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LINEAR EQUATIONS WITH
GENERALIZED RIGHT INVERTIBLE OPERATORS

NGUYEN VAN MAU AND PHAM THI BACH NGOC

ABSTRACT. Let X be a linear space over a field K of scalars and let R;(X)
be the set of all generalized right invertible operators in L(X). Consider the
general linear equation with generalized right invertible operator V' of the form

M N

m=0 n=0

where Ay € Lo(X), Aun = I, Amn Xsi4N—n C Xm, X;j := dom V7. Similar
equations with right invertible operators were studied by Przeworska-Rolewicz,
and others (see [1], [2], [3]). In [4], N. V. Mau and N. M. Tuan constructed
the generalized right invertible operators. In this paper, we present some new
properties of generalized right invertible operators and then apply them to
obtain all solutions of the general linear equations for the genezalized right
invertible operator V' with non-commutative cofficients.

1. PRELIMILARIES AND NOTATIONS

Let X be a linear space over a fielld K of scalars. Denote by L(X) the set of
all linear operators with domains and ranges in X and write

Lo(X) ={A € L(X) : domA = X}.

The set of all right (left, generalized) invertible operators in L(X) will be denoted
by R(X) (resp. A(X), W(X)) (see [1]-[3]). Denote by R;i(X) the set of all
generalized right invertible operators belonging to L(X). For V € Ry(X) we
denote by R%/ the set of all right inverses of V| i.e,

Ry ={W e LX) :ImV C domW, ImW C domV, VWV =V, VW =V},
by Fy the set of all right initial operators of V, i.e,
Fv={FeL(X):F*=F, ImF =kerV and 3W € R{, : FW =0 on dom W },
and by Gy the set of all left initial operators of V, i.e.
Gy ={G€eL(X):G>=G, GV =0ondomV and 3W € Ry, : ImnG = ker W }.
Lemma 1.1. For every V € Ry(X) there exists W € Ri, such that
WVW =W, VW?=W ondomW.
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Proof. Let Wy € R{,. Write W = VWV W;. We have
VEW = VEAVWEVW, = VVW, =V,
VWV = VVWEVWLV = VIViVI[V = VIV =V,
VW2 = VVWRVWIVIWEVW, = VIVIVIVIVIVEVIV, = VIVEVIV, = W,
WVW = VWV VVWEVW, = VIVEVEWEVIV, = VIWEVIV, = W,
which was to be proved. O
Write
RY = {WeRL: WYW =W, VW2=W}.

Lemma 1.2. Suppose that V € Ri(X), dimkerV # 0, dimcoker V # 0 and
W e R%/ Then for an arbitrary positive N, we have

N-1
(i) kerVN:{:L‘GX: x = E Wk, 20,... ,2N-1 EkerV}.

(i) dom VN = WNVN Xy @ ker VN Xy :=dom V¥,

N-1
Proof. (i) Suppose that z = > Wkz, where 2g,... ,2y_1 € ker V. Then

k=0
N-—1 N-—1
V2= VNN Wha =) vy =0,
k=0 k=0

which implies z € ker VIV. Conversely, suppose that z € ker V. Then the Taylor
Formula (see [3]) implies that

N—-1 N—-1
z = Z WrhEVE, L WNYN, = Z Wk
k=0 k=0

Write 2z, = FVFz for k = 0,...,N — 1. By definition, zg,...,2y_1 € ker V.
Thus z is of the required form.

(ii) Suppose that = € dom V. We can write = u + v, where u = WNV Nz,
v = (I —WNVMz. By definition, u € WYV¥Xy and VNv = 0. Hence
veker VN and x = u+v € WNVN Xy +ker VV. Suppose now that z € dom V7V,
zeker VN and W € T\’,%/ are arbitrarily fixed. Then y = WNVNz 42 € dom VY
for VNy = VNWNY Nz 1 VNz = Vg,

Suppose that u € WNVN Xy Nker VY. Then there is a v € dom V such that
uw=WNVNy and VNu = 0. On the other hand, VNv = VINWNV Ny = VNy =
0, which implies u = WNV ™y = 0. This means that dom V¥ is a direct sum of
WNVN Xy and ker VY. The proof is complete. O

Corollary 1.1. Suppose that all assumptions of Lemma 1.2 are satisfied, then

dom VY = {xeX :L‘—WNy—|—ZW 2k, ¥ € XN, zkekerV}
k=0
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2. EQUATIONS WITH GENERALIZED RIGHT INVERTIBLE OPERATORS

To begin with, we consider the equation
(2.1) VNe=y, yeX, NeN.

