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ON THE FIRST OCCURENCE OF IRREDUCIBLE
REPRESENTATIONS OF THE MATRIX SEMIGROUP

TON THAT TRI

ABSTRACT. Let M, = M(n, F},) be the semigroup of all n X n matrices over
the field F}, of p elements, p a prime number. As well known, each irreducible
M,,-module appears as a composition factor of the space of homogeneous poly-
nomials in some degree d. The purpose of the paper is to determine the lowest
degree d for some irreducibles modules.

1. INTRODUCTION

Let P = Fplx1,...,2,] be the commutative polynomial algebra in n indeter-
minants x1,...,z, over F,. Let f € P and o = (a;;) be an element of M,. We
say that the polynomial f will change into o f if

(cf)(x1,...,xn) = flox1,...,00,),

where ox1,...,0x, are defined by the following equations

n
U.I‘jzzaijl‘i, 1§j§n
=1

We have then (o0’)f = o(o’f) where o, ¢’ € M,,, and in this way M,, operates
on P.

As well known, there are only p” inequivalent irreducible modules for M,;, and
they all occur as composition factors in P. The irreducible modules are indexed
by column p-regular partitions, i.e. sequences (. ...,ay), 0 < a;—aj1 <p—1
fori < n,and 0 < o, < p—1. The irreducible modules were originally constructed
by using “Weyl modules” (see [5], [4]). An alternative construction using modular
invariants was given in [9] and it was proved that each M,-irreducible modules
corresponding to the column p-regular partition (o, ..., ay) is isomorphic to the
irreducible modules, says H(q, —ay,...an_1—an,an), generated by

(1—Q2,...,an—1—0n,an) _ FoO1—Q2 Qn—1—0Qn 1 ap
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where L; are the Dickson invariants

) ZTj

Let P; denote the subspace of P consisting of all homogeneous polynomials in
degree d. For every irreducible H the lowest value d for which H appears as a
composition factor in P; was determined by Carlisle and Kuhn when p = 2.

For any prime p, the purpose of the paper is to provide another method in
determining the lowest degree d for some irreducibles modules, which, when p = 2
implies the above result.

The main result of this paper is the following.

Let ﬁ = (ﬁla"'vﬁn)v ﬁ/ = (ﬂivaﬁé% 0< ﬁiv ﬁzl Sp_la 1< < n and
denote B x 3 = (a1, ..., q,) with

W 4Bt if B+ 6, <p—1,
B+ B—(p—1) i B+ B>

Theorem A. Let 3= (f1,...,0,) and ' = (B1,...,0),) with0 < f;, B <p—1,
1 <i<n. Then Hg.py is a composition factor of Hg @ Hpg .

Let p be a prime and (ng,n1,...,ng), (mo,m,...,mg_1) be non-decreasing
sequences of non-negative integers with ng = mg =0 and ng + mg_1 < n. Let

ﬂ:(ﬂlu"'uﬂnp 07”’707 Bm1+n1+17~--7ﬂm1+n27 07”’707 ceey
~—— ——
m—myg times mo—m1 times
07"'70> ﬁmk_l-l—nk_l—l—l)"'7/8mk_1+nk>07"'>0)

Mp_1—Mk_2 times

with 0 < 3, < p—-1,1 <4 < n. For every j, 1 < j < k, and for any ¢,
1 <0< nj—nj_1, write

14
Zﬂmj',lJrnjfiJrl =(-Dp—-1+rp 0<rg<p-1
i=1
and 72 55—y s - -5 Thing—n,_, all are equal to zero or p — 1. Put
sj= 4 M 20 oy
n; —mnj—1 — 1 if Tj,njfnj,1 = 0,

Corrolary B. With 3 defined as above the lowest value d in which Hg occurs as
a composition factor in Py is
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mg—1+ng—1)(p—1)+ Tkl)po +...

Sk—l

d=((
+ ((mp—1 4+ nk — sp)(p— 1) + Tksk)P
+ ((mr—2+ne1 =P —1) +re—1,1)p™ + ...
+ ((Mi—z + g1 — s-1)(p — 1) + Th—1,5,—1) P 5171+
(1 =D(p—1)+ru)p T2 4. +

+ ((n1 — 81)(p — 1) + r151)p8k+~“+52+s171'
Notice that by studying the action of a family of Steenrod operations on P the
corollary is also proved by P. A. Minh and G. Walker (private communication).

