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DIRECTIONAL DIFFERENTIABILITY
OF THE OPTIMAL VALUE FUNCTION
IN INDEFINITE QUADRATIC PROGRAMMING

NGUYEN NANG TAM

Dedicated to Pham Huu Sach on the occasion of his sixtieth birthday

ABSTRACT. We obtain an explicit formula for computing the directional deriv-
ative of the optimal value function in a general parametric quadratic program-
ming problem with linear constraints. Our result can be used in some cases
where the existing results on differential stability in nonlinear programming
(applied to quadratic programming) cannot be used.

1. INTRODUCTION

The first essential existence result in quadratic programming (QP) was ob-
tained by M. Frank and P. Wolfe [5] in 1956. In the last five decades QP prob-
lems have been addressed intensively in the literature. Many authors have tried
to investigate QP problems in detail, both from the qualitative analysis and the
numerical analysis points of view. Various theoretical and practical applications
of quadratic programming can be found, for instance, in [3], [7], [10] and [14].

Let R™ and R™ be finite-dimensional Euclidean spaces equipped with the stan-
dard scalar product and the Euclidean norm, R"*™ the space of (m xn)—matrices
equipped with the matrix norm induced by the vector norms in R™ and R™. Let
R be the space of symmetric (nxn)—matrices equipped with the matrix norm
induced by the vector norm in R". Let

Q:=RY" x ™" x R" x R™.

Consider the following general quadratic programming problem with linear con-
straints

1
min f(z,c, D) := cl'x + §.I‘TD$
r € A(Ab):={x e R": Ax > b}

(1)
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depending on the parameter w = (D, A, ¢,b) € Q, where the superscript 7 denotes
the transposition. The feasible region and the solution set of (1) will be denoted
by A(A,b) and Sol(D, A, ¢, b) respectively. The function

v:Q — RU{£o0}
defined by

() = inf{f(z,c, D) :x € A(A,b)}, if A(A,b) # 0;
LA it A(A,b) = 0,

where w = (D, A, ¢,b), is called the optimal value function of the parametric
Problem (1).

If we require v/ Dv > 0 (resp., vI Dv < 0) for all v € R™ then f(,¢, D) is a
convex (resp., concave) function and (1) is called a convex (resp., concave) QP
problem. If such conditions are not required then we say that (1) is an indefinite
QP problem.

In [4], M. J. Best and N. Chakravarti considered parametric convex quadratic
programming problems and obtained some results on the directional differentia-
bility of the optimal value function. In [2], A. Auslender and P. Coutat inves-
tigated similar questions for the case of generalized linear-quadratic programs.
A survey of recent results on stability of nonlinear programming problems was
given by J. F. Bonnans and A. Shapiro [6].

This paper continues our previous investigations ([17-20]) on the stability of
QP problems. More precisely, we consider indefinite QP problems and obtain
an explicit formula for computing the directional derivative of the optimal value
function ¢(-) at a given point w € Q and in a given direction w® € Q.

The following notations will be adopted. The scalar product of vectors z, y
and the norm of a vector = in a finite-dimensional Euclidean space are denoted
by 2Ty and ||z||, respectively. Vectors in Euclidean spaces are interpreted as
columns of real numbers. The i—th component of a vector z is denoted by x;.
The inequality > y (resp., > y) means that each component of x is greater
than or equal to (resp., greater than) the corresponding component of y. For
A € R™*™ the matrix norm of A is given by

[All = max{[|Az[| : z € R", ||lz]| < 1}.
For D € RY™", we define
ID|| = max{[| Dz|| : x € R", [lz]| < 1}.
For any A € R™*™ and for any nonempty subset I C {1,...,m}, A; denotes the

submatrix of A consisting of the i—th rows of A, for all ¢ € I. The norm in the

product space X7 X --- X X} of the normed spaces X1,..., Xj is set to be
1/2
I = (el -+ )2

The paper is organized as follows. In Section 2 we establish several lemmas.
In Section 3 we introduce a condition (G), and describe a general situation where
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(G) holds. Section 4 is devoted to proving a formula for computing the directional
derivative of the optimal value function in indefinite QP problems. The obtained
result is compared with the corresponding results on differential stability in non-
linear programming of A. Auslender and R. Cominetti [1], and L. I. Minchenko
and P. P. Sakolchik [13].

