)
solve the linear program

max —h’ (v)u, s.t.
B) =9 r i
HTO\DYu+d>0 u>0, YA € V(Sp).

Let 3(S0) := min,cy (s, B(v) and A’ € Sy, u® > 0 such that 3(So) = —h’ (A?)u’.
Solve the linear program

{min{f(x) =d"z},s.t.

(Lv)

HM\z —h(\%) <0, >0
to obtain 2¥. Let ag := ¢(\?) := dl'z". Set By := B(Sp) and
Ty = {So} if ag — By >€(|CM0|—|—1)7
. () otherwise
Let k «+ 0 and go to Iteration k.
Iteration k (k =0,1,...)
Step k1 (selection):

a) If Ty = (), then terminate: x
value to Problem (WP).

b) If Ty # 0 then select Sy € T'y, such that
B = B(Sk) = min{B(S) | S € T'y}.

Step k2 (bisection): Bisect S into two simplices Sk; and Sgo by the exhaustive
simplicial bisection described above.

Step k3 (bounding): Compute, for each v € V(Sk;),

max —hT (v)u, s.t.
LSy; = : '
( kjj) B(U) {HT()\Z)’LL +d>0 u>0, VX' e V(Skj)

¥ is an e-optimal solution and oy, is the e-optimal

Set B(Skj) = i I‘El(ln )ﬁ(v). Let u* be the obtained optimal solution and A%/ ¢
ki

V' (Sk;) such that
B(Sks) = —hT (N, (j=1,2)

Step k4 (updating): Solving the linear programs, one for each A\*/

min{ f(z) := d'z}, s.t.
H(MN9)z — h(Ak) <0, 2 >0
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we obtain new feasible points. Using these feasible points to update the upper
bound. Let z**! be the best feasible point among z* and the newly generated
feasible points. Set ag ;1 := d” 2! and

L1 {S € (Te\{Sk}) U {Sk1, Sk} | 1 — B(S) > elaps| + 1)}
Increase k£ by 1 and go to iteration k.
Theorem 3.1. (i) If Algorithm LB terminates at iteration k, then x* is an e-
global optimal solution to Problem (W P).

(ii) If the algorithm does not terminate then By / wy, ag \, Wy as k — +00,
and any cluster point of the sequence {x*} is a globally solution to Problem (W P).

Proof. (i) If the algorithm LB terminates at iteration k then I'y = (). This
implies that oy, — B < e(ag|+1). Since B < wy, and ay, = f(x*) it follows that
(%) —w, <e(|f(z¥)] +1). Hence z* is an e-optimal solution.

(ii) Since Sk = Sk1U Ska, by the rule for computing lower bound 3(Sy) we have
Br = B(Sk) < B(Sk+1) = Br+1 VE.

Also, since a1 is the currently smallest upper bound determined at Step k4 we
have apy1 < ai Vk. Thus, both 8, = lim 8 and a,, = lim o, exist and satisfy

9) B <w, < o
Suppose that the algorithm does not terminate. Then it generates an infinite
sequence of nested simplices that, for simplicity of notation, we also denote by

{Sk}. Since the subdivision is exhaustive, this sequence strinks to a singleton,
say A* € A. By the rule for computing lower bound 3 we have

Br = sup min m(u, A) > min m(u, A) Yu > 0.
u>0 AES) AES)

Since the sequence {Sj} tends to A\* as k — 400 we obtain

(10) By = lim B, > m(u, \*) Yu > 0.

Since ¢(A\¥) is an upper bound determined at Step k1 and oy is the currently
smallest upper bound obtained at Step k4 we have

apr1 < 6(NF) VE.
Since A¥ — \*, it follows from the continuity of ¢ [4] that
(11) o, = lim ay = lim g,y < lim ¢(AF) = p(\¥).

On the other hand, by Lagrangian duality theorem for the linear program deter-
mining ¢(A\*) we have

supm(u, \*) = p(A*).
u>0

Then from (10) and (11) it follows that
e < P(A") < B
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which together with (9) implies
B = ws = s = G(A7).

Let z* be any cluster point of the sequence {z*}. By the definition we have
ap = f(zF). Since oy \, w, it follows from continuity of f that w, = f(z*).
Since 2% € WE(F, X) for all k and WE(F, X) is closed [8], 2* € WE(F, X).
Hence z* is a globally optimal solution to Problem (W P). O

Remark 3.1. (i) When € > 0 the algorithm must terminate affer a finite number
of iterations. Indeed, if the algorithm does not terminate at iteration k, then
a — Br > e(|ag|+1). Since a — B — 0 as k — o0, it follows that when & > 0
the inequality oy — B > e(|ag| + 1) can not happen indefinitely.