When p = 2 we have the following corollary.

Corollary C. (Carlisle and Kuhn [1, 1.1]) Let 8 = (61,...,0n), 0 < 5 < 1,
1 <i<nand (Bn,,-..,0n,) the subsequence of non-zero elements. Then the
lowest value d for which Hg occurs as a composition factor in Py is

d=ng+2ng_1+--+21n,.
2. PROOF oF THEOREM A

We first recall some facts on the coefficient space of a module V. Suppose that
V' is an M,-module and dim V" is finite. If {v; : j € I} is a F}, basis of V' we have
equations

o-vj = Z rij(o)vi
i€l
for o € M,, j € I, rij(c) € F,. The functions r;; : M, — F, are called
coefficient functions of V. Denote by Fé\/[" the space of all mappings from M,
to F,. Then the Fj-space of coefficient functions is a subspace of Fé\/[", called
the coefficient space of V. We denote this space by cf(V) = > Fpryj. It is
0]

independent of the choice of the basis {v;}.

Suppose the functions sz, : M, — F, are coefficient functions of an
M,-module W then the functions r;;s;, are coefficient functions of V & W.

Ifo— W —V — V/IW — 0 is a exact sequence of M,-modules then
cf(W) and ¢f (V/W) are subspaces of cf(V).

The following lemma [3, 27.8] holds for an algebraically closed field. Moreover,
it also holds for a splitting field for an algebra.

Lemma 2.1. [3, 27.8] Let K be a splitting field for an algebra A, and My, ..., My,
a set of pairwise non-isomorphic irreducible A-modules, with dimg M, = n,, 1 <
r < k. For each r, consider a matrix of coefficient functions {fi(;-n) 1<4,5 < nr}

of M,.. Then {fi(;-n) 1<, <n,,1<r< k} are linearly independent over K.
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Proposition 2.2. [9, 1.1] Let 8 = (fB1,...,0n), 0< 3 <p—1,1<i<n and
Hg be the M, -module generated by LB = Lfl . Lg". Then the set of Hg is a full

set of pairwise non-isomorphic irreducible modules and I, is the splitting for the
algebra F,[M,)].

We shall use the following notations. Let ¢ € M, and 1 < ¢ < n. Denote
by det;o the determinant of the ¢ x ¢ matrix consisting of elements of the rows
1,...,7 and the columns 1,... i of o.

Lemma 2.3. Let = ((1,...,0n), 0< B <p—-1,1<i<nand o € M,.
Denote detg(o) = (det10)% ... (det,0). Then detg € cf (Hp).

Proof. Let (Bn,, ..., Bn,) be the subsequence consisting of all non-zero elements of
(61, ., Bn). By convention, if f is a polynomial, W is a space of polynomials then
fW ={fxz:2 € W} and M; is identified as a subsemigroup of M; for i < j in the

usual way. We denote by W/ the M, -module generated by Lg’fl ...LQZ’SI, ie.,

the Fj,-space with generators {T-(Lg?l ... ngli‘ll) ‘T E Mnk}; Wi = ngk Wi Vi

the subspace of Hg generated by all polynomials having szk forany ¢,0 < £ < By,

as a factor. Then Hg = W), +V}, is a direct sum as Fj-spaces. For 1 <i¢ < k—1, let

W! be the M,,,-module generated by Lg’fl , W{ = Fyandlet W; = ngk ... LQZ” w.

Let V; the subspace of W/, generated by all polynomials having Lf for any ¢,

0 < ¢ < fB,, as a factor, V; = LQZ’“ Lg?:{l Then W; is a one-dimensional

F)-space generated LP and H g =Wi+Vi+Vo+ .-+ V is a direct sum as
Fj-spaces. For each o € M,, and 1 <14 < k let o; be the n x n matrix in which
elements on the rows 1,...,n; and the columns 1,...,n; are same as in ¢ and
elements in other positions are zero. We have