2. LEMMAS

In this section we establish some lemmas which will be used in the proofs of
our main results, Theorems 3.1 and 4.1.

Let w = (D, A,c,b) and w® = (DY, A%, ", b°) be two elements of the space
RY*™ x R™*™ x R™ x R™. Denote

w+Htw’ = (D+tD%, A+ tAY ¢+t b+ tb°),
) = limsup 2@ tw?) — p(w)
’ 40 n )

0y _
¢ (w;w?) = liminf plw+ ) @(w)'
t10 t

(

2

If ot (w;w®) = ¢~ (w;w") then we say that the optimal value function ¢(-) is
directionally differentiable at w in direction w®. The common value is denoted

by ¢'(w;w?) and it is called the directional derivative of ¢ at w in direction w'.

We have
tw?) —
& (w: ) = lim plw + ) — pw)
t10 t

For every = € A(A,b), we set
I=a(z)={i: (AZ); = b;},
and define
F(#,w,0°) ={v € R": 3¢ >0 such that
T+tve AA+tAY b+ %) for every t € [0,¢e]},

R"™ if I =0,
{fve R": Ajv+ A% — 9 > 0} otherwise.

R(Z,w,w’) = {

Recall ([11], [15]) that a linear inequality system Az > b is said to be regular
if there exists xg € R™ such that Axg > b (the Slater condition).

The following lemma originates from [1], [16].
Lemma 2.1. If the system Ax > b is reqular then
(2) 0 # intR(Z,w,w’) C F(Z,w,u’) C R(Z,w,w?)
for every T € A(A,b). Here intR(%,w,w") denotes the interior of the set
R(%,w,w’) C R".
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Proof. Consider & € A(A,b). If I = «(z) = {i : (AZ); = b;} = () then AZ > b.
In this case, for every v € R", there exists an € = £(v) > 0 such that for each
t € 10,¢] we have
AZ 4 t(Av 4+ A% — b0 + tA%) > b.
The above inequality is equivalent to
(A+tA%)(Z + tv) > b+t
Hence 7 + tv € A(A + tA% b + tb") for each ¢t € [0,¢]. This implies that
F(z,w,w%) = R". By definition, in this case we also have R(Z,w,w") = R".
Therefore
F(Z,w,w’) = R" = R(z,w,w?),
and we have (2).
Consider the case I # (). First, we show that

intR(z,w,w’) # 0.

Since Ax > b is a regular system, there exists xg € R™ such that Azg > b.
Therefore, we have

Ajxg > by.
As A;z = by and Ajxg > by, we have
Ar(xg— ) > 0.
Putting v = xg — T, we get
At > 0.

By Lemma 2.2 of [18], the inequality system (of the unknown v)
A >0) — Az
is regular, hence there exists v € R™ such that
Ao > b) — AYz.
This proves that v € intR(Z,w,w"), therefore int R(z,w,w’) # 0.
We now prove that
intR(z,w,w’) C F(z,w,w).
Suppose that v € int R(z,w,w’). We have
A+ A%z — b9 > 0.
Hence there exists 1 > 0 such that for each ¢ € [0, 1]
A+ A% — b9 +tA% > 0.
Therefore, for each t € [0, 1],
(3) t(Apv + A% — b9 +tA%) > 0.

As A;z > b; for every i € {1,...,m} \ I, one can find e > 0 such that for each
te [0,52]

(4) A+ t(Aw + A% — b) +tA%) > by,
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for every i € {1,...,m}\I. Let £ := min{ey,e2}. It follows from (3) and (4) that
(5) AZ +t(Av+ A%z — 0¥ +t4%) > b
for every t € [0,¢]. This implies that

T+ tv € A(A+LAY b+ th°)
for every t € [0,¢]. Hence v € F(Z,w,w”), and we have

intR(z,w,w’) C F(Z,w,w?).

Finally, we prove that
F(Z,w,°) C R(Z,w,w?).

Take any v € F(Z,w,w?). By definition, there exists an € > 0 such that for each
t € ]0,¢] we have

(Ar +tAD)(Z + tv) > b+ tb°.