Theorem 2.1. Suppose that V € Ry(X), dimker V # 0, dimcoker V' # 0 and
W eRL. Ify€Im VN, then all solutions of (2.1) are given by

N-1
(2.2) x=WNy+ ZW""zk,

k=0

where zg, ... ,z2n—1 € ker V' are arbitrary.

Proof. If y € Im V', then there is y; € dom V¥ such that y = V™y,. Hence,
(2.1) can be writen in the form VNz = VNy;. Since VNV = VNWNVN | the last

equation is equivalent to VN (z — WNVNy;) = 0. Lemma 1.2 implies the formula
(2.2). O

Now consider the equation
(2.3) (VN Az =y, yeX, AecLy(X), NeN.
Theorem 2.2. Suppose that V € Ri(X), W € Ri,, A€ Lo(X), AXy CIm V¥
andy € (VN — A)Xy.

( (1)) IfI—-WNA€ R(X) and Ry € R_yn~ 4, then all solutions of the equation
2.3) are given by

N-1

(2.4) =Ry (WNy +) Wka) + 2,
k=0

where zg, ... ,zy_1 € ker V, z € ker(I — WV A).

(ii) If I —WNA € A(X) and La € L;_yn 4, then all solutions of the equation
(2.3) are given by
N—1
(2.5) x=1La (WNy + Z szk.),
k=0
where zg,... ,zN_1 € ker V.
(iii) If I — WNA € W(X) and Wa € Wi_yn~a, then all solutions of the
equation (2.3) are given by
N-1
(2.6) x =Wy (WNy + Z szk) + z,
k=0

where zg,... ,2y_1 Eker V, z € ker (I — WNA).
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(iv) If I — WN A is invertible, then all solutions of the equation (2.3) are given
by
N-1
2.7) p= (T=wWNa) 7 (Why+ 3 wha),
k=0
where zg,... ,z2ny_1 € ker V.

Proof. Suppose that y € (VY — A)(dom V). Then there exists an 2 € dom V¥

such that (VN — A)z =y, i.e. VN2 = Az +y. By Theorem 2.1, there exist
N-1

20,... ,2N—1 € kerV such that z = WN(Al‘ +y)+ > Wkz,. Since AXy C

k=0
Im V¥, we have Az € ImVY C dom W and

N-1

(2.8) (I-WNAz=WNy+ > Wk,
k=0
By Theorem 11.2 in [3] and (2.8), we get all formulae (2.4)-(2.7). O

We shall consider now the general equation of the form
M N

(2.9) Q[V]z = Z Z VmA Ve =y, yelmQ[V],

m=0n=0

where V' € Rl(X), Apn € LO(X), Ayn = 1, AmnXMJrN,n e X, (m =
0,...,M;n=0,..., Nym+n<M+N; X;:=domV’; j=1,... ,M+ N).
Write

N
Q(V):=> B;V/,
j=0

N
QUW):=Y B;WwN.
§j=0

Lemma 2.1. Suppose that V € R1(X) and W € T\’,%/ Suppose moreover that we
are given B; € Lo(X), (j =0,... ,N) and k € N such that Xny_; C dom By,
BjXN—j C Xk, 7=0,... ,N. Then

Xy CdomQ(V),

Q(V)XN C X,

I+ WYNQV) XNtk C XN,

QU, W)X C X,

[+ QW)X C Xp.

Proof. Note that V/Xy C Xy_j, (j =0,...,N).
Ifj=0o0rj=N,then Xy C Xy or VNXy C X.



LINEAR EQUATIONS 129

If1<j<N-1andz € Xy, there exist zg € ImV", 2g,... ,2ny_1 € ker V
such that
N—-1
T = WNxO + Z szk7
k=0
N-1
Vie=WNzo+ > Whiz + Vs
k=j+1
Putl=Fk—j, VWz; = z € ker V. Then
N—j—1

Vig = WN_jxo + Z lel—l—j + 2p.
=1
Thus V/Xy C Xn—j;. Therefore B;VIXy C BjXn_; C Xi (j = 0,...,N),
which implies Xy C dom Q(V) and Q(V)Xy C Xj.

Suppose that w € [I + WNQ(V)] Xnix. Then there exists v € Xyt C Xn
such that u = [I + WNQ(V)]v. Since v1 = Q(V)v € X}, we conclude that
u=uv+WNy € XN4k, because v € Xy and Whu, € XNk Note that
WiX C X;. Hence, BBWN=IX C BjXn_; C X, (j =0,...,N), which implies
QU, W)X C Xj.

