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THE WRONSKIAN SOLUTIONS
OF THE MODIFIED KORTEWEG-DE VRIES EQUATION

HA TIEN NGOAN AND NGUYEN HUY HOANG

ABSTRACT. The generalized sufficient condition equations for the Wronskian
determinants are proposed, which guarantee that they solve the modified
Korteweg-de Vries equation (mKdV) in the bilinear form. Some new explicit
Wronskian solutions to mKdV are constructed by applying variation of pa-
rameters.

1. INTRODUCTION

The modified Korteweg-de Vries (mKdV) equation is of the form
(1.1) g + 6uluy + Uppy = 0.

It is a soliton equation and has connections with shallow water wave equations.
In equation (1.1), u = u(x,t), (x,t) € R? is the unknown function and subscripts
with respect to z and ¢ denote partial derivatives. There are some methods for
solving the mKdV equation and other soliton equations, for example, the inverse
scattering method [1, 12, 15], Hirota’s method [1-3, 7-11, 13, 14, 16-18, 20], the
Wronskian technique [2-11, 16-20], ...

In this paper we follow the Wronskian technique to construct explicit solu-
tions of the mKdV equation (1.1). We note that in recent years, various classes
of explicit solutions of many soliton equations were constructed in the form of
Wronskian determinants [9-11, 19].

First, we mention some works that closely border on the problem to be dis-
cussed in this paper. Hirota and Satsuma [1, 3] have introduced the transforma-
tion

fl@.t)
f(x,t)>x’

where i = —1, f(x,t) is the complex conjugate of f(z,t), and f(z,t) # 0.

(1.2) u(z,t) = i(ln
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They have proved that if f(z,t) is a solution of the system of bilinear equations

(1'3) (ftf_fft) + (fxmsf_foxfx +3fxfxx _ffxxx) - 07
(1'4) facacf_2f:vf:v+ff;m =0,

then u(z,t) defined by (1.2) is a solution of (1.1).

The above mentioned result of Hirota and Satsuma gives a way to construct
a solution u(z,t) of equation (1.1) from a solution f(x,t) of system (1.3),(1.4).
The converse problem of constructing a solution f(z,t) from a solution u(x,t) of
(1.2) will be discussed in Corollary 2.2 in Section 2, which is a consequence of
our main results.

Theorem 1.1. Assume that a(x,t) and B(x,t) are real-valued functions. Then
a function of the form

(1.5) [z, t) = ex@bHiBt)

satisfies system (1.3),(1.4) if and only if o and B satisfy the system of equations
(1.6) zz = 232,

(1.7) B + 885 + Buzw = 0.

Next, we discuss classes of N-soliton solutions of the bilinear system (1.3), (1.4).
In [3], Hirota constructed an explicit N-soliton solution that is represented in the
form

(1.8) In(at)= ) eXp{iuj (77]- +1g> + uzujAlj}7
j=1

u=0,1 IKI<GEN

where p = (p1, p2, - - ., i), the summation is taken over all possible combinations
_ _ _ (0) N A

of pj=0o0r1forj=1,2,...,N,n = 2kja:—8k§?t—|—?7j , exp(A;;) = (k:j +kl)

and k;j, 77](-0) are some real constants.

Nimmo and Freeman also constructed N-soliton solutions (1.8) by using the
form of Wronskian determinant (see [4])

ORE) SN
O oM gl
(bgo) gl) o gN—l)
(1.9) fany=|"
o0 1 gD

!
where the entries qbg»l) of the Wronskian are qbg»l) = qb;l)(:z:, t) = %qu(x, t) with
x

(1.10) (e, 1) = T [54F — (—1yieiE],

where §; = kjz — 4]{:;375 — 5](-0), 5](0) are some constants.
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The function ¢;(x,t) in (1.10), which is used to determine the Wronskian de-
terminant form of N-soliton solutions (1.8), was generalized by Nimmo, Freeman
and Zhang (see [4,16]) in the following theorem.

Theorem 1.2 ([4,16]). Suppose that for each j = 1,2,...,N, ¢;(x,t) satisfies
the following system

(1.11) Djx = —kjd;,
(112) ¢jt - _4¢jmcx-
Then f(x,t) defined by (1.9) is a solution of (1.3),(1.4).

The system (1.11), (1.12) is called the condition equations.

Our purpose in this paper is to construct some new classes of explicit solutions
of the modified Korteweg-de Vries equation. In order to do this, we will extend
the condition equations (1.11),(1.12) in such a way that f(x,t) defined by (1.9)
is still a solution of (1.3),(1.4). Our main result is the following theorem, in
which we replace the condition equations (1.11), (1.12) by more general ones that
guarantee the Wronskian determinant (1.9) to be a solution of the bilinear system
(1.3),(1.4).

Theorem 1.3. Assume that ¢; = ¢;(x,t) satisfy the generalized condition equa-
tions

N
(1.13) Gz = _ay(t)p, 1<j<N,
=1
N
(1.14) $jt = —4jara + 3 bi(t)dr, 1<j<N,
=1

where A(t) = (a;(t))nxn and B(t) = (bji(t))nxn are real-valued continuously
differentiable and continuous matrices, respectively, and satisfy the relation

(1.15) A +AB— BA=0.

Then the Wronskian determinant f(xz,t) defined by (1.9) satisfies the bilinear
equations (1.3), (1.4). Consequently, the function

(1.16) u(a,t) = i(ln ;)x

is a solution of the mKdV equation (1.1).

The condition equations (1.13), (1.14) can be rewritten in the matrix form

(1.13") ¢o = A(t)9,
(1'14/) Ot = —4Pyazz + B(t)gb,
where ¢(z,t) = (¢1(2,1), p2(2, 1), ..., N (2, t))T'

Our next result shows that the condition equations (1.13’), (1.14’) can be reduced
to a simple canonical form.
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Theorem 1.4. The system (1.13'),(1.14") can be transformed into the canonical

form
(1.17) Y =T,
(1.18) Yt = —AYyaz,

in which B(t) is the zero matrixz and A(t) is a constant matriz T in real Jordan
form.

Remark 1. Suppose that F(z,t) and G(z,t) are the real and imaginary parts,
respectively, of the solution f(x,t) of the system (1.3),(1.4). Then the function
u(x,t) defined by (1.16) can be expressed in terms of F'(x,t) and G(x,t) as follows

[1]:

G(z,t)
(1.19) u(z,t) = 2(arctan F(:L‘,t)>x'

This paper is organized as follows. In Section 2 we present the proof of The-
orem 1.1. The proof of Theorems 1.3 and 1.4 will be given in Section 3. In
Section 4 the condition equations (1.17), (1.18) will be discussed. In that section
some explicit examples of Wronskian solutions containing many parameters will
be constructed.

2. THE RELATION BETWEEN MKDV EQUATION AND ITS BILINEAR FORM

In this section we first give a proof of Theorem 1.1 and then derive two useful
corollaries. Corollary 2.2 allows us to construct the solution f(x,t) of the bilinear
system (1.3), (1.4) from a solution u(x,t) of the mKdV equation (1.1).