Consequently,
Arz +t(Arv + AYz — b9 + tA%) > by

for every t € [0,¢]. As A;T = by, we have

t(Apv + A% — b +tA%) >0
for each t € [0,¢]. Hence, for every t € (0,¢],

A+ A% — b9 +tA% > 0.
Letting t — 0, we obtain

A+ A%z — b9 > 0.

w7w0)7 hence F(‘/E7w7w0) g R(j7w7w0)~ We have thus
). The proof is complete. O

This shows that v € R(Z,
shown the inclusions in (2

It is well known that if z € Sol(D, A, ¢, b) then there exists a Lagrange multi-
plier A € R™ such that
Dz — ATX +c=0,
AZ>b, A0,
M(Az —b) =0
(see [7], Theorem 2.8.2). The set of all such multipliers is called the Lagrange mul-
tiplier set corresponding to Z and is denoted by A(Z,w), where w = (D, A, ¢, b).

The next result is well known in nonlinear programming (see [8], [9]). For the
sake of completeness, we give a proof for the case of QP problems.

Lemma 2.2. If the system Ax > b is regular then for every T € Sol(D, A, c,b)
the set A(Z,w) is compact.
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Proof. Let w = (D, A,¢,b). Suppose that there exists z € Sol(D, A, ¢,b) such
that A(Z,w) is noncompact. Then there exists a sequence {\x} in R™ such that

[ Akl # 0O,

(6) Dz — AT\, +¢c=0,
(7) A >0,
(8) M (AZ —b) =0,

for every k, and [[A¢|]| — oo as k — oco. Without loss of generality, we may
assume that {||[A\x||~'A\x} converges to A with ||A|| = 1. Dividing each expression
in (6)—(8) by ||A\x]| and taking the limits as k — oo, we get

(9) ATX=0, A>0, M(Az-b)=0.
Since ATAz = 27 (AT X\) = 0, from (9) it follows that
ATx=0, x>0 Mbv=o.
For every t > 0, we set b, = b+ tA. Since AT\ = ||\||2 =1,
Moy =0+ tA"A=NTb+t =t
Consequently, for every ¢t > 0, A is a solution of the following system
ATx=0, x>0, X'b. >0

Hence, for every ¢ > 0, the system Az > b; has no solutions (see [7], Theorem
2.7.8). Since A(A,b) # 0 and |[by —b|| = ¢t — 0 as t — 0, the system Az > b
is irregular (see [11], Lemma 2.1]), contradicting our assumption. The proof is
complete. O

Lemma 2.3. (cf. [1], Lemma 2) If the system Ax > b is reqular and T €
Sol(D, A, ¢,b) then

inf  (DZ+c¢)fv= max (b°— A°Z)T)\,
vER(Z,w,w0) AEA(Z,w)

where A(Z,w) stands for the Lagrange multiplier set corresponding to .

Proof. Let & € Sol(D,A,c,b). If I = a(z) = {i: (AZ); = b;} is empty then,
by definition, R(Z,w,w’) = R™. As z € Sol(D, A,c,b) and AT > b, the first-
order necessary optimality condition ([7], Theorem 2.8.2) applied to Z shows that
(Dz + ¢)Tv = 0 for every v € R". Therefore, we have

inf  (Dz+c¢)fv=0.

vER(Z,w,w?)

Again, by the just mentioned first-order necessary optimality condition, for every
T we have A(Z,w) # (. Since AZ > b, A(Z,w) = {0}. Therefore

max (0¥ — A%Z)TA = 0.
AEA(Z,w)
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Thus, in the case I = () the assertion of the lemma is true. We now consider the
case where [ = a(z) = {i : (AZ); = b;} # 0. We have

inf  (Dz +¢)Tv=inf{(Dz +¢)Tv:ve R, A > b} — A%}

vER(Z,w,wO)

Consider a pair of dual linear programs

P) (Dz + ¢)Tv — min;
veER: A > b0 — Az,

and

() (b9 — A%2)T A} — max;
Ar€ RIV: ATA; = Dz + ¢, A1 >0,

where |I| denotes the number of the elements of I. By the definition of the
Lagrange multiplier set A(Z,w) we observe that if A\; is a feasible point of (P*)
then (A\7,07) € A(Z,w), where J = {1,--- ,m} \ I. Conversely, if A = (A1, \y) €
A(Z,w) then \j = 0;. The regularity of the system Az > b and Lemma 2.2
imply that A(Z,w) is nonempty and compact. Hence, by the above observation,
the feasible domain of (P*) is nonempty and compact. By the duality theorem
in linear programming ([11]), the optimal values of (P) and (P*) are both finite
and equal to each other. Therefore

inf (Dz+c)lv=
VER(T,w,wV)