Suppose that y € [I—i—Q(I, W)]Xk, i.e. there exists y; € X such that y = [I+
Q(I,W)]yy. Since yo = Q(I, W)y; € Xi, we conclude that y = y; +y2 € Xj. O

Puting £k = N in Lemma 2.1 we obtain

Corollary 2.1. Suppose that all assumptions of Lemma 2.1 are satisfied, then
I +WYNQ(V) Xy C Xy.

Definition 2.1. An operator A € L(X) is said to be right invertible (left invert-
ible, invertible, generalized invertible) on X} for a given k € NT if X; C dom 4,
AXj C X, and there exists R4 € R4 (resp. La € La, Mg € RaNLA, Wa € Wy)
such that R4 X C Xj (resp. LaXy C X, MaXy C Xg, WaXy, C Xk)

By this definition, if A is right invertible (left invertible, invertible, generalized
invertible) on Xy for k > 1 then A is right invertible (left invertible, invertible,
generalized invertible).

Lemma 2.2. Suppose that all assumptions of Lemma 2.1 are satisfied, then the
operator I + Q(I,W) — BNG is right invertible (left invertible, invertible, gener-
alized invertible) on Xy, for k > 1 if only if I + WNQ(V) is right invertible (left
invertible, invertible, generalized invertible) on Xy, where G € Gy .

Proof. By Lemma 2.1, we have
I+Q(I,W) = ByG =1+ QV)WN C Lo(Xy),
I+ WNQ(V) € Lo(Xnyn)-
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(i) Suppose that I+ Q(I, W) — ByG is right invertible on Xy, i.e. there exists
Rq € Ryiqvywn such that RgXy C X and [I + Q(V)WN]|Rqg = I. Write
Re=1-WwWN RpQ(V). We have to check that RO is well defined on Xy, and
ROX N C Xnqk- On Xyir we have

[T+ WNQV)| R = [I+WNQW)][I - WNRoQ(V)]

=TI+ WNQ(V) - [T+ WNQ(V)[WVReQ(V)
=T+ WNQ(V) = WN[I +Q(V)WN]RoQ(V)
=1+WhQ(V) - WNQ(V) =1,

which proves that I + WNQ(V) is right invertible on Xy .

Conversely, suppose that I +WNQ(V) is right invertible on Xy, i.e. there
exists R? € Ry, gy such that ROXyy, C Xyyp and [+ WNQ(V)RY =1
on Xyix. Write Rg = I — Q(V)RCWN. If 2 € Xy then u = Wz € Xyyy,
y = R% € Xk and

Ror = [1 - QV)RWN]z =2 — Q(V)y € X.
On X, we have

[I+Q(I,W) - BNG|Rg = [+ Q(V)WN][I — Q(V)ROWN]
=I+Q(V )WY — [T+ Q(V)WN]Q(V)ReWN
=TI +QV)WY —Q(V)[I+WNQ(V)|ReWN
=TI+ QW)WY — (V)W =

which proves that I + Q(I,W) — ByG is right invertible on Xj. O

In the same way, we can get proofs for the other cases. For instances, putting
k =0 in Lemma 2.2 we obtain

Corollary 2.2. Suppose that all assumptions of Lemma 2.1 are satisfied then
the operator I + Q(I,W) — BnG is right invertible (left invertible, invertible,
generalized invertible) if and only if I+WNQ(V') is right invertible (left invertible,
invertible, generalized invertible) on Xy, where G € Gy .

Corollary 2.3. Suppose that all assumptions of Lemma 2.1 are satisfied. If I +
Q(I,W) — BNG is invertible, then unique solution of the equation

T+WNQW)]z=y, ye Xn,

belongs to Xy .
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Theorem 2.3. Suppose that V € R1(X), W € 7'\’,8) and Q[V] is given (2.9).
Write

M N M _
(2.10) QA) =Y WM AL, WNT = N WM AL NG,

m=0 n=0 m=0
M N

(2.11) QA) =Y wMmA,, v,

m=0n=0
~ 0 ifm=M, n=N
(2.12) A = mme= A A
Apn fm—+n< M+ N.

(1) If Q(A) is invertible, then all solutions of the equation (2.9) are given by
N M+N-1 '
(2.13) v =[I-WNQ 1 (A)Q(A)] (WM+Ny + Y Wﬂzj),
j=0
where zg, ... ,2p+N—1 € ker V' are arbitrary.

