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SOME REMARKS ON FIXED POINTS

DO HONG TAN AND HA DUC VUONG

Abstract. In this note we establish two independent results on fixed points.
The first one is about the continuity of fixed points of limit-compact mappings
introduced by Sadovskii in [7]. This result partially generalizes a result of Tan
in [10] for collectively condensing mappings. The second result is a new fixed
point theorem for the sum of a generalized contraction and a compact map-
ping, which improves a well-known result of Krasnoselskii [4]. A probabilistic
version of this result is also presented here.

1. Preliminaries

The notions of condensing and limit-compact mappings were introduced by
Sadovskii in [6, 7] and studied then by many authors. On the other hand, in [9,
10] Tan has proved the continuity of fixed points of singlevalued and multivalued
collectively condensing mappings. In Section 2 we partially generalize a result in
[10] for limit-compact mappings. For convenience to the readers, before stating
the result, we recall some definitions that we shall use below.

Definition 1. Let X be a locally convex space, M a subset of X and ϕ the
Kuratowski or Hausdorff measure of noncompactness on X. A mapping T :
M → X (or 2X) is called condensing [6] if for each bounded but not relatively
compact subset A of M we have

ϕ(T (A)) < ϕ(A).(1)

Let Λ be an arbitrary nonempty set and X, M , A, ϕ be as above. A mapping
T : Λ ×M → X (or 2X) is called collectively condensing [5] if instead of (1) we
have

ϕ(T (Λ ×A)) < ϕ(A).

Clearly, if Λ consists of only one element then a collectively condensing mapping
becomes condensing.

Definition 2. Let X, M , Λ be as in Definition 1 and T : Λ×M → X (or 2X) a
mapping. We construct a transfinite sequence of subsets {Mα} of X as follows:
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Put

M0 = coT (Λ ×M)

Mα = coT (Λ × (M ∩Mα−1)) if α− 1 exists,

Mα =
⋂

β<α

Mβ if α− 1 does not exist,

where co denotes the closure of the convex hull of a set.

It was shown in [7] that there always exists a transfinite number δ such that
Mα = Mδ for all α ≥ δ. The set Mδ is called the limit range of T and denoted
by T∞(Λ ×M).

The mapping T is called limit-compact if the restriction of T on Λ × (M ∩
T∞(Λ ×M)) is a compact mapping, i.e. if the set T (Λ × (M ∩ T∞(Λ ×M))) is
relatively compact (in particular, if T∞(Λ ×M) = ∅).

It was also shown in [7] that each continuous collectively condensing mapping
T is limit-compact if M is closed and Λ is a compact space because in this case
we have that T∞(Λ ×M) is compact. If in addition, the space X is complete
then we also have T∞(Λ ×M) 6= ∅.

If Λ consists of only one element then the class of limit-compact mappings
contains the class of condensing mappings, and the latter contains the class of
compact mappings.

Definition 3. Let X, Y be two topological spaces and T : X → 2Y a multivalued
mapping. The domain and the graph of T are defined respectively as follows:

domT = {x ∈ X : Tx 6= ∅},

graphT = {(x, y) ∈ X × Y : x ∈ domT, y ∈ Tx}.

The mapping T is called upper semicontinuous (ore usc, for short) at x0 ∈ domT

if for every open set G of Y containing Tx0 there exists a neighborhood U of x0

such that T (U ∩ domT ) ⊂ G. If T is usc at every point in domT , we say that T
is usc. For singlevalued mappings the notion of upper semicontinuity coincides
with that of continuity. The image of a compact set under an usc multivalued
mapping with compact values remains compact.

The mapping T is called closed if its graph is closed in X × Y . For details
about multivalued mappings, see [1].

2. The continuity of fixed points of limit-compact mappings

Our first result can be stated as follows:

Theorem 1. Let Λ be a topological space, X a locally convex space, M a subset

of X, T : M → 2X a closed limit-compact multivalued mapping. For each λ ∈ Λ
we set

F (λ) = {x ∈M : x ∈ T (λ, x)}.
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Then the mapping F : Λ → 2M is usc on domF .

Proof. Denoting Fix (T ) =
⋃

λ∈Λ

F (λ), we shall prove that

Fix (T ) ⊂ T (Λ × (M ∩ T∞(Λ ×M))).(2)

By definitions of Fix (T ) and F (λ) we have

x ∈ Fix (T ) ⇔ x ∈
⋃

λ∈Λ

F (λ) ⇔ ∃λ ∈ Λ such that x ∈ T (λ, x).