(ii) The subdivision takes place on the simplex A whose dimension is just equal
to the number of the criteria of Problem (V P) that is just equel to the number
of linear programs needed to solve for computing lower bounds. So the algorithm
is expected to be efficient only when the number of the criteria in (VP) is small.

4. RELAXATION APPROACH

The algorithm described in the previous section requires that all vertices of the
constrained polyhedron X are known in advance. So the algorithm can be used
only when the vertices of X are easy to compute. In the case where computing
all vertices of X is expensive, we propose a relaxation algorithm that computes
vertices of X iteratively in a branch-and-bound procedure. It may expect that
the algorithm finds a globally optimal solution without computing all of vertices
of X. To this end, we suppose that some vertices v!,...,v" of X are known. As
before, for each v* we define

Gk()\) = )\Z[(tZ + Bﬂ]k)Ai — (Si + Aﬂ}k)Bi],

M-

=1

bk(/\) = /\z [tzAz - SZ'Bi]Uk.

-

i=1

Denote by G"()\) the (r x p) matrix whose kth row is Gx(\) (k= 1,...,7), and by
b"(A) the r-dimensional vector whose kth entry is bx(A), (k =1,... ,r) and

T = oty 0=l

Consider the following problem

(B,A) {min{f(x) =d"z}, st

H"(\)z —h™(A\) <0, 2 >0, A€ A.

Let (A", 2") be an optimal solution of this problem, If 2" is weakly efficient, then
2" is an optimal solution to (W P). Otherwise, the optimal value of (B,A) is a
lower bound for that of (BA), because the feasible set of (BA) is contained in
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the feasible domain of (B,A). Then one can increase lower bound by adding a
new vertex of X to obtain Problem (B,;1A) and so on. Since the number of the
vertices of X is finite, this procedure must terminate yielding an optimal solution

to (BA).
This procedure can be described in details as follows. Let the tolerance € > 0
be given.

Algorithm RLB

Step 0. Choose one or more distinct vertices v',...,v" of X.

Step 1. Solve (B,A) by using Algorithm LB. Let (A\",z") be an e-optimal
solution to (B,A).

Step 2. Solve the linear program

(L) max {M(X",z",y) | y € X}

to obtain an optimal solution v"*! € V(X).

a) If M(A\", 2", 0" 1) < 0, then terminate: (A", ") is an e-optimal solution to
(BA) (hence x" is weakly efficient and therefore it is an e-optimal solution to
(WP)).

b) If M(A\", 2", v" 1) > 0, then use v"*! to define Problem (B,;1A). Increase
r by one and go back to Step 1.

Theorem 4.1. Algorithm RLB terminates after a finite number of Step 1 yield-
ing an e-optimal solution to Problem (BA).

Proof. . By the definition of M (A, z,y) we see that Problem (PA) is equivalent
to the problem

min{f(z) := d'z}, s.t.
M\ x,0") <0, Vol e V(X)
ANEA, zeX,

and the relaxed problem (B,A) is equivalent to

min{f(z) := d’z}, s.t.
M\ z,0) <0, i=1,..,7r
AEA ze X.

Since (A", z") is feasible for (B,A), we have M(\", 2", v) < 0 for every i = 1,...,7.
Since
MO, 2", v" ™ = max M(X\", 2", x),
reX

it follows from Theorem 1.2 that if M (A", 2", v"+1) < 0 then 2" is weakly efficient,
and therefore (A", 2") solves (BA). If M(X",z",v"*1) > 0, then v"*! # v for
every j = 1,...,7, because M(\",z",v7) < 0 for every j = 1,...,7. Thus if the
algorithm does not terminate, it generates, at each Step 2, a new vertex of X
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that distinct from all previous ones. Hence the algorithm must terminate after a
finite number of Step 1, since the number of the vertices of X is finite. O

5. THE EFFICIENT SET CASE

Because of nonclosedness of Ay, Problem (PAg) is more difficult to handle than
(PA). To avoid nonclosedness of Ay, for § > 0 we define

p
As = {2 = O M)y 28>0, ), ;Aj =1},

Clearly, for every ¢ > 0 sufficiently small, A5 # () and

As C Ag CA.
Let § > 0 be fixed such that As # (. Consider the problem
min { f(z) = d'z}, s.t.
(PAs) @ i
H(XN)z —h(A\) <0, 2>0, XA €As.