(ii) If Q(A) € R(X) and Rq € Rg(a), then all solutions of the equation (2.9)
are given by

M+N-1

(2.14) v = [I-WYReQ(A)] (WM+Ny + Y szj) +z,
§=0
where 2o, ..., zin—1 € ker V, z € ker [T + WNQ(A)] are arbitrary.
(iil) If Q(A) € A(X) and Lg € Lg(a), then (2.9) is solvable if and only if there
exist 20,... ,2M+N—1 € kerV and y € Xpr4n such that
M+N—-1
(2.15) WMINy + N Wiz e [T+ WNQA)] Xrin.
5=0

If this condition is satisfied, then all solutions of the equation (2.9) are given by

M+N-1
(2.16) v =[I-WNLyQ(A)] (WM+Ny + Y szj),
=0

where zg, ... ,z2p+N—1 € ker V' are arbitrary.

(iv) If Q(A) € W(X) and Wy € Wg(a), then (2.9) is solvable if and only if
condition (2.15) is satisfied and then all solutions of the equation (2.9) are given
by

M+N-1
(2.17) v = [T - W¥WoQ(A)] (WM+Ny + Y Wj2j> +z,
§=0

where 2g,... ,zpm+N—1 € ker V', z € ker [I + WN@(A)] are arbitrary.
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Proof. We have

M N
( Z Z VmAmnV")a: =y,
=0

m=0n

M+N <A m A n _
(V —|—ZZV AmnV )x Y,

m=0n=0
M N N
[VM—FN (I n Z Z WM-I—N—mjmnVn) n Z EONV”}:C — .
m=1n=0 n=0
By Theorem 2.2, we imply
M N N M+N-1
(143 S WA, v e = WMEN (y = ST Ay Via) £ > Wz
m=1n=0 n=0 7=0
M N M+N-1
(14 WY S S WA, Ve = WMy ST Wi
m=0n=0 7=0
M+N-1
(2.18) [I + WNQ(A)]’E = WMy ST Wi,
7=0

It is easy to see that
(2.19) Q(A) = T+ Q(A)WYN.

(i) If Q(A) is invertible, then Q(A) is invertible on Xjs. Lemma 2.2 and (2.19)
together imply that

[1+WNQA)] ™ =1 — WwNQ 1 (A)Q(A).
This and (2.18) imply (2.13).

(i) If Q(A) is right invertible, then Q(A) is right invertible on Xj;. Lemma 2.2
and (2.19) together imply that I + W @(A) is right invertible on X1 . More-
over, R := 1 — WNRQQ(A) is a right inverse of I+ WNQ(A) and RsXmin C
Xnr4n. This and (2.18) together imply (2.14).

(iii) If Q(A) is left invertible, then Q(A) is left invertible on Xj;. Lemma 2.2
and (2.19) together imply I + WNQ(A) is left invertible on X4 y. Moreover,
Ly = I=WNLoQ(A) is a left inverse of I+ WNQ(A) and LsXarn C Xarin-
This and (2.18) imply that (2.9) has solutions if only if the condition (2.15) is
satisfied. If this is the case, all solutions are of the form (2.16).

(iv) If Q(A) is generalized invertible, then Q(A) is generalized invertible on
Xys. Lemma 2.2 and (2.19) together imply that I + WNQ(A) is generalized
invertible on X4 n. Moreover, W =1 — wh WQ@(A) is a generalized inverse

of I+ WNQ(A) and WgXnryn C Xarqn. This and (2.18) imply that (2.9) has
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solutions if only if the condition (2.15) is satisfied. If this is the case, all solutions
are of the form (2.17). The theorem is complete. O

Putting A, =0, (m=0,... M —1; n=0,... ,N) and Ay = Ay, (n =
0,...,N) in Theorem 2.3, we obtain

Corollary 2.4. Suppose that V € R1(X) and W € Rg/l). Write

N
QV) =Y AV", P(V):=vMQV),
n=0

N » N-1
Q1 = ZAnWN_n, Ql = Z AnV”
n=0

n=0
(i) If Q1 is invertible, then all solutions of the equation
(2.20) PV)r=y, yelmP(V)

are given by
M+N-1
v=[T-WNQr'Q] (WM+Ny + Y szj),
j=0
where zg, ... ,z2p+N—1 € ker V' are arbritrary.
(ii) If Q1 € R(X) and Rg, € Rq,, then all solutions of the equation (2.20) are
given by
M+N-1
p= 1= WNRQ,Q (WM Ny + 3 wiz) 4,
j=0

where zg, ... ,z2p+N—1 € ker V| z € ker [I + WNél] are arbitrary.
(iii) If Q1 € A(X) and Lo, € Lg,, then (2.20) is solvable if and only if there
exist 20, ... ,2M+N—1 € kerV and y € Xpr4n such that
M+N-1
(2.21) WM+Ny+ Z Wij € (I—I— WNQVl)XM+N.
j=0

If this condition is satisfied, then all solutions of the equation (2.20) are given by
M+N-1
v =[I-WNLyQ:] (WM+Ny + Y Wﬂ'zj),
=0
where zg, ... ,z2p+N—1 € ker V' are arbitrary.