=inf{(Dz +c)Tv: ve R", Ajv > b} — AYz}
= max{(b) — A%)"\;: A\re Rl A\; >0, ATA\; = Dz + ¢}
= max{(b° — A°Z)TN: A€ R™, A= (\,0;) >0, A"\ = Dz + ¢}

= b’ — Agz)" A
s (67— Ao)

The lemma is proved. O

Lemma 2.4. Suppose that wy, = {(Dg, Ak, ck,bk)} is a sequence in RZ*™ x
R™ ™ x R™ x R™ converging to w = (D, A,c,b), and {xy} is a sequence in
R"™ such that zj, € Sol(Dy, Ak, ck, by) for every k. If the system Ax > b is reqular
and Sol(D, A,0,0) = {0} then there exists a subsequence {xy,} of {zi} such that
{zk,} converges to z € Sol(D, A,c,b) as i — oco.

Proof. Suppose that Ax > b is a regular system and Sol(D, A,0,0) = {0}. As
T € SOl(Dk,Ak,Ck,bk), we have

1
(10) f($k7ck7 Dk) = cgl’k + §x£Dk$k
and
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Take xz € A(A,b). Then there exists a sequence {y;} in R" tending to x such
that

(12) Apyr > b, for every k

(see Lemma 2.1 in [18]). The inequality in (12) shows that y; € A(Ag, bi). Hence
1 1
(13) Ckk + 5 Dk < oYk + 5Uk Dit

We claim that the sequence {z} is bounded. Indeed, assume the contrary that
{z}} is unbounded. Then, without loss of generality, we may assume that ||zy| —
o0 as k — oo and |lzg|| # 0 for every k. Hence, the sequence {||xx| oy} is
bounded and has a convergent subsequence. We may assume that the sequence

{l|lzg|l Lz} itself converges to # € R™ with ||#|| = 1. From (11) we have
T b,
 ATEETEE TR
lzxl — llkl

Letting k£ — oo, we obtain

(14) Ai > 0.

Dividing both sides of (13) by ||z||* and taking the limit as k — oo, we obtain
(15) #'Di <o.

Combining (14) and (15), we have Sol(D, A,0,0) # {0}, contradicting our as-
sumptions. Thus the sequence {z}} is bounded and it has a convergent subse-
quence, say, {Tk, }. Suppose that {z,} converges to z. From (13) we have

1 1
(16) c{imki + 556‘;‘52171%561% < c;‘gyki + §ylj€;Dkiyki'

From (11) we have

Taking limits in (16) and (17) as ¢ — oo, we obtain

1 1
(18) Iz + 55:TD:Z‘ <clz+ §$TD.1‘,
(19) Az > b.

As x € A(A,b) is arbitrarily chosen, (18) and (19) yield & € Sol(D, A, ¢,b). The
lemma is proved. O

3. ConbDITION (G)

Let w= (D, A, c,b) € R*" x R™*" x R" x R™ be a given parameter value and
W = (D% A9 P b0) € RX™ x R™X™ x R™ x R™ be a given direction. Consider
the following condition which we call condition (G):
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For every sequence {ty}, tx | 0, and for every sequence {xy}, =, — T €
Sol(D, A, c,b), where xj € Sol(w + txw°) for each k, the following inequality is
satisfied

_\T _ &
lim inf (= 2)” D@y, — 7)

> 0.
k—oo tr B

Remark 3.1. If D is a positive semidefinite matrix then condition (G) holds.
Indeed, if D is positive semidefinite then (x — z)" D(x), — ) > 0; hence the
inequality in (G) is obviously satisfied.

Remark 3.2. If the constraint system Ax > b is regular then (G) is weaker than
the condition that the (SOSC), property, introduced by A. Auslender and R.
Cominetti [1] (applied to QP problems), holds at every & € Sol(D, A, ¢,b). Note
that if the system Az > b is regular then (G) is also weaker than the condition
(H3) introduced by L. I. Minchenko and P. P. Sakolchik in [13] (applied to QP
problems). There are many QP problems where the conditions (SOSC), and
(H3) are not satisfied but condition (G) is. A detailed comparison of our results
with the ones in [1] and [13] will be given in Section 4.

Now, we describe a general situation where (G) is fulfilled.