Proof of Theorem 1.1. Substituting f of the form (1.5) into equation (1.4), we
obtain

2f fows — 2/32) = 0.
Thus, f of the form (1.5) is a solution of the bilinear equation (1.4) if and only if
« and 3 satisfy equation (1.6). Next, by computing derivatives of f and f from
(1.5), we get

flag +1iBs), Jo = flaw —ifa),
flow +1iBy), fi = Flay—iBy),
fa:a: = [(Qaz + ifra) + [z +iB2)?,
I
(
f(

Jox = f(Qwe = iBew) + flaw —iB:)?,
Jozz = F(Quze + iBrza) + 3f (Qww — 1Bua) (0w +iB2) + flaw +1i6:)?,
Fowe = F(Quaw + iBuua) + 3 (e — iBua)(an + i) + Flaw +6,)*.
It follows that
(fef = o)+ (fovof = 3foofo+3fufoa— f frza) = 201 F(Be+ Buwa — 482 + 6000 B).
Combining the above equation with (1.3) we obtain
(2.1) Bi+ Baaw — 485 + 6002 B = 0.
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From (2.1) and using (1.6) we have (1.7). Hence, the proof of Theorem 1.1 is
complete. O

It is easy to get from Theorem 1.1 the following corollaries.

Corollary 2.1. Suppose that f(x,t) is a solution of the form (1.5) of the system
(1.3), (1.4) and that h(x,t) is a function of the form

h(l‘,t) _ 6hl(t)erhg(t)JriC’7

where hy(t) and ho(t) are arbitrary real-valued differentiable functions, and C' is
any real constant.
Then the product function h(x,t) f(x,t) is also a solution of the system (1.3),(1.4).

Corollary 2.2. Suppose that u(z,t) is a solution of (1.1) and f(z,t) is defined
from u(z,t) by the relation

F(z,1) = ed@+iB@D),

where
1 rf
(2.2) — u2 dfdn + Cl( )l‘ + Cz(t),
4 fa
t
1
(2.3) — [ (€ t)de — = [ [203(0,7) + uge (0, 7)]dT 4 C,
¥ 0/ /

C1(t), Ca(t) are real-valued differentiable functions, and C' is a real constant.
Then

1) f(x,t) is a solution of the system (1.3), (1.4),
2) f(x,t) relates to u(x,t) by (1.2).

Proof. First, we will show that «, 5 satisfy (1.6),(1.7). Indeed, from (2.2) and
(2.3) we have

1
(2.5) _——
. Opy = 2” >

which imply (1.6).
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By using (2.3), (2.4) and (1.1) we have the relations

By(at) = + [ wy(e,t)de — %[Qu?’(o, £) + 110 (0, )]

DN | =

(60 (6, ue 6, 1) — weelE, D)AE — 5[20%(0,1) + g 0,)

DN | =

- O\H O\a

=3 [2u3(m,t) + um(a:,t)]
= —[865(,t) + Buza(z,1)]-
It follows that ( satifies equation (1.7).

Therefore, «, 3 satisfy (1.6) and (1.7), and by virtue of Theorem 1.1 f(z,t) sat-
isfies the bilinear system (1.3), (1.4).
Next, since f = e*T"8 we have the relation

= 2B,

[

Then by using (2.4) we obtain

w=28, = i(ln§)$.

Hence the proof of Corollary 2.2 is complete. (]

3. PROOF OF THEOREMS 1.3 AND 1.4

In what follows we need two properties of determinants that have been indi-
cated in [3, 11].

Lemma 3.1 (Plicker relation). Let M be an N x (N — 2) matriz, let O be an
N x (N —2) zero matriz, and let a,b,c,d be N-column vectors. Then, the 2N x2N
block determinant

M O a b c d

O M a b c d

s equal to zero. O
Lemma 3.2. Let |A|, denoted by |a1,aq,...,an|, be an N x N determinant with
column vectors aj = (ayj, 4, ..., an;)T and let B = (b;j) be an N x N matriz.

Then, the following formula holds:

N
(3.1) > lar,... a1, Baj, g, an| = Tr(B)|Al.
j=1
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Proof of Theorem 1.3. First, we show that the relation (1.15) is a necessary condi-
tion which guarantees that the bilinear system (1.13), (1.14) is consistent. Indeed,
from (1.13’) and (1.14’), we have

¢$t = Atﬁg - 4A€Ea:a:a: + ABgE,
¢ta: = _4A§Ea:a:a: + BA¢_57

and from ¢, = ¢y, (1.15) follows.
In the Wronskian determinant (1.9) we denote the single column

R = (@N=R) g N=R) | V=RNT

by N — k and the set of consecutive (ordered) columns O o) Nk by
N — k. Then, the Wronskian determinant f can be written in the compact form

(32)  [=W(e) =16, 60, 6NV =l0,1,...,N-1=|N-1].
The derivatives of f can be easily computed in the compact form

(3.3) fo=|N—2,N|,
(3.4)
foo=|N—3,N—1,N|+|N —2,N +1],
(3.5)
fooe=|N—4,N —2,N —1,N|+2|[N —3,N —1,N + 1| + [N —2,N +2|.

Taking the complex conjugate in both sides of equation (1.13) we have

N
ngx = Zajz(t)qbl, j=1,2...,N.

=1

Therefore
- N
5= ap()d ¢ j=1,2,...,N,
=1

where 0~1¢; is a primitive function of ¢; with respect to .
Then, from the last equation, the relations

(3.6) q_S(O) — A8_1¢(0) — Aqb(_l), (g(k) — Agb(k_l), E>1
hold. Hence,

(3.7) F=180.60 .. ™D = (det A)|p(V, 6@, ... o=
= (det A)| —1,N — 2.
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From (3.7), we can compute the derivatives of f to be

(3.8) fo=(detA)|—1,N —3,N — 1],
(3.9) for = (det A)[|=1,N —4,N =2, N — 1|+ |- 1,N —3,N|],
(3.10) fozae = (det A)[| =1, N —5,N =3, N —2,N — 1

+2[—1,N—4,N =2, N|+|-1,N —3,N+1]|.
Next, we rewrite equation (1.13') as follows
go) = —4¢®) + Bg©),
Then we obtain
o) = —4¢Ut3) 4 Be) j=0,1,...,N—1.

Using the last equations and Lemma 3.2 we have

N-1
(311)  fi= > 160, @D —aglitD) 4 Bl gUHD (VD)
=0

_ —4[|N/—\4,N—2,N—1,N\ “IN_3,N—1,N +1

+|N—2,N+2|| +tr(B)|N —1].

From (3.6) and (3.11) we can also show that

(3.12)
ft:(detA){ —4[|-L,N=5,N-3N-2N-1]

—|-1,N—4,N—2,N|+|-1,N —3,N +1|| + tr(B)| —1,N/—\2|}.