Hence x ∈ Fix (T ) implies x ∈ coT (λ×M) = M0, so we get Fix (T ) ⊂ M0. We
shall prove (2) by induction on α.

Suppose that α − 1 exists and Fix (T ) ⊂ Mα−1. Take any x ∈ Fix (T ), then
x ∈M and x ∈Mα−1. Since x ∈ T (λ, x) for some λ, we get

x ∈ coT (Λ × (M ∩Mα−1)) = Mα,

so Fix (T ) ⊂Mα.

Now suppose that α−1 does not exist and Fix (T ) ⊂Mβ for every β < α. Then
Fix (T ) ⊂

⋂

β<α

Mβ = Mα. By induction we get Fix (T ) ⊂ Mα for all α, hence

Fix (T ) ⊂Mδ = T∞(Λ×M) (see Definition 2). Since we have also Fix (T ) ⊂M ,
from this we get Fix (T ) ⊂ M ∩ T∞(Λ ×M). Take any x ∈ Fix (T ) then there
exists λ ∈ Λ such that x ∈ T (λ, x). This implies that

x ∈ T (Λ × Fix (T )) ⊂ T (Λ × (M ∩ T∞(Λ ×M))),

from which this we get (2).

From (2) it follows that Fix (T ) is relatively compact by limit compactness of
T . We now prove the upper semicontinuity of F . Suppose on the contrary that F
is not usc at some point λ0 ∈ domF . Then there exists an open set G containing
F (λ0) such that for every neighborhood U of λ0 there are λ ∈ U ∩ domF and
x ∈ F (λ) \G.

Ordering the family of all neighborhoods {Uγ} of λ0 by inclusion, we get two
nets {xγ} ⊂ M and {λγ} ⊂ domF such that λγ → λ0 and xγ ∈ F (λγ) \ G for
each γ. This means that xγ ∈ T (λγ , xγ) and xγ 6∈ G.

Denoting B = {xγ} we have B ⊂ Fix (T ), hence B is relatively compact. Then
there exists a subset, denoted again by {xγ}, which converges to some point
x0 ∈ X. By closedness of T we get x0 ∈ M and x0 ∈ T (λ0, x0), this implies
x0 ∈ F (λ0) ⊂ G.

On the other hand, x0 6∈ G because xγ 6∈ G for each γ. This contradiction
proves the theorem.

Remark 1. The theorem partially improves a result in [10] when Λ is compact
and M is closed because in this case each usc collectively condensing mapping is
limit-compact.
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3. A fixed point theorem of Krasnoselskii type

In this section we establish a new fixed point theorem for the sum of a gener-
alized contraction and a compact mapping. First we state the following:

Definition 4. A mapping T of a metric space (M,d) into itself is called ϕ-
contractive if there exists an upper semicontinuous from the right function ϕ :
[0,∞) → [0,∞) with ϕ(t) < t for t > 0 such that

d(Tx, Ty) ≤ ϕ(d(x, y))

for every x, y ∈M .

In the sequel we shall be concerned with such functions ϕ that satisfy one of
(or both) the following conditions:

Condition A. If t− ϕ(t) → 0 then t→ 0.

This means that the inverse of the function ψ(t) = t− ϕ(t) exists in a neighbor-
hood of 0 and is continuous at 0.

Condition B. lim
t→0

ϕ(t)

t
= k < 1.

This means that for every k′ > k there exists ε > 0 such that if t ≤ ε then
ϕ(t) ≤ k′t. This implies that ϕ is continuous at 0.

In what follows we always take k′ =
1 + k

2
and fix an ε corresponding to this

k′.

Before stating a fixed point theorem we prove some lemmas.

Lemma 1. Let B = B(x0, r) be an open ball in a complete metric space (M,d)
and T : B →M a ϕ-contractive mapping with ϕ satisfying condition B.

If d(Tx0, x0) ≤ (1− k′)ε with k′, ε defined above and ε < r, then T has a fixed

point in B.

Proof. For each x ∈ B(x0, ε), the closure of B(x0, ε), we have

d(Tx, x0) ≤ d(Tx, Tx0) + d(Tx0, x0)

≤ ϕ(d(x, x0)) + (1 − k′)ε

≤ k′ε+ (1 − k′)ε = ε.

Hence T maps B(x0, ε) into itself. Since B(x0, ε) is complete and T is ϕ-
contractive on B(x0, ε), by a result of Boyd and Wong in [2], T has a unique
fixed point in B(x0, ε) ⊂ B.