Theorem 3.1. If Ax > b is a reqular system and every solution T € Sol(D, A, ¢,b)
is a locally unique solution of Problem (1), then condition (G) is satisfied.

Proof. From the statement of (G) it is obvious that the condition is trivially
satisfied if Sol(D, A,c,b) = (). Consider the case Sol(D, A,c,b) # (. For any
given T € Sol(D, A,c,b), set I = o(z) = {i: (AZ); = b;} and

Fz ={veR":(Av); >0 for every i € I}.
It is easy to show that, for every z € Sol(D, A, ¢, b), the following two conditions
are equivalent (cf. [12]):
(a) z is a locally unique solution of Problem (1),
(b) For every v € Fz \ {0}, if (DZ + ¢)Tv = 0 then vT Dv > 0.

We shall use the above equivalence to prove our theorem. Suppose, on the
contrary that (G) is not satisfie. Then there exist a sequence {t;}, tx | 0, and
a sequence {zy}, zp — T € Sol(D, A, c,b), xp € Sol(D + t,D° A + A c +
trc?, b+ t,b°) for every k, such that

k—o0 tr

< 0.

By taking a subsequence, if necessary, we may assume that

(21) (.I‘k - .T)TD(l‘k — i‘) <0,
|z —z|| #0 for every k,
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and

o — 2l _

(22) lim +00.

k—o0 tr

Then the sequence {|zx — | ~! (2 — )} has a convergent subsequence. Without
loss of generality, we may assume that {||z — Z|~!(zx — Z)} converges to v € R"
with |lv|| = 1. Dividing both sides of the inequality in (21) by ||z — Z||*> and
letting £k — oo, we get

(23) v Dv < 0.

Since 3, € Sol(D + t;,D°, A+t A%, ¢ + t1.c%, b + t,b°), we have
(Ar + Ay, > by + b7,

where I = {i : (AZ); = b;}. Since by = A;Z,
Ap(zp — ) > (b7 — AQay,).

Dividing both sides of the inequality above by ||z — ||, letting & — oo and taking
into account (22), we obtain

Apv > 0.
Thus
(24) v € Fz \ {0}
Next, show that (DZ + ¢)Tv = 0. We have

p(w + tre®) — p(w) =

1 1
= (c+ tp”) Ty + 51‘;‘5(]_7 4+t D)y — Tz — 55:TD§3

=Dz +c) (xr, —7) + %(zk —2)'D(xy, — 7) +
(25) - (%fooxk () ).

Since Az > b is a regular system, by Lemma 2.1 we have F(z,w,w?) # ). Take
v € F(z,w,w"). Then, for every sufficiently small positive number t;, we have

T+10 € AA+ 1A b+ 1,.0°).

Hence, for t;, small enough, we have
ol 156) — p() = (e + s g + Sl (D + 15 0)ay +
+ ( —cl'z - %:Z‘TDQ_:>
< (e + tp (T + tx0) +
+ %(:7: + t0)T (D + t,D°)(Z + t4,0) +

(26) + (-2 5:7?1)@«).
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From (25) and (26), for k large enough, we have

1 1
(D2 + )" (wy = 2) + 5 (2 — )" Dlwg — 2) + 1y (52f Doy + () )
(27)
1 1
< tp (T (Z + t40) + (T + t,0)" D°(z + t)0) + 1. ("o + o" Do + 5ztk@TD@).

Dividing both sides of (27) by ||z — Z||, letting £ — oo and taking into account
(22), we get

(28) (Dz +¢)Tv < 0.

As 7 is a solution of (1) and (24) is valid, we have (DZ + ¢)Tv > 0 (see [7],
Theorem 2.8.4). Combining this with (28), we conclude that

(29) (Dz +¢)'v = 0.

Properties (23), (24) and (29) show that (b) does not hold. Thus & cannot be
a locally unique solution of (1), a contradiction to our assumption. The proof is
complete. O

4. DIRECTIONAL DIFFERENTIABILITY OF THE FUNCTION ¢(-)

The following theorem describes a sufficient condition for ¢(-) to be direction-
ally differentiable and gives an explicit formula for computing the directional
derivative of ¢(+).