By using Lemma 3.2 we can obtain the following identities

|

(3.13) tr(A)N —1|=—|N—3,N—1,N|+|N—2,N+1],

(3.14) tr(A%)|N—2,N|=—|N—4,N—2,N—1,N|+|N —2,N +2,
(3.15) tr(A%)| - LN —-2/=—|-1,N—4,N—2,N—1|+|-1,N —3,N|
(3.16) tr(A)|—1,N-3,N—1=—|-1,N—5N—3 N -2 N —1

+|-1,N—3,N+1|.
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Substituting the derivatives of f and f into the left-hand side of equations (1.3)
we have

(A7) A= fif = [fi+ fowaf = 3feafe +3fufoz — [ frze
- —3(detA)[\ﬁ_\4,N_2,N_ 1,N|—2|N —3,N —1,N +1
+|N/—\2,N+2|}\—1,N/—\2\
+3(detA)[3\ ~1,N _5,N-3,N—2,N —1
—6|—1,N —4,N —2,N| +3| —1,]\7/—\3,N+1|}\N/—\1|
+3(detA)[|N/—\3,N—1,N\ +\J7—\2,N+1\]\ ~1,N —3,N -1
~3(det A)[| - LN =4, N —2,N 1|+ |~ 1,N = 3,N||[N =2, N|
By the identities (3.12)-(3.16) we may reduce A in (3.17) to the form
A= (detA)[6| ~1,N_3,N+1|N—1|+6/N —3,N—1,N+1||—1,N —2|
— 6l —1,m,N—1\|]V/—\2,N+1\]
+ (det A) [6| ~1,N—4,N—2,N||N —1|+6|N —4,N —2,N —1,N|| - 1, N — 2|
— 6l —1,N/—7,N—2,N—1\|N/—\2,N|]
By using the Laplace expansion by N x N minors we can rewrite A in the form

(3.18)

A:(—l)N*2(3detA)N_3 /O\ -1 N-2 N-1 N+1

N-3 -1 N-2 N-1 N+1
+(—1)N72(3detA)N_4’N_2 /\O -1 N-3 N-1 N.
@) N—-4N-2 -1 N-3 N-1 N

By virtue of Lemma 3.1, the two determinants on the right-hand side of (3.18)
are zero. Therefore f satisfies the bilinear equation (1.3).
In a similar way, from the left-hand side of equation (1.4) we get

(819)  furf = 2fofo+ [ fou = (det A)[2| = 1,N = 2N =3,N =1, N

~ 9N _2,N||-1,N —3,N—1|+2| - 1,]@,N|\N/—\1|}

—

N -3 (@) -1 N-2 N-1 N

= (—=1)¥~2(det A) Z
N-3 -1 N—-2 N-1 N

':0.
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Thus, f is a Wronskian solution of the bilinear equations (1.3),(1.4) and u =
i(ln i) is a solution of the mKdV equation (1.1). The proof of Theorem 1.3 is
comp{etg. O

Now we bring out some overview for the condition equations (1.13) and (1.14).

Lemma 3.3 ([19]). Suppose that B = (b;i(t))nxn € Cla,b] is a real-valued ma-
triz depending continuously on t. Then there exists a non-singular continuously
differentiable real N x N matriz H(t) satisfying the equation

(3.20) Hi(t) = B()H(?),
(3.21) H(a) =D,
where D 1is an wnvertible constant matrix. O

By using the matrix H(¢) in Lemma 3.3 and putting
(3.22) ¢=H(t)y
it holds ¢) = H(¢)y¥) and
W(e) = [Htw HbwW, ... Htyp™ )|
= det(H ()|, ¢, ..., N "D] = (det H(£))W (1))
We also obtain o o
0. (W) _ 9. (W)
—In{—=)==—In(=—-—=).
Dz H(W(¢)> Dz H(W(q/)))
From the above equation and (1.2) it follows that the vector functions ¢ and

1) give the same solutions to the mKdV equation. Thus, we can replace the
Wronskian W (¢) by W ().

Lemma 3.4. The initial matriz D of problem (3.20), (3.21) can be chosen in such
a way that (z,t) as determined by (3.22) is a solution of the condition equations

(3.23) Y =T,
(3.24) e = — Ay,

where I' is the constant matriz in the real Jordan form of the matriz A(a).

Proof. Since ¢ = H(t)y we have ¢ = H(t)y and ¢» = H™'¢. By using (1.13) we
obtain - B
Vo =H ‘¢, =H 'Ap = (H 'AH)Y.
Next, from Lemma 3.3 we have
¢¢ = Hip + Hipp = BHY + Hify,

and by using (1.14) we obtain
vy = H ' [¢y — BHY)
= H ™ '[ = 4¢420 + B¢ — BHY)|
= —Mraa.
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Next, note that H; ' = —H 'H;H ™', so by using (1.15) and (3.20) we have
(H'AH), = H;'"AH + H'A,H + H ' AH,
= H Y(A;+ AB — BA)H = 0.

Then H 'AH must be a constant matrix, and therefore, H=1(t)A(t)H(t) =
D71 A(a)D. We can choose the initial matrix D in such way that ' = D=1 A(a)D
is a matrix in the real Jordan form of the matrix A(a), Lemma 3.4 is proved. [0

Proof of Theorem 1.4. In (3.20) we can choose the matrix D such that T' =
D7'A(a)D is an N x N matrix in the real Jordan form. By virtue of Lem-
mas 3.3 and 3.4, the condition equations (1.13"),(1.14") can be transformed into
the system (3.23),(3.24). Thus, the system (1.13),(1.14) can be reduced to the
system (1.17), (1.18), that is

% =T Q/_)v
1/}t - _41/}9090907
where I' is a constant N x N matrix in the real canonical Jordan form. O

4. SOLUTIONS OF THE CONDITION EQUATIONS

In this section we will discuss the condition equations of the form (1.17), (1.18).
Since I' is a real canonical Jordan matrix, we can separate the condition equations
into several independent systems of the form

(4.1) Cba: = Fm&a
(4.2) Cbt = _4¢$$$7

where I',,, is a real Jordan block of order m.

We consider various cases of real Jordan blocks I',, and give general solutions
of (4.1),(4.2) in each case. We show that the set of all solutions of the system
(4.1), (4.2) form a vector space over R of dimension 2m. Then, some classes of
explicit solutions of the mKdV equation (1.1) will be obtained below.

4.1. Case: The Jordan block I';,, is diagonal. First, we consider the case
that 'y, = diag(A1,A2,...,Am), Aj € R, j =1,2,...,m. For each index j we
can solve the corresponding equations to obtain the general solutions

(43) ¢] — Cj1€(>\j$_4>\?t) + ’I:Cj2€_(>\j$_4>\?t)7

where Cj; and Cjo are arbitrary real constants.
This means that in this case the vector space over R of all solutions ¢(x,t) of

(4.1), (4.2) is of dimension 2m.