Lemma 2. (Invariance of domain for ϕ-contractive fields) Let U be an open set

in a Banach space (X, ‖ · ‖), and T : U → X a ϕ-contractive mapping with

ϕ satisfying condition B. Then the mapping H = I − T : U → H(U) is a

homeomorphism, where I denotes the identity in X.
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Proof. First we prove that H is an open mapping. For this it suffices to show
that for every ball B(x0, r) ⊂ U we have

B(Hx0, (1 − k′)ε) ⊂ H(B(x0, r))

with k′, ε defined as in Lemma 1. Take any y ∈ B(Hx0, (1 − k′)ε) we must find
an x ∈ B(x0, r) such that Hx = y.

Define a mapping G : B(x0, r) → X by putting Gz = y + Tz for z ∈ B(x0, r).
Since T is ϕ-contractive, so is G. Moreover, we have

‖Gx0 − x0‖ = ‖y + Tx0 − x0‖ = ‖y −Hx0‖ ≤ (1 − k′)ε.

By Lemma 1, G has a fixed point x ∈ B(x0, r). Then x = Gx = y + Tx, hence
y = Hx as claimed.

Further, for every x, y ∈ U we have

‖Hx−Hy‖ = ‖x− Tx− y + Ty‖ ≥ ‖x− y‖ − ‖Tx− Ty‖

≥ ‖x− y‖ − ϕ(‖x− y‖).

Since ϕ(t) = t only if t = 0, from this we see that H is injective. Being an
open mapping, H is a homeomorphism between U and H(U). The lemma is
proved.

In particular, for U = X we obtain

Corollary 1. If T is a ϕ-contractive mapping on a Banach space X then I − T

is a homeomorphism on X.

Lemma 3. Let X be a Banach space, T : X → X be a ϕ-contractive mapping

with ϕ satisfying condition A, S : X → X be a continuous mapping. Then for

each y ∈ X the mapping Fyx = Tx+Sy has a unique fixed point xy which depends

continuously on y.

Proof. Since T is ϕ-contractive, so is Fy. Hence Fy has a unique fixed point xy

for each y ∈ X. Moreover, for every y, y′ ∈ X we have

‖xy − xy′‖ = ‖Txy + Sy − Txy′ − Sy′‖

≤ ‖Txy − Txy′‖ + ‖Sy − Sy′‖

≤ ϕ(‖xy − xy′‖) + ‖Sy − Sy′‖.

Hence

‖xy − xy′‖ − ϕ(‖xy − xy′‖) ≤ ‖Sy − Sy′‖.

By continuity of S and condition A of ϕ we get the continuity of xy in y, this
proves the lemma.

Now we are able to state our second result of this note.

Theorem 2. Let X be a Banach space, T : X → X be a ϕ-contractive mapping

with ϕ satisfying conditions A and B, S : X → X be a compact mapping, C be a

nonempty convex closed bounded subset of X such that T (C) + S(C) ⊂ C. Then

T + S has a fixed point in C.
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Proof. For each y ∈ C we define a mapping Fy : C → C by putting Fyx = Tx+
Sy. By Lemma 3, Fy has a unique fixed point xy and the mapping K : C → C

defined by Ky = xy is continuous. Moreover, since

xy = Fyxy = Txy + Sy,

by Corollary of Lemma 2 we have

Ky = xy = (I − T )−1Sy ⊂ (I − T )−1S(C),

hence K(C) ⊂ (I − T )−1S(C). Since S is compact and (I − T )−1 is continuous,
K is a compact mapping in a convex closed bounded subset of X. By the well-
known Schauder fixed point principle [8], K has a fixed point y∗ ∈ C. Thus, we
have

y∗ = Ky∗ = xy∗ = Txy∗ + Sy∗ = Ty∗ + Sy∗

and the theorem is proved.

Remark 2. Since ϕ(t) = kt with k < 1 is continuous and satisfies conditions A
and B, Theorem 2 improves a result of Krasnoselskii [4]. Moreover, since each
Banach contraction is condensing, the mentioned Krasnoselskii theorem can be
deduced from Sadovskii’s theorem [6] for condensing mappings. But this does not
work in our setting, because a ϕ-contractive mapping needs not be condensing.

Lemma 3 itself is also a new result on the continuity of fixed points.

Our next aim is to establish a probabilistic version of Theorem 2. For this
we need to extend the theorem to locally convex spaces. So, let us consider a
Hausdorff complete locally convex space (X,P ) with a family P = {pi : i ∈ I} of
seminorm. On X we consider a ϕ-contractive mapping T , i. e., for every x, y ∈ X

and i ∈ I we have

pi(Tx− Ty) ≤ ϕ(pi(x− y)),

where ϕ is the function described in Definition 4.