Theorem 4.1. Let w = (D, A, c,b) € RI*™ x R™*™ x R™ x R™ be a given point
and W° = (D° A% 0 B%) € RPX™ x R™X™ x R™ x R™ be a given direction. If
condition (G) and the following two conditions

(i) The system Az > b is reqular,

(ii) Sol(D, A,0,0) = {0},
are satisfied, then the optimal value function o is directionally differentiable at
w = (D, A,c,b) in direction w° = (D", A%, °,b%), and

1
30 'y 0,0) — inf ON\T = _7TD07 bo_Aof T)\
(30)  #(wiw) :ieSoll(%,A,c,b) Aerfxlgf},(w)((c et gt Tt +( )N,

where A(Z,w) is the Lagrange multiplier set corresponding to the solution T €
Sol(D, A, c,b).

Proof. 1) Suppose that the conditions (i) and (ii) are satisfied. According to
Lemma 2.4 of [18], Sol(D, A, ¢c,b) is a nonempty compact set. Take an arbitrary
7 € Sol(D, A, c,b). By (i) and Lemma 2.1, F(Z,w,w") # 0. Take v € F(Z,w,w").
For ¢ > 0 small enough, we have

T+tve AA+tAY b+ 1)),
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hence
p(w +tw’) — pw) <
< (c+t (7 +tv) + %(a_: + )1 (D +tD°)(z + tv) — (c'z + %:Z‘TDJ_:)
=t(Dz+c) v +t((") 'z + %@TD%) + %t%TDv +t20T Dz + %t%TD%.
Multiplying the above inequality by ¢! and taking lim sup as t — 0%, we obtain
o (w; W) < (Dz +¢)Tv+ %i‘TDOa? +(")7Tz.

This inequality holds for any v € F(Z,w,w") and any Z € Sol(D, A, ¢,b). Conse-
quently,

1
tw;wd) < inf inf Dz +c¢)fv+ =zD%% + () Tz| .
P (wiwh) < iESoll(%,A,c,b) veF(lg,w,wO) (D2 +c) v+ g +e)e
By Lemmas 2.2 and 2.3,
inf  (Dz+c¢)fv=inf (Dz+c)lv
VEF(Z,w,w0) VER(Z,w,wO)
= max (b°—A%)T\
AEA(Z,wW)
Hence
1
31 + : 0 < inf bo_Aof T)\ _7TD07 OTf.
(31) o (W) < iGSOll(%,A,c,b) AEI}’\I?:%},{W)[( T)A+ 23: z+(c) 1]

2) Let {t;.} be a sequence of real numbers such that 5 | 0 and

trw?) —
gof(w;wo) — lim QO(LU + tpw ) @(w) .
k—o0 tr

Due to the assumptions (i) and (ii), and according to Lemmas 2.1, 2.3 and 2.4 of
[18] we may assume that

Sol(w + tw®) # 0 for every k.

Let {z;} be an arbitrary sequence in R™ such that x;, € Sol(w + tzw°) for every
k. By Lemma 2.4, we may assume without loss of generality that x, — & €
Sol(D, A, c,b) as k — oco. We have

(32)
olw+ tkwo) —pw) =(c+ tch)Txk + %x{(D + tkDO):L‘k + ( — 'z — %QZ“TD:%).
Take A € A(Z,w). Since
M(Az —b) =0, A>0,
and

(A4t A%z > b+ t5b°,
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we get from (32)

1 1
o(w + tpw®) — p(w) > (¢ + t )y, + ixg(D +tp DOy, — T3 — §i“TD:i‘ +
+ AT(AZ —b) — [(A + tpAg)zp — b — %)X

1
= (Di‘ — AT)\ + C)T(l‘k — i‘) + 5(.1% — .f;‘)TD(l‘k — i‘) +
1
+ i [(CO)T.I‘k + §x£D0xk + (b0 — onk)T)\] .
Since A € A(Z,w), D& — ATX + ¢ = 0. Hence, we have

o(w + 1) — p(w) > =(z — )T D(x — &) +

2
1
+ [(CO)T:L‘k + 53:{D0xk + (b0 — Aomk)T)\} .

Multiplying both sides of this inequality by (t;)~!, taking liminf as k — oo and
using condition (G), we obtain

1
o (w;w?) > () Td + §:ETDO:E + (0Y — A%) T\,
As X € A(Z,w) can be chosen arbitrarily, we conclude that
1

o (w;w?) > max () Ta+ =2TD% + (0¥ — A%)T A
AEA(Z,w) 2
1
> inf max [()Tz 4+ =27 D% + (° — A%2)T ).
zeSol(D,A,c,b) \eA(Z,w) 2
Combining this with (31), we have
¢~ (wiw’) =t (wyw),

and therefore,

1
/ 0 . ONT = T 10~ 0 0-\T
; = f m —z' D b — A Al
¢ (w;w”) jegil(w) AeA(agfw)[(c ) T+ 5% T+ ( )"

The proof is complete. O

Let us apply Theorem 4.1 to a concrete example.