()\j$—4>\§?t)

If we put g; = e , then (4.3) can be written as

1+€j _1—€j €:
=
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From (1.9), we have for N =m

(45) fm ::W(¢17 ¢27 cey ¢m)

m

_ Z {H[1—;63'Cﬂ_'_2.1—2GjCjZ]W(gilygSQ,...,gf,T)},

(61762""’67”) ]:1

where the summation is taken over all m-tuples (e1, €, ..., €y,) with €; = %1 for
7=12,...,m.
By computing the z-direction derivatives of g; we obtain
2
k 0 k
(4.6) gj(- )= @gj:)\jgj, k=1,2,...
(4.7) (g7)" = ehnbg, k=1,2,...
From (4.6) and (4.7) we have the relation
1 61)\1 e 671%_1)\71”'_1
Tl ede o eTAYT
(4.8) W(gs' g5, g5m) = [ 95
= ' ' 1ym—1
1 epAm .. € AT
m
=119 (e — €exAr).

Next, by using (4.5) and (4.8) we have

(4.9) fm = Z {(ﬁ [1 —;ej CjH—il _2 5 C; ]g§j> H (GlAl—Ek/\k)}.

(€1,€25-.,€m) j=1 1<k<i<m

In the representation (4.9) the summation is taken over 2™ terms which corre-
spond to the set of m-tuples (€1, €2,. .., €y,) with €; = £1. The set of Wronskian
solutions f,,(x,t) represented by (4.9) contains 2m arbitrary real parameters
le,CjQ, 7=12,....,m.
We note that the factor
1+ €5 1—¢

: J
5 Cj1+1 5 C;
is either real-valued or pure-imaginary-valued. It is pure-imaginary-valued if and
only if ¢; = —1. So, in case the m-tuple (e, e€2,...,€,) has an even number of
components €; = —1 then the corresponding term is real-valued. Then the set of

those m-tuples is denoted by X;. In other words, X; is the set of all m-tuples
(€1,€2,...,€n) such that 72, ¢; = 1. The set of all other m-tuples is denoted

by X, i.e. X5 is the set of all m-tuples (e, €9,...,€,) such that H;ﬂ:l €j =—1.
We can represent the solution f,,(z,t) in the form

fm(z,t) = Fp(x,t) + iGp(x, t),



WRONSKIAN SOLUTIONS OF THE MKDV EQUATION 567

where F,,,(z,t) and G,,(z, t) are its real and imaginary parts, respectively. Namely,
(4.10)

F, = Z {(ﬁ{l—gﬁjcﬂﬁ-il_

EjCjQ}g;j) 11 (El)\l—ﬁk)\k)},

(€1,€2,-6m)EX1 Jj=1 1<k<I<m
(4.11)
Tl + e 1—e
Gn=() > {(IT|520n+i—52Calgy) TI (ah—eah}.
(e1,€2,...6m)EX2 Jj=1 1<k<I<m

According to (1.19), the functions

(4.12) u(x,t) = 2<arctan %>
Fo/x
are solutions of (1.1). Note that w(z,t) in (4.12) contains 2m arbitrary real
parameters.
To connect our results with well-known ones we will write the functions ¢; in
(4.3) in another form. Suppose that Cj1Cjz # 0 for all j =1,2,...,m. Then, we
can rewrite ¢; as follows:

C' - T LT -
(413) ¢] = 0]2 ‘_]1 elz |:efj+7zz _ (_1)04]- €7£j711:|’
Cj
where ———==¢% ,{;=-Nrz+4\jt - andaj = -1+ ——F=— ).
Ci1Ci2] §] ’ i ! 2( \CﬂCsz)

If m = N = 2 and if we choose
b = iefl + 6_51, by = ies? — 6_52,
then

Fe ieft 4+ e A (—iet! 4+ e7%)
T ieb2 — 62 )\2(—’5652 _ 6752)

— ()\2 _ )\1)(6§1+§2 _ e*(§1+€2)) _ i()\l + )\2)(651752 + 67(61752))'

Thereby, we can obtain the 2-soliton solution
- f B A+ Aoy eS1762 e—(&1-82)
(4.14) u= z(ln ?)x = 2{ arctan [()\1 — )\2) e e—(51+52)] }I

(A1 + A2) cosh(&; — 52)] }
(A1 — Ag)sinh(& + &) 1o

= 2{ arctan [
On the other hand, if we choose
& = el 4+ 6751, by = ief? 4+ 6752,
then

(4.15) u = 2{ arctan [()\1 + Az) sinh(&s = &) } }x

(A1 — A2) cosh(&1 + &2)
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We will show that if the set of real numbers A; is fixed, then our family of
solutions f,, (4.9) contains the set of solutions represented by (1.8) as a particular
case. Indeed, if the functions ¢; in (4.13) are chosen as

(4.16) ¢; = €'t |eSitiE — (—1)j€7£j7i%],
where & = kjo — 4k3t — €7, kj = —Xj, j = 1,2,...,N, (m = N), then the
Wronskian solution fy can be described by the following corollary.

Corollary 4.1 ([17,18]). If ¢;,5 = 1,2,..., N are chosen as in (4.16), then the
Wronskian solution fxn can be written in the form

(4.17)

N N -
Fre (H e,gj)( I - kl)) 3 e {Z 1 (nj +z‘§) + Y mujAzj},

j=1 1<I<j<N p=0,1 Jj=1 I<KI<GEN

N
1 ki —kp\2
where nj = 28 — 5 > A, exp(A;) = (k:j n kz) ,
I=1,1#]

which is connected to the solution (1.8) by Corollary 2.1. O

4.2. Case: I';, is a Jordan block with a real eigenvalue A. In this subsection
we consider the system (4.1), (4.2) in case the matrix I, is of the form

A 0
1 A
0 1 A
mxm

where A is a real eigenvalue.
In this case, by using the transformation

b1 = ¢,
- o -
P2 = P2 + 5%7
PR S SN 8m_1¢3
e AT T S gam1 D

we can obtain that
(4.19) Gjz = A\oj,
(4.20) ngt = _4¢~5j:va:a:a

forj=1,2,...,m.
As shown in subsection 4.1 it follows from (4.19) and (4.20) that

7 Az—4X3t | —dz+4X3t
qu:C’jle‘B +iCjpre ot ,3=12...,m,

where C11,Co1,...,Chp1; Cra,Cog, ..., Cha are 2m arbitrary real constants.
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Thus, we can obtain the following theorem.

Theorem 4.1. The general solutions ¢ of system (4.1),(4.2) with the Jordan
block Ty, in (4.18) are of the form

(4.21)

3 . _ 3
b1 1 0 .. 0 Clleka:—ll)\ t iChqe Az+4X°t
bo % 1 .0 Coy 74N O e AaHaNt

1 amt 1 gm2 T VY
Om e on=T Gy oya=z o+ 1) \Cppe? ™V 4 (g AN
where C11,Co1,...,Cn1, Cio,Co,...,Cno are arbitrary real constants. O

By (4.21) we can write ¢; as
(422) ¢j = jlg—i-ipjgh, 7=1,2,...,m,

where g = 4t = g1 = Ao HA g9 Pj1 = Pji(x,t), Pja = Pja(x,t) are
some polynomials with respect to variables z and ¢ determined by the relations