(iv) If @1 € W(X) and Wg, € Wq,, then (2.20) is solvable if and only if
condition (2.21) is satisfied, then all solutions of the equation (2.20) are given by

_ M+N-1 '
v =[I—W¥WuQ:] (WM+Ny + Y Wﬂzj) ¥,
=0



134 NGUYEN VAN MAU AND PHAM THI BACH NGOC

where zg, ... ,z2p4N—1 € ker V', z € ker [I + WNC~21] are arbitrary.

Putting A,,, = 0, (m = 0,... ,M; n = 0,...,N —1) and A,y = An,
(m=0,...,M) in Theorem 2.3, we obtain

Corollary 2.5. Suppose that V € R1(X), W € R(l), and G € Gy. Write

M
QV):i=> V™A, PV):=Q(V)VV,
m=0

M M-1 B M-1
Qo= Y WM A, =Y WM mA,G, Qyi=) WM A, VN,
m=0 m=0 m=0

(i) If Q2 is invertible, then all solutions of the equation
(2.22) P(V)r =y, yelmP(V),
are given by
M+N-1
v=[T-WNQ;'Qy] (WM+Ny + Y szj),
§=0
where zg, ... ,2p+N—1 € ker V' are arbitrary.
(ii) If Q2 € R(X) and Rg, € Rq,, then all solutions of the equation (2.22) are
given by
M+N-1
v = [I—W"Rg,Q] (WM+Ny + Y szj> + o2,
§=0

where zg, ... ,z2p+N—1 € ker V| z € ker (I + WNQQ) are arbitrary.
(iii) If Q2 € A(X) and Lg, € Lg,, then (2.22) is solvable if and only if there
exist 20, ... ,2M+N—1 € kerV and y € Xp4n such that
M+N-1
(2.23) WM+Ny+ Z Wij € (I—I— WNQVQ)XM+N.
§=0

If this condition is satisfied, then all solutions of the equation (2.22) are given by
M+4N-1
2= [1=WYLeQu (W Ny 4 37 wiz),
j=0
where zg, ... ,2p+N—1 € ker V' are arbitrary.

(iv) If Q2 € W(X) and Wg, € Wq,, then (2.22) is solvable if and only if
condition (2.23) is satisfied, then all solutions of the equation (2.22) are given by

M+N-1 '
v = [ —W¥WqQ,] (WM+Ny + Y Wﬂzj) ¥z,
=0

where zg, ... ,z2p+N—1 € ker V', z € ker [I + WNQQ] are arbitrary.
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Example 2.6. Let X be a linear space, let V € R;(X), dimkerV # 0,
dimcoker V- # 0, W € Rg/l) and let A,B € Ly(X), AX C domV. Consider
the equation
(2.24) (VAV+B)z =y, yelm(VAV + B).
It can be written as V? [I + W(AV — V)]x =y — Bz, which is equivalent to
[I+W(AV =V + WB)|z = W2y + Wz + 2.

Write Q(A,B) =1+ (AV =V +WB)W =G+ A(I — G) + WBW for G € Gy.

(i) If Q(A, B) is invertible, then all solutions of the equation (2.24) are given
by

z=[I-WQ YA B)AV -V + WB)|(W?y + Wz + ).

o (21411)) If Q(A,B)be R(X) and Rg € Rg(a,p), then all solutions of the equation
.24) are given by

x=[I—WRqQ(AV —V + WB)|(W?y + Wz + 2) + .

(iii) If Q(A, B) € A(X) and Lg € Lg(a,p), then all solutions of the equation
(2.24) are given by

x=[I-WLq(AV =V + WB)|(W?y + Wz1 + 2).

o (211)) If Q(A, B{)E W(X) and Wq € Wg(a,B), then all solutions of the equation
.24) are given by

x=[I-WWgo(AV =V + WB)|(W?y + Wz + 2,) + 2,
where zp,21 € ker V, z € ker [ + W(AV — V + W B)] are arbitrary.
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