Example 4.1. Let n =2, m = 3,
|10 r |1 =10 T B (0
P T A R R )

DO = [1 OJ, (A" = [8 8 8} )" = (0, ~1, 0), "

Il
A~
oo
Nl

w=(D,A,cb), = (D" A% L ).
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It is easy to verify that Az > b is a regular system, Sol(D, A,0,0) = {0} and
Sol(D, A, c,b) = Sol(w) = {(z1,29)T € R?* 12y = 29, 0 < 2 < 1}
Sol(w —l—two) = {(ml,mg)T ER?:z1=29, 0<z1<1 +t}
for every t > 0. For z = (z1,Z2) € Sol(w), we have

A(:Z‘,w) = {()\1,)\2,)\3)T (S R3 AL =21, A = A3 = 0}.

Suppose that the sequence {z(*)}, z(*) = (:L‘l , Loy )) € Sol(w + tw"), converges

to T = (Z1,%2) € Sol(w). We have l‘gk) a:gk) and T; = Ty. Hence
(z® —7)"DE® —7)  (z} (K) —F1)? - (:Cgk) —Z)? .
th N th -

and condition (G) is satisfied. By Theorem 4.1,
1
! 0 : O\T ~T 0- ONT -
jwh) = f (b A+ =72 D7 + )
Pl = e, \E) At gm Dt ()
= inf 0=0.
zeSol(w)

Observe that, in Example 4.1, 27 Dz is an indefinite quadratic form (the sign
of the expression 7 Dx depends on the choice of ) and the solutions of the QP

problem are not locally unique, thus the assumptions of Theorem 3.1 are not
satisfied.

Consider Problem (1) and assume that z € Sol(D, A, ¢, b) is one of its solutions.
Let u = w® = (D% A% 0 %) € R*™ x R™<™ x R™ x R™ be a given direction.
Condition (SOSC), in [1] applied to the solution Z of Problem (1), is stated as
follows:

For every vector v € Fz \ {0}, if (DT +¢)Tv=0
then vTDv >0,

(SOSC), {

where Fz is the cone of the feasible directions of A(A,b) at Z. That is
Fz ={v e R": (Av); > 0 for every i satisfying (AZ); = b;}.

Notice that, in the case of QP problems, condition (SOSC), is equivalent to
the requirement that Z is a locally unique solution of (1) (see [12]). This remark
allows us to deduce from Theorem 1 of [1] the following result.

Proposition 4.1. Letw = (D, A,c,b) € RI*"x R™ " x R"x R™ be a given point
and u = w¥ = (DY, A%, 0, b0) € R™*™ x R™*™ x R™ x R™ be a given direction. If
all the solutions of Problems (1) are locally unique and the two conditions

(i) The system Ax > b is regular,

(ii) Sol(D, A,0,0) = {0}
are satisfied, then the optimal value function o is directionally differentiable at
w= (D, A,c,b) in direction u = w® = (D° A%, 0 b°), and formula (30) is valid.
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Proof. By a result of N. H. Nhan (see [17], Theorem 2.1), from the assumptions
(i) and (ii) it follows that the map Sol(-) is upper semicontinuous at (D, A, ¢, b).
Besides, by Lemma 3.3 in [17], Sol(D, A, ¢,b) is a nonempty compact set. Hence
there exist a compact set B C R™ and a constant € > 0 such that

§ # Sol(w +tw’) C B for every t € [0,¢].

We see that, under the conditions of Proposition 4.1, all the assumptions of
Theorem 1 of [1] are fulfilled. So the desired conclusion follows from applying
this theorem. O

Observe that Proposition 4.1 is a direct corollary of our Theorems 3.1 and 4.1.
It is worth noting that the result stated in Proposition 4.1 cannot be applied
to the problem described in Example 4.1 (because condition (SOSC),, where
u = w%, does not hold at any solution Z € Sol(w)). Neither can this result be
applied to convex QP problems whose solution sets have more than one element.
This is because, for such a problem, the solution set is a convex set consisting of
more than one element. Using Remark 3.1 we can conclude that Theorem 4.1 is
applicable to convex QP problems.