_)\ 403 1 & Az—4X3
(4.23) Pji(z,t) THAXT E GoDionT et b

Ar—AN R e
(4.24) Pjs(x,t) v t§ 02 YRR TN,

Next, the derivatives of ¢; can be written as

k
K 0 : .
(4.25) o) = 5501 = Qin(k)g +iQya (k). i=1,2,...,m,
where the polynomials Q;1(k), Q;2(k) are calculated by the formulas
a il
(426)  Qu(k) = Qule,t k) =D OGN P, 1),
=0
k 8l
(4.27) Qj2(k) = Qja(w, 1, k) lz;c DN S Pia(a 8).
We now can rewrite (4.25) as
k 1+¢; —€;
(4.28) of = 3 [ ®) +i—2Quk)]g"
ej=%1
We set
1+¢
(4.29) D(e1, €0, .., 6n) =det | Qj1(k) +1i 2(B)] 1< jem
Note that in the above determinant, if €; = 1 then the j-th row is a real-valued
vector, and if €; = —1 then the j-th row is a pure-imaginary-valued vector. Now

we define the sets X7, X5 as in subsection 4.1. Then, the value of determinant
(4.29) isreal if (€1, €9, ..., €y) € X1, and is pure-imaginary if (€1, €2, ..., €y) € Xo.
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By using (4.28) and (4.29) we can transform the Wronskian determinant
fm = W(¢1, b2, ..., ¢n) into the form

m
(4.30) fm = Z (ngj)D(el,eg,...,em).
(€1,€25-6m) J=1
By using the sets X1, Xo we separate f,,, into real and imaginary parts. Note
that (e1,€9,...,€6,) € X7 if and only if Z;”:l €j = m — 4a, where a is an integer
such that 0 < o < m/2. On the other hand, (e1,¢€9,...,€,) € X5 if and only if
> it1€; = m —4da — 2, where a is an integer such that 0 < a < m/2. So, we
have the following representation of f,,:

fm = m+iGma

G
—_2( t —) ,
u arctan F

m’T
where
(431) Fm = Z gm—4a|: Z D(61762>"' 76m)]7
0<as<m/2 €1+ea+...Fem=m—4a
(432)  Gu=(-i) Y gt [ > D(er, e, - em>] :
0<a<m/2 €1+ea+...Fem=m—4a—2

As shown in subsection 4.1, in this case the Wronskian solutions f,,, depend on
2m arbitrary real constants.

Next, we give some examples of the so-called bi-directional Wronskian. To do
this, we choose Cy; = O3 = ... = Cy1 = Cg = 0 in (4.21). Then we have the
following Wronskian:

961 10% Lo
ONT209X27 T (m —1)! oL
We note that the function f,, in (4.33) can be regarded as a Wronskian determi-
nant for both z-direction and A-direction. This is why it is called bi-directional.

We have from (4.33) the following bi-directional Wronskian solution for the
case m = 2:

(4.34) f=(C2ePa=8Nt 4 02 o=20at8X°t) | 4\CYy Cyg(a — 12028,
Due to (1.19) the solution u of the mKdV equation for m = 2 is given by

4)\011012(1‘ - 12)\2t)
0121 e2Az—8A3t | 01226—2)\x+8)\3t ) z

(4.33) fm =W(¢n,

(4.35) u=2 ( arctan

It follows from (4.33) that the bi-directional Wronskian solution for the case
m =3 1is
(4.36)

f=Cre N2 MAe10 L 02 TuN (2 — 360%E) + 1+ 8A2(z — 120%1)?] }

+ Crae? N 02,0~ 1Mt L 02 T a) (2 — 36A%1) + 1+ 8X%(z — 120%1)%] V.
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Analogously, the solution u of the mKdV equation for m = 3 is

(4.37)

u(z,t)
P (arctan CrapeX WO PNV} O [ AN —36X°1) + 1+ 8)*(x — 120%1)7} )
= Clle_)\m+4A3t{012164)\.%—16A3t + 0122 [4)\(33 _ 36A2t) N 8)\2(.23 _ 12/\275)2} } T

4.3. Case: I'), is a 2 x 2 real Jordan block with a pair of complex eigen-
values. We consider the case that the matrix I';, = I'y corresponds to a pair of
complex eigenvalues A = a + i and A = a — 13, i.e.

(4.38) Ty = <g _aﬁ > :

where «, 8 are real constants, 8 # 0.
In this case, system (4.1), (4.2) is of the form

(4.39) P12 = 04(/31 - 5@527
(4.40) P2 = BP1 + oo,
(4.41) b1t = —4P1220,
(4.42) Gat = —4P2200-

Theorem 4.2. The general solutions ¢ of (4.39)-(4.42) can be given by

(4.43)

1= eov—dala® _362)t{01 cos|fz — 4B8(3a* — ﬁ2)t] — Cysin[fz — 4B(3a* — 52)75]}
im0t al0® =369 Oy cos B — 48(30% — B2)t] + Cysin[Bz — 48(30% — )]},
(4.44)

g = 2013 O sin[Bar — 48(3a% — B2)t] + Cy cos|fz — 48(3a® — B)1]}
et =3 Cusin[Ba — 48(30® — B2)t] + Cycos|Bx — 48(3a? — B2},

where C1,Cy, Cs, Cy are arbitary real constants.

Proof. Putting ¢1 = u1 + iv1, ¢2 = ug + v, we can easily show that

(4.45) Uy = auy — Pug,
(4.46) Uo, = Puq + aus,
(4.47) w1y = —dUizs,
(4.48) Uzt = =422z,
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and

(4.49) V1 = —awy + Bug,
(4.50) Vog = —Pu1 — awg,
(4.51) vt = —W1gza,
(4.52) Vot = =450

First, we solve system (4.45)-(4.48) with respect to uj,u2. By eliminating wus
from (4.45), (4.46) we have the second-order differential equation

Ulgy — 200U, + (a2 + ,82)u1 =0.
This equation has general solutions as
(4.53) uy = e**[D1(t) cos Bz + Ds(t) sin fz],

where D1, Do do not depend on z.
After substituting u; into (4.45), we get

(4.54) ug = e**[D1(t) sin Bz — Da(t) cos fz].
From (4.45), (4.46) we have
Uiaze = a(a® = 36%)ur — B(3a® — 52)us,
U2eze = B(30” — B%)ur + aa® — 36%)u.
From these equations and (4.47), (4.48) we have the system
(4.55) Dy = —4a(a® — 36%)Dy — 4B8(30® — ) Do,
(4.56) Dy = 43(3a* — 82)Dy — 4a(a® — 38%)Ds.
The general solutions of (4.55), (4.56) are of the form
(4.57)  Dy(t) = e 43 O cos[4B(3a® — B2)t] + Oy sin4B(3a® — 52)1]},
(4.58)  Do(t) = e~ 138 O sin[48(3a® — B2)t] — Cy cos[48(3a® — B2)t]},
where C1, Cy are two arbitrary real constants.
Thereby, we have the general solution of system (4.45)-(4.48)
(4.59)
up = @A BN O cos[Br — 4B(3a® — B2)t] — Cysin[Bz — 48(3a” — 521},
(4.60)
up = eam*m(o‘z*wz)t{Cl sin[Bz — 48(3a” — B2)t] + Cs cos[Bx — 43(3a* — 5*)t]}.
Similarly, from (4.49)-(4.52) we have
(4.61)
vy = e_a$+4a(a2_362)t{03 cos[Bz — 46(3a® — BH)t] + Cysin[fz — 46(3a® — ﬁ2)t]},
(4.62)
vy = e_a$+4°‘(°‘2_362)t{ — Cysin[Bz — 4830 — BH)t] + Cycos[Bz — 48(3a® — 52)15]},

where C5, Cy are two arbitrary real constants.
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From (4.59)-(4.62), it follows that (4.43),(4.44) are a solution of the system
(4.39) — (4.42). 0

Next, from (4.43), (4.44) we have

(4.63) f=W(d1,¢2)
_ 5[(012 +022)e2ax—8a(a2—352)t + (C§ + Cf)e—2a$+8a(a2—352)t]
+ 2ia{(CoCs — C1Cy) cos[2Bz — 8B(B% — 3a?)t]
+ (C1C3 + C2Cy) sin[2Bz — 83(8* — 3a?)t] }.