Since the feasible domain of this problem is compact, it admits an optimal solu-
tion. Corresponding to (PAs) we define the problem

(MP(;) mln{(b()\) | A€ A(g}.
Since A; is compact, Problems (PAs) and (M Pj) are equivalent in the sense that
if (A\*,x*) is optimal for (PAs) then A\* is optimal for (M Pjs). Conversely, if \*
is optimal for (M Ps) and z* optimal solution of problem defining ¢(\*), then
(\*, ") solves (PAy).

Clearly, if (\*,2*) is an optimal solution to (PA) and A\* € Ay then (A\*, x*)
is optimal solution to (PAg) as well. Otherwise an optimal solution of (PAg)

can be approximated by solving Problem (PAg) with § > 0 sufficiently small, as
shown in the following proposition.

Proposition 5.1. Suppose that Problem (P) has an optimal solution. Let {0y}
be a decreasing sequence of positive numbers tending to zero. Suppose that &
is small enough such that As, # 0 for every k. Let e be an optimal solution
of Problem (MPs,) and x* be a solution of the problem defining ¢(\F), i.e.,
d(\F) = f(2¥). Then f(z¥) — f. as k — oo, and z* € E(F, X) for all k.
Proof. Since 0y, > 01 > 0, we have As, C As, .. Let fi := (). Then
fr =min{p(N)|X € As, }
> min{p(N\)|A € As,_ }
_ ¢(/\k+1)

Tet1 _/I\Ielkléﬁf)( ) = fs
Since { f} is a decreasing sequence bounded from below, there exists fy such that

= i .
fo i fr
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As f, < fi for all k, it follows that f. < fy.

Since z* € E(X, F'), there exists A* € Ay such that ¢(A\*) = fi. Thus ¢p(A*) <
fo. We show that ¢(A*) = fo. Indeed, otherwise if ¢(A\*) < fo, then \* € A;, for
all k sufficiently large. However, since A* € Ag, and d; \, 0, one can easy to see
that A\* € A, for all 6 < min{\j,...,;\J}. We arrive at a contradiction. Thus

fo = ¢(X*) = f., which implies that f(z¥) — f..
Note that

Mg A5, C A VE.

Thus, since " is an optimal solution of Problem (Pyx) defining ¢(\*), we have

z¥ € B(F,X) for every k. O

Remark 5.1. Since the set E(F,X) may be not closed, a cluster point of
the sequence {z*} may not be efficient, but it must be weakly efficient because
E(F,X) C WE(F,X) and WE(F, X) is closed.

6. EXAMPLE AND COMPUTATIONAL RESULTS

We now illustrate the LB algorithm by the following example which has been
introduced in Section 2.

(VP) Vmin F(z) = (fi(x), f2(2)) =

( —T1 3%‘1—2%‘2)
1+ 22 T — T2+ 3

where

1 -2 2
-1 -2 -2
G=11 1|" "= |1
1 0 6
Let A = {)\ = (/\1,)\2)|/\1 > 0,2 > 0,1 + Ay = 1} and d = [—1,—1]. The

problem to be solved is
min{d’ z = —x; — xs|z € WE(F, X)}.
Compute

—A1 + 8 —6Xo —6Xg

99 —2X1 — 49 b(\) = 189
—2X1 + 7)Ao 61 ’ 429
—TA + 29 61 129

G =
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Hence
[ 1 -2 ] [ 2]
—1 —2 —2
—1 1 1
1 0 6
H()\) o A1+ 8Xg —6)g ’ h(/\) T =6Xa |’
9o —2X\1 — 4o 18)2
—2XM1 + T)hg 61 429
| —TAL+2) 6A1 | [ 12); |
HT(}\I) —
+1 -1 —1 —1 (=Al+8)\) 9\ (=2M1 + 70D (=71 4+ 2AD)]
-2 -2 +1 0 —6)} (2A —4)d) 6} 6} K
HT()\2) —
[+1 -1 =1 +1 (=A?+38)\3) 9A3 (=202 +702) (=722 +2)3)]
-2 -2 +1 0 —6)3 (202 — 4)3) 67 67 '

For a fixed A = (A1, A2) € V(Sk), the problems of determining upper and lower
bounds are

min{—xz; — x2}, s.t.
[ 1 -2 ] [ 2]
-1 -2 —2
-1 1 1
a= 1 0 [x1] - 6
—>\1 + 8)\2 —6>\2 i) B —6>\2 ’
9o +2X1 — 4 18
=21 + T 61 429
_—7)\1 + 2)A9 61 ] i 129 ]