For a fixed finite subset J of I, x0 ∈ X and r > 0 we set

BJ = BJ(x0, r) =
⋂

i∈J

{

x ∈ X : pi(x− x0) < r
}

.

Since BJ belongs to the basis of neighborhoods of x0, we can use it (instead of
B(x0, r) in the proofs of Lemmas 1 and 2) to get analogous results for locally
convex spaces using a modified version of Boyd-Wong’s result for such spaces. A
result similar to Lemma 3 can also be proved in the same way.

From the above observations, using Tychonoff’s fixed point theorem [11] in-
stead of Schauder’s one, we can state the following result which will be used in
the next section.

Remark 3. Theorem 2 can be extended to Hausdorff complete locally convex
spaces.
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4. Application to probabilistic Banach spaces

Let us first recall some definitions and facts on probabilistic Banach spaces.

Definition 5 [3]. A triplet (X,F ,min) is called a probabilistic normed space
(PN -space, for short) if X is real vector space, F = {Fx : x ∈ X} a family of
distribution functions Fx : [0, 1] → R satisfying

Fx(0) = 0 for every x ∈ X,

Fx(t) = 1 for every t > 0 if and only if x = 0,

Fαx(t) = Fx

( t

|α|

)

for every α ∈ R \ {0} and x ∈ X,

Fx+y(t+ s) ≥ min{Fx(t), Fy(s)} for every x, y ∈ X and t, s ≥ 0.

The topology in X is defined by a family of neighborhoods of 0 as follows

U(0; ε, λ) =
{

x ∈ X : Fx(ε) > 1 − λ
}

for ε > 0, λ ∈ (0, 1),

or equivalently, by the family of seminorms

pλ(x) = sup
{

t ∈ R : Fx(t) ≤ 1 − λ
}

for λ ∈ (0, 1).

From this, by the left-continuity of Fx we get

Fx(pλ(x)) ≤ 1 − λ(3)

and

t > pλ(x) implies Fx(t) > 1 − λ.(4)

So each PN -space (X,F ,min) can be associated to a Hausdorff locally convex
space (X, pλ : λ ∈ (0, 1)) with the same topology. In particular, a sequence
{xn} ⊂ X converges to x if for each λ ∈ (0, 1), pλ(xn − x) → 0 as n → ∞, a
sequence {xn} is a Cauchy sequence if for each λ, pλ(xn−xm) → 0 as n,m→ ∞.
The space X is said to be complete if each Cauchy sequence converges to some
point in X.

A complete PN -space is called a probabilistic Banach space.

Definition 6. A mapping T from a probabilistic Banach space X into itself is
called a probabilistic ϕ-contractive mapping if there exists a strictly increasing
continuous function ϕ : [0,∞) → [0,∞) satisfying ϕ(t) < t for t > 0 such that
for every x, y ∈ X we have

FTx−Ty(ϕ(t)) ≥ Fx−y(t).(5)

Proposition 1. Each probabilistic ϕ-contractive mapping in (X,F ,min) is ϕ-

contractive in the corresponding space (X, pλ : λ ∈ (0, 1))

Proof. Suppose T is probabilistic ϕ-contractive and assume on the contrary that
it is not ϕ-contractive, that is there exist λ ∈ (0, 1) and x, y ∈ X such that

pλ(Tx− Ty) > ϕ(pλ(x− y)).
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Since ϕ is strictly increasing and continuous, it is invertible and ϕ−1 is also strictly
increasing. Then we have

ϕ−1(pλ(Tx− Ty)) > pλ(x− y).

Denoting t = ϕ−1(pλ(Tx− Ty)) we have t > pλ(x− y). From (3) and (4) we get
respectively

FTx−Ty(ϕ(t)) = FTx−Ty(pλ(Tx− Ty)) ≤ 1 − λ

and

Fx−y(t) > 1 − λ,

contradicting (5). Thus the proposition is proved.

As a direct consequence of Remark 3 and the above proposition we obtain

Theorem 3. Let X be a probabilistic Banach space, T : X → X be a probabilistic

ϕ-contractive mapping with ϕ satisfying condition A and B, S : X → X be a

compact mapping, C be a convex closed bounded subset of X such that T (C) +
S(C) ⊂ C. Then T + S has a fixed point in C.

The readers are kindly asked to compare this result to a similar result due to
Chang et al., [3, Theorem 2].

Remark 4. There are a lot of functions ϕ(t) different from kt which satisfy
Conditions A, B and conditions mentioned in Definitions 4 and 6.

For example,

ϕ(t) =







kt, 0 ≤ t ≤ 1,

t−
1 − k

t
, 1 < t <∞,

with k < 1.
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