Thus, the solution u of the mKdV equation is given as follows:

(4.64)

-1
U :2% arctan { [5{(012 + 022)62ax—8a(a2,3ﬁ2)t +(C2 + 05)672ax+8a(a27352)t}]

X [m{(cgcg — C1C4) cos[2Bz — 8B(B% — 3a2)t]

4 (C1C3 + CsCy) sin[2Bz — 88(52 — 3a2)t]}] }

We note that in this case the Wronskian solution (4.63) depends on 4 arbitrary
real numbers.

4.4. Case: T is constructed from several 2 x 2 real Jordan blocks. We
consider the case that N = m = 2n, in which the matrix I' = I'y,, is of the form

I, O o)
O Tay %)
O O ... Tho

)

where O is 2 x 2 zero matrix and I'j o = <%3 ;@j), Bj # 0.
J J

The matrix I'y, in (4.65) corresponds to the composition of n pairs of complex
eigenvalues \; = a; +1i03;, 5\]» = aj—1fj,7 = 1,2,...,n. In this case, the condition
equations can be separated into n independent systems that had been considered
in Subsection 4.3. Then, by virtue of Theorem 4.2, the Wronskian solution is
given as

(4'66) f2n - W(¢117 ¢127 cee 7¢n17 ¢n2)7
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where for j =1,2,...,n it holds

(4.67)
o8 1—60‘79640‘7(0‘ ~367) {Cﬂ cos|Bjz— 45](304 —52) t]—Cjosin[fjx— 4@(304 —ﬁZ) ]}
4 je 0wty (3367 t{Cj3 cos ﬁjx—4ﬁj(3aj—ﬁ32) |+Cja sm[ﬁjfc—llﬁj(?)aj—BJQ-) ]},
(4.68)
pjo=e (O‘?*S’B?)t{le sin[ﬁjfc—élﬁj(?)a? —5]2»)15] + Cjo cos[Bjz—45; (304? —ﬁ?)t]}
e Tt (0‘?*3’832‘”{ —Cj3sin[Bx—40; (304? —ﬁ?)t] +Cjy cos[Bjr—45; (304? —ﬁ?)t] },

and Cj1,Cj2,Cj3,Cjy are arbitrary real constants.

Now, we put g; = €**~ daj (@ —3/5) b ng = Bjr—4p; (3a5—33)t, and then (4.67)(4.68)
can be rewritten in the form

®j1 = gj|Cj1 cosnj — Cjasinn;] + ig;l [Cj3 cosnj + Cjasinn),
¢j2 = g;|Cj1sinn; + Cjo cosn;] + z'gj_l [—Cjzsinn; + Cja cosnjl.

By direct computation we can show that for £k =0,1,2,... it holds

(4.69)

¢(-I§) = g;[Dj1 (k) cosm; — Dja(k) sinny] + ig; ' [Djs(k) cos nj + Dja(k) sinn],
(4.70)

gb( ) = = gj[Dj1(k)sinn; + Dja(k) cosn;] + igj_l[—ng(k:) sinn; + D;a(k) cos nj;l,

where the coefficients D;;(k) are given by the following recursion relations:

(4.71) Dji(k) = ajDji(k — 1) — BjDja(k — 1),
(4.72) Dija(k) = BiDji(k — 1) + a;Dja(k — 1),
(4.73) ng(k‘) = — 'Dj3(k‘ — ) + ,3ij4(]€ — 1),
(4.74) Djs(k) = =B;Djs(k — 1) — ojDja(k — 1)

and Dj(0) =Cj for j =1,2,...,n; 1 =1,2,3,4.

Note that in case C'le + CJZQ #0, 0]23 + 0324 # 0 for j =1,2,..., n the difference
equations (4.71)-(4.74) can be solved as follows:

\/ + 0]22\/ a» + BJQ)’“ cos(&1 + k¢j),
\/ + 0]22\/ (aF + B2)ksin(&1 + k),
Dys(k) = (=1)*\/C% + C34y/ (03 + B2 cos(j2 + k),

Dja(k) = (—1)F\/Ch + C2 /(02 + B3)F sin(a + kGy),
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where

C; O o

COS 5‘71 = 7]’ CcoS 5]2 — 7]’ CcoSs C] — J ’
2 2 2 2 2 2
Cj C; ,

Sin§j1 = 7j’ Sinij — 7]’ sin Cj — L
2 2 2 2 2 2

CitCia Ciz+ 0y of + 5

For any k if le = ng = 0 then Djl(k‘) = ng(k‘) = 0, and if ng = Cj4 =0
then Dj3(k‘) = Dj4(k‘) =0.
Next, (4.69), (4.70) can be rewritten in the form

(4.75)
. 1+ €51
¢in= > {[Dj(k)cosn; — Dja(k)sinn) 5
ej1==*x1
1—e¢; .
+i[D;3(k) cos n; + Dja(k) sin n;] ;Jl }geﬂa
(4.76)
. 1+ €52
bjo = Z {[Dj1(k)sinn; + Djs(k) cos ;] 5
ejo==+1
1—¢; )
+ ’i[—Dj3(k) sin n; + Dj4(k‘) cos 77j] 26]2 }96]2.
We denote by D(€1,€12,...,€n1,€n2) the 2n x 2n determinant whose entries of

the (25 — 1)-th row and the (2j)-th row for each j are respectively equal to

. 1 + €5 . . ]_ — €5
(ID31(k) cosm; = Dy (k) sinny| =24 + il Dsa (k) cosm; + Dya(k) simy] — 2 ),
k=0,1,2,...,2n — 1,

+ €52

1 _ .
+ i[—Djs(k)sinn; + D;a(k) cos ;] 26J2 ) )

k=0,1,2,...,2n — 1.

([Djl(k) sinn; + Dja(k) cos ;] !

Then we can write the Wronskian (4.66) in the form

(4.77) fon = Z [( - g§j1+€j2)D(611,612,...,enhenz)].