U'Lﬁzak'(Lng...Lg:k)—ka

n n ﬁn —
= (detp, 0)% s L oy, - (L™ . L) + v

where o, - (Lgfl ...LgZ’:l) € Wi, v € V. For 3 <i <k we have
n ,Bni_ n /37747;_
op - (LI LY = gy (L L)
Mg — n /37747;_
= (detm_la)ﬁ"i—l Lﬁ;llai_l . (Lgl1 e L ) + vl

with o1 - (L2 .. Ly?) e W_,, vl_, € V/_,, and

o2 - (L) = o1 (Lni?) +0}
= (dety,0)"m Lgfl + v}
with v} € V]. Therefore
o - LP = (detp,0) ... (dety, o)’ Lg’fl . LQZ’“ + o1+ 4 v,

= detg(0)LP + v 4 - + v,
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v; € V; and the lemma follows. O

Proof of Theorem A. We have detg € cf(Hg) and detg € cf(Hg). For each
o € M, then detg.z (0) = detg(o)detg (o) therefore detg,g € cf(Hz ® Hg) and
the theorem follows from Lemma 2.3 and Lemma 2.1. O

We recall that the p-connectivity (see [2]) of a sequence o = (o, ..., ay) of
non-negative integers is the non-negative integer

n

w(a) =Y (i +1)pM - 1),

=1

where a; = ki(p—1)+4;,0< ¢; <p—1.

Lemma 2.4. (]2, 2.13]) Let o = (a1, ..., ay) be a column p-regular partition and
F(a) an irreducible My -module corresponding to «, then F(«) does not occur as
a composition factor in Py when d < w(a).

Proof of Corrolary B. We consider 3 as in Corollary B. For each j, 1 < j < k
put 3; = (0,...,0,8m;_1+n;_1+15- - Bmj_14n;, 0, .-, 0). Then we have

B =Bjs; * % By,

where

Bjéz(ov"'voap_l_rjéa Tje ,0,...,0)
~~

for 1 <4 <s;if (5,£) # (1,s1) and

3 _ (p—1—"715,715,0,...,0), ifsg=mn;—1
LS17) (44,0, ., 0), if 51 = ny.

k
By Theorem A, Hg is a composition factor of ®1 Hﬁj and Hﬁj is a composition
Sj . oy ] k: Sj
factor of g H—ji, hence Hp is a composition factor of ]g g Hﬁji'
As in [1], if we write d = i1 + pig + - - - + p" i, then the composition factors of
T(1);,®...T(1);, are also compositions factors of P; where T'(1) = P/(a},...,2})
and T'(1); =T(1)NP;, 0 <i <n(p—1). Further, according to [1, 6.1], each T'(1);
is an irreducible M,-module; if we write i = g(p — 1) + £ with 0 < ¢ < n and
0 < /¢ <p—1, then T'(1); is isomorphic to an irreducible M,,-module, says F'(v;),
where ~; is the column p-regular partition consisting of ¢ terms equal to p — 1
followed by a term equal to ¢, and hence T'(1); is isomorphic to Hg . ,—1-¢¢0,..0)
——

q
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by Theorem 1.3 in [9]. For

r=381+"+ Sk,

i1 = (mg—1+n,—1)(p—1) +rp,

ig = (mg—1 +np —2)(p— 1) + 112,

is, = (Mp—1+ 1k — k) (P —1) + ks
ispt1 = (Mp—o+np1 —1)(p—1) + 711,
ispt2 = (Mo +np1—2)(p—1) + 1112,

bsjttsotl = (1 —1)(p— 1) + 711,
bspttsat2 = (n1 = 2)(p — 1) + 712,
fspttsotss = (M1 = 51) (P — 1) + 115,
then Hp is a composition factor of F;. On the other hand, the column p-regular
partition « such that Hg = F(«) is
a=((n—1+sa+-+s5)(p—1) + 7,
(n1—2+sa+- - +sp)(p—1) +rip-1,
...(82+"'+8k)(p—1)+7“11,
(s2+ - +sp)p—1),...,(s24+ - +sp)(p—1),

mi1—mg times

.,Sk(p_l),--.,Sk(p—l), sk(p_l) 3
N —

MmE—1—mg_2 times mg_1+ng_1+1
'7p_1+rk27 Tk1, 0770)
—~—
mg_1+ng
and w(a) = d. Hence the corollary follows from Lemma 2.4. O
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