B(Sk) =

(B(A) := max —[4u; — 2ug + ug + 6uy — 6XJus + 18 \Jug + 420 3u7 + 12\ ug)
B(A2) == max —[duy — 2ug + ug + 6uy — 6A3us + 18 3ug + 42\ 3u7 + 12\3ug)
subject to
2uy — ug — ug + ug + (A + 8\ us + I\ ug+

, (—2M + 7D ur + (=7TA + 22\ )ug —1 >0

BODBO) | —duy — 2us + uz + Oug — 6Mus + (22 — AN )ug + 6A ur + 6Alus — 1> 0

2uy — ug — uz + ug + (—AF + 8\3)us + 9I\3us+

(=222 + T D) ur + (=7TA2 +2X3)ug — 1 >0

—4uy — 2ug + u3 + Oug — 603us + (207 — 4\3)ug + 6A2u7 + 6 2ug —1 >0

up > 0,u9 > 0,u3 > 0,uq0 >0, us > 0,u6 > 0,u7 > 0,ug > 0.
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Intialization. Choose £ = 0.05 and set Sp = [(0,1), (1,0)]. Then
ﬁ(SO) = min {ﬁ((oa 1))76((1¢0))} = min{_lgv _13} = —13.

Take A\ = (1,0) € Sp, ap = [-1,-1][2,0]7 = —2,8) = B(Sy) = —13. Since
ag—Po=-2+13=112>0.05(] —2|+1) = 0.15, we have 'y = {Sp}. Set k :=0
and go to Iteration k.

Iteration k. The following table presents the result attained by the maple V
release 4 package after 27 Iterations.

In order to obtain a preliminary evaluation of the performance of Algorithm
RLB, we have written a computer code by Maple V that implements this algo-
rithm. We have used the code to solve thirty one randomly generated problems
on a Pentium II personal computer. The computed results are reported in Table
2. In this table, m; stands for the number of newly added constraints.

Table 1
Tter- Incum Selected Number
ation -bent partition | of stored
k Be | ak+1 zhtl set | partition
sets
0 -13 -2 (27 O) [(Oa 1)7 (170)] 2
11
1 -1 9 9 - = 1
3 (5r5) (1,0) 3
39 11
2 -1 -3. — 1), (=, = 4
3 3751 (5.7) [(0,1), (5, 3]
13
3 _13 b 2 0 1 _ _ 4
10,1, (3, 2)
1311
4 _1 2 2 _ _
2 2 1 1 3 1
5 | -12.5 [(5:5): (7 7)) 4
31
_11 9 ” _ 1
6 (), (1,0 5
. . 35, 11
7 |-10.45 [(5:3) (53 6
" " 13 35
8 9.8 (7)) 5
1153
_ '2 2 2 _ _ 4
11 9 7
1 7. 2 2 _ o
0 7.8 (5 3): (15 16! 5
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Table 1 (continue)

Iter- Incum Selected Number
ation -bent partition | of stored
k O ak+1 zhtl set | partition
sets
53 31

11| -74 ? N 45” [(g;gl%(zaz)] 4
12| 74| 469 | (Z.qp) £(§,7§), (;, 03)] 5
13| -7.18 § ? [(119—671?)7 (5§ 735)] 4
14| -6.27 ¥ ? 53—27 3—2)71;@1?)] 5
15| -6.23 7 7 [(1—651)1—3)7(%»%)] 5
16 | -5.91 7 7 [(g»g%(ﬁ»g)] 3
17| -5.68 ¥ v [(ggi;(a;%ﬂ 3
18 | -5.68 ¥ ? [(6—4736—41)7 (g; gl)] 4
19| -5.59 ¥ ? 1&(1?)7 (3§71§)] 3
20 | -5.55 ¥ ? 2[i1—61711—6)7151,§)] 3
21| -5.46 ” ” [(ié%),(ﬁ,gﬂ 4
nh ” 63 189” 83[(54;5?’(%’%)] :
23 | -5.31 -4.92 3—2,6—4) [(F;%)Tég)égg—g,f?)] 3
24 | -5.30 v ? [(6—4; 16_4i1 (E%%” 2
25 | -5.30 ¥ ? 2[53—21,15),8(5—47§)] 1
o R % B
27 | -5.17 ” T G5 59) (G550 256 0

An e-global optimal solution is z = (63/32,189/64).
The e-optimal value is f,. = —4.92.
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