(€11,€125--1€n1,€n2)  J=1

Note that for [ = 1 or 2 all entries of the (2j + [ — 2)-th row of the determinant

D(e11,€12,. .., €n1,€n2) are real-valued if €j; = 1, and they are pure-imaginary-
valued if €j; = —1. Consequently, if J[7_,(€j1.€j2) = 1 then the determinant
D(e11,€12, ... ,€n1, €n2) is real-valued, and if otherwise, then it is pure-imaginary-

valued. We define the sets X;, X2 as in Subsection 4.1. From (4.77) we can
obtain a class of Wronskian solutions in the following form:

(4.78) f2n = F2n + iGQna
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where Fy,, Ga, are respectively real and imaginary parts of the Wronskian (4.77)
and are given by

(4.79) Fop = 3 [( H
(€11,€12,-.-,€n1,En2)EX1 j=1

n

H

(4.80)  Gap = (—i) 3 [(

(€11,€125--1€n1,€n2)EX2 =

i1t€j 2
< ]> 611,612,---,6711,6712)]7

]1“1‘6]2
> 61176127---7671176112)]-

In this case, the Wronskian solutions depend on 4n arbitrary real constants. In
particular, if n = 1 then we have the solution (4.63).

In the case that n = 2, it is complicated to compute f; by using (4.78)-(4.80)
since one has to compute 16 determinants D(e11, €12, €21, €22) of order 4. To avoid
this process, we propose another way to compute f4. From (4.66) we have

¢)11 ¢11x ¢11mc (bllxxx

¢12 ¢12a: ¢12a:a: ¢12$$$

4.81 = .
( ) f4 ¢21 ¢21:1: ¢21:va: ¢21$$$
¢22 ¢22a: ¢22a:a: ¢22$$$

By using the Laplace expansion, the determinant (4.81) can be expressed in terms
of 2 by 2 minors. After some calculations, we can rewrite f4 in the form

(4.82)
fa Z{ﬁ1ﬁ2 [(aF + a3 + BT + B3) + 4(afaz — B7B3)] (enr + ex2)(ear + ex2)
—danfrazfa(ad + a3 + B7 + B3)[(enn — er2) (e — e22) + 4erzens]
—daraz[(a + a3 + B2 + B3)? — 4(atad — BEB3)]ersen |
+ i{QOéQﬁl[(Oé% + 87 — a5 — B5)° + 4(Bies — aiB3)](e11 + e12)ex
+ 201 Baf(af + BT — a3 — £3)% — 4(Bia3 — aifB3))(ean + ex)ers
+ 8o franfa(af + B — a3 — B3)[(ear — exn)ers — (enn — 612)623]},

where the auxiliary functions ej;; are given by

ej1 =(Ch +Ch)g:,  ejp=(Ch+Ch)g;”,
ej3 =(Cj1Cj3 + Cj2Cjs) cos(2n;) — (Cj2Cj3 — CjnCja) sin(2n;),
eja =(Cj2Cj3 — Cj1C5) cos(2n;) + (Cj1Cys + CjaCla) sin(2n;),

for j =1,2.

4.5. Case: I',, is a real Jordan block with a pair of multiple complex
eigenvalues. We consider the case that I';, in (4.1) correspond to two complex
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Jordan blocks

A 0 A 0
1 A 1 A
(4.83) . and . ;
0 1 A 0 1 A
nxn nxn

where A\ = a +i8, \=a — i, f# 0 and m = 2n.
In this case, the matrix I'g,, is of the form

v O O O O
I U O O O
(4.84) e, =10 I U O O ,
o 0 0 I v 2n.x2n
where U = (¢ -8 , I = 10 and O is 2 X 2 zero matrix.
B« 0 1

We need to use the following 2n x 2n lower triangular matrix consisting 2 x 2
blocks of operators:

I 0] @) O O
Vi I @) O O
(4.85) vl w w I 0 0 ,
| 2T S S A N 21 onxon
where '
1 oY 0
10 1Ol
_ | Jow )
L= (0 1)’ Vi= , 1
jload
For convenience we put ¢ = (¢11, P12, 21, 922, - - - » Pn1, Pn2)’ -

Theorem 4.3. The general solutions ® of system (4.1),(4.2) with the Jordan
block I'yy, in (4.84) are of the form

(4.86) ¢=Vo,
where ¢ = (P11, P12, P21, P22, - - -, P, Pn2) 7,
(4.87)

<z~5j1 :eO‘I%O‘(O‘Lg’B?)t{Cﬂ cos[ﬂm—4ﬂ(3a2 —ﬁQ)t] —Cjo sin[ﬁx—4ﬁ(3a2 —52)75]}
i mHAR BN Cun cos[Br—48(3a® — B2)t] + Cjysin[Bz—48(3a” — B2)1]},
(4.88)
bj2 :ea‘”_4a(a2_352)t{0j1 sin[Bz —48(3a® — B2)t] + Cjs cos[Bz—4B(3a® — 5)t] }
—1—2'6*"“40‘(0‘273’82”{ —Cyssin[Bz—43(3a® — B%)t]+ O}y cos[Bz—4B(3a* — f*)1] },

and Cj1,Cj2,Cj3,Cja,j = 1,2,...,n are arbitrary real constants.
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Proof. In this case, using the transformation

b1 = 11,
bra = P12,
s 9 -
P21 = P21 + 5_¢11’
a

s 9 -
P22 = P22 + 5_¢12’
a

B a 5 1 871—1 ~
Cbnl = Cbnl + 8_a¢n—1,1 + -+ (n — 1)' Han—1 ¢117
B a 5 1 871—1 ~
Pn2 =Pn2 + 5oPn-12+ -+ (= 1)1 Ban1 P12
we obtain
(4.90) ng2a: = ﬁ¢~5ﬂ =+ aﬁgj%
(4.91) nglt = _4¢§j1$$$>
(492) QEth = _4(5]'21117

forj=1,2,...,n.
By virtue of Theorem 4.2 and from (4.89)-(4.92) it follows that (4.87), (4.88) are
general solutions of (4.1), (4.2). O

Now we give an explicit representation for the Wronskian

(4.93) fon = W(d11, 012, ., Ont, Pn2),

where ¢ is determined by (4.86).
We put g = e2@—4a(0®=38%)t and 5 = Bz — 48(3a% — 2)t. By (4.86)-(4.88), the
functions ¢;1, ¢j2 can be rewritten in the forms

(4.94) ¢j1 = g[Pj1 cosn — Pjgsinn] + ig~? [Pjscosn + Pjysinn],
(4.95) Pj2=g [le sinn + Pj cos 77] +igt [ — Pj3sinn + Pj4 cos 77] ,

where Pj; = Pj(x,t,a,8), 7 =1,2,...,n; | = 1,2,3,4 are some polynomials
of variables z,%,a, 8 and can be determined from the following linear algebraic
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systems

1 git

J
g[le cosn — Pjgbll’l?’] Z [Cll )i dar l(gcosn)—Clg =

=1

1

9!

1= 1) 9ai! (gsm”)}’

d 1 9! I
g[le sinn+ Pja cobT] ; [ ( ~ 1) Dai- l(g sin 77)—1—012( 1) dai- l(g Tl)}
. , J oIt o=t
g~ [Pjs cosn + Pjysinn| Z |:C]3 7 DT (g~ cos n)+Cl4( Dl a7 (g 'sinn)
ol 1 aH .