Consider Problem (1) and denote w = (D, A, ¢, b). Suppose that
W = (D°, A% &2, b°) € Rp*™ x R™™ x R" x R™

is a given direction. In this case, condition (H3) in [13] can be stated as follows:

e (H3) For every sequence {ty}, ti | 0, and every sequence {xy}, =) €

Sol(w + tpw?), 1, — & € Sol(D, A, c,b), the following inequality is satisfied
22
lim sup M < +o00.
k—o0 173

Applying Theorem 4.1 of [13] to Problem (1) we get the following result.
Proposition 4.2. Let w = (D, A,¢c,b) and w° = (D%, A%, 0, b°) be given as in
Proposition 4.1. If (H3) and the two conditions

(i) The system Ax > b is regular,

(ii) There exist a compact set B C R™ and a neighborhood U of (A,b) €
R™* ™ x R™ such that A(A", V) C B for every (A',b') € U, are satisfied, then
the optimal value function ¢ is directionally differentiable at w = (D, A, ¢,b) in
direction u = w® = (DY, A%,V b°), and formula (30) is valid.

Consider again the problem described in Example 4.1. Choose 7 = (0,0) €

Sol(w), t, = k=1,
T = (k:*i,kfi) € Sol(w + trw?).
We have x, —  as k — oo and
. |z, — 2| _ . k774 k2
limsup ————— = limsup —— — = too,
k—oo k k—o0 k

so (H3) does not hold and Proposition 4.2 cannot be applied to this QP problem.
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We have shown that Theorem 4.1 can be applied even to some kinds of QP
problems where the existing results on differential stability in nonlinear program-
ming cannot be used. Now, we want to show that, for Problem (1), if the system
Az > b is regular then (H3) implies (G).

Proposition 4.3. Let w = (D, A,c,b) and w° = (DY, A%, %, %) be given as in
Proposition 4.1. If the system Ax > b is reqular, then condition (H3) implies
condition (G).

Proof. Suppose that (H3) holds. Consider sequences {tx}, tx | 0, and {zy},
where x;, € Sol(w + tpw?) for each k. If

xp — T € Sol(D, A,c,b)
then, by (H3), we have

22
(33) lim sup ey = 21 < 400.
k—o0 lk
We have to verify condition (G). Let {t;,l (v —Z)T D(x) — )} be a subsequence
of {t; ' (z) — )T D(xy — 7)} satisfying
(34)  liminft,'(v4 — )" D(z, — ) = lim t.'(zp — 2)' D(zp — 7).
k—o0 k’'—o0
From (33) it follows that the sequence {t; '[|z; — Z|?} is bounded. Then the

sequence {t,:l/ 2||:1:/r€ — ||} is bounded. Without loss of generality, we may assume
that

(35) t, ?ax — 2| — v e R™
As xj, € Sol(D + D%, A + 1, A%, ¢ + t1,c°, b + ;.b°), we have
(Ar + trAY)zx > by + b7,
where I = {i: (Az); = b;}. Since by = Asx,
Ap(xy, — ) > tp (b9 — A%y).

Multiplying both sides of this inequality by t,;l/ % and letting £ — o0, according
to (35) we conclude that Ajv > 0. Hence v € Fz, where F; is defined as in the
formulation of condition (SOSC),. Furthermore, note that the expression (25)
holds. As Ax > b is a regular system, by Lemma 2.1 we have F(Z,w,w’) # 0.
Take an arbitraryy o € F(Z,w,w?). Then, for k large enough,

T+10 € AA+ 1A b+ 1,.0°).

Therefore, for k large enough, we have (26). From (25) and (26) we obtain
(27). Multiplying both sides of (27) by t,:l/ % letting k — oo and taking into
account (35), we get (28). As Z is a solution of Problem (1) and v € Fz, the case
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(Dz + ¢)"v < 0 cannot happen. Hence (DZ 4 ¢)Tv = 0. Since z € Sol(w), we
should have v’ Dv > 0 (see [7], Theorem 2.8.4). By (34) and (35),

liminft; (2 — )" D(z; — 7)
k—o0

zlle;”@M—fD?DQ;”@w—iD

k’—o00

=o' Dv > 0.

Thus (G) is satisfied. O
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