. 1
g ' [—Pjzsinn+ Pjs cosn] = Z[ Cls(j D! 9ot (g 'sinn)+Cu—x

=1

(G-

Next, we see that the derivatives qbgli) and qby;) of ¢j1,¢j2 can be written in the

form

(4. 96)

qbﬂ = g[Qj1(k) cosn — Qj2(k) sinn] + ig™? [Qj3(k) cosn + Qja(k)sinng],

(4.97)

6%) = g[Qj1(k) sinn + Qja(k) cos ] +ig™[ -

Qj3(k)sinn + Q;a(k) cos 77] ,

where the polynomials Qj;(k) = Qji(x,t, k) are given by the following recursion

relations
(4.98) Qj1(k) = aQji(k — 1) — BQj2(k
(4.99) Qja(k) = Ble( — 1) +aQja(k —1) + Qjou(k
(4.100) Qj3(k) = —aQjs(k — 1) + BQja(k — 1) + Qjzx(k — 1),
(4.101) Qja(k) =

Q1(0) = Qju(,1,0) = Pj(x, 1),

forj=1,2,...,n;1=1,2,3,4.
Then we can rewrite (4.96), (4.97) as follows:

(4.102) g% = 3" {[le(k)cosn—ng(k)sinn

ej1==*x1

+ i[ng(k:) cosn + Q;4(k) sin 7]]

(4.103) ol = > {1Qu(k)sinn + Qya(k) cos ]

ejo==*1

+i[ — Q;3(k)sinn + Qja(k) cosn]

— 1) + lex(ki — 1),

-1,

_5Q]3( - 1) - an4(k - 1) + Qj4x(k - 1)7

]1+€j1

1—€j1 €:
J1

2 e,

1+ €50

2

1—6j2} 0
_ J J2
B g

]
I
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We denote by D(e1,€12,...,€n1,€n2) the 2n x 2n determinant whose entries of
the (25 — 1)-th and the (2j)-th rows for each j are respectively equal to

({11 (k) conn = Qua(hsimn] 524 + Qs (k) cos -+ Q) sin] =521}
k=0,1,2,...,2n — 1,

<{ [Qj1(k)sinn 4 Qja(k) cos 7] ! +26j2 +i[=Qjs(k) sinn + Qja(k) cos 1] 1 —26j2 })’
k=0,1,2,...,2n — 1.

Now, the Wronskian (4.93) can be transformed into the form

n
(4104) f2n = Z [(Hg€j1+6j2)D(611,612,... 76n176n2):|-
(€11,€12,..,€n1,€n2) Jj=1

Note that for [ = 1 or 2 all entries of the (2n 4+ — 2)-th row of the determinant
D(e11,€12,. .-, €n1,€n2) are real-valued if €j; = 1, and they are pure-imaginary-
valued if €;; = —1. Consequently, the value of the determinant D(ei1,€12,.. .,
€nl,€n2) 18 real-valued if H?Zl(ﬁjl.ﬁjg) = 1, and else it is pure-imaginary-valued.
We say that the m—tuple (611,612, NN ,Gnl,ﬁng) belongs to X1 if H?:l(fjl-ij) =
1. Otherwise, it belongs to X5. Thus, from (4.104) we obtain a class of the
Wronskian solutions in the form

(4.105) Jon = Fop + iGan,

where Fy,,, G, are respectively real and imaginary parts of the Wronskian (4.104)
and are given by the relations

n
(4106) F277» = Z [(ngjl+€j2)D(€117€127"')6n176n2)])
j=1

(e11,€12,--,€n1,€n2)EX1
n
(4107) GQn — (_Z) Z [(H96j1+€j2)D(61176127'--7€n17€n2)]~
(e11,€12,-,€n1,6n2)€EX2  J=1

The solutions of (4.105) depend on 4n arbitrary real constants. Note that if n = 1
we have the solution (4.63).

In particular, if we choose Cj1 = Cjo = Cj3 = Cj4 = 0 for j > 2, then we have
the bi-directional Wronskian solutions

(4.108)
o) ) 1ot 1 ot
fon = W(¢117¢127 a1 55012 (= 1) B P11, (= 1) B </512).

When N = 2n = 4 the Wronskian determinant (4.108) becomes

¢11 ¢11$ Cblla:a: ¢11$$$

¢)12 ¢121 ¢12mc ¢12$1$
4109 - W 5 9 ) o) —
( ) f4 ((bll ¢12 (bll ¢12 ) (blla (bllax ¢11awx ¢11axxx

¢12a ¢12am ¢12awx ¢12axxx
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where ¢11, ¢12 are given in (4.87), (4.88).

In order to avoid the complicated computation that had been described at the
end of subsection 4.4, we propose here another way to compute f; instead of
using (4.105)-(4.108). By direct computing, the a-direction derivatives ¢11, and
P12 can be written in the form

(4.110) P110 = [z —12(a® — BP)t] ¢y + 24a Bty
(4.111) P120 = —24aBtdy; + [33 —12(a® — 52)t]$12'

By virtue of the Laplace expansion the determinant (4.109) can be expressed in
terms of 2 x 2 minors. By using equations (4.1), (4.2), (4.110), (4.111), after some
calculations, we can rewrite the Wronskian f; in the explicit form

(4.112)
fi= { [8028%(02 + B%)R — 120282 + 48] (1 + €2)?
— [8a2B%(a® + BH)R + 12052 (e1 — e2)* + [32a°B%(a® + B*)R
— 480282 ¢} + [32028%(0® + B%)R + 480232 — 160" eﬁ}
+ i{32a252(—ah1 + Bha)(e1 + ea)es — 320°5(Bh1 + ahy)(e1 — €2)eq

—32a8(a® + B?) (e + 62)64}7
where

e1 =(C + Ch)g?, e2=(Ci3+Ciy)g 2,

es =(C11C13 + C12C14) cos(2n) — (C12C13 — C11C14) sin(2n),

eq =(C12C13 — C11C14) cos(2n) 4+ (C11C13 + C12C14) sin(2n),
hy =z —12(a® — BH)t, hy = —24afBt, R =h?+ h3.

Note that the Wronskian f4 contains only 4 arbitrary real numbers.

Remark 2. We can also consider the case that the matrix I',, in system (4.1), (4.2)
is of the form

U 0 O 0O O
S U O 0O O
(4.113) I'n=|0 = U 0O O
O 0 O S U

2nx2n

_ _(a =B (0 -1 .
Wherem—Qn,U—<ﬁ a),ﬁ;ﬁo, E—<_1 0>and0152><22er0

matrix.
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In this case, we use the following transformation

$11 = b1,
$12 = d1a,
b = I +
21 = P21+ gadun
b2 = I +
2 = ¢+ 5ad12
s 0 ~ 1 ot
Gn1 = Pp1 + %Cﬁnq,l + -+ mm%h
~ 0 ~ 1 ot -
Pn2 = Pn2 + %@1—1,2 +oo 4+ WWQSH’
for obtaining systems (4.89)-(4.92).
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