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A CLASS OF MINIMAX PROBLEMS
SOLVABLE IN POLYNOMIAL TIME

TRAN VU THIEU AND TRAN THI HUE

ABSTRACT. We develop a polynomial-time algorithm for solving a class of 0-1
production-transportation problems. The objective function is the maximum
of n monotonic functions of the production volume. The transportation cost
is assumed to be small as compared to the production cost and is omitted.
The proposed algorithm is based on a labeling technique for improving feasible
solutions.

1. INTRODUCTION

Given an m x n matrix A = (a;j)mxn, where a;; € {0,1}, and given positive
integer numbers p; (0 < p; < n), i = 1,2,...,m, we consider the following

optimization problem
(1) (P)  f(z) = max f;(y;) — min
1<j<n

subject to
m

(2) Y wij=y, jEN={L2,...,n},
i=1
n

(3) inj:pi, ieM={1,2,...,m},
j=1

(4) z;; €{0,1} and z;; < a;; for all i € M and j € N,

where for each j € N, f;(y;) is a univariate function satisfying
(5) fi(y) < fi(y)) for all y,y/ € {0,1,...,m}, y <y’
For instance, condition (5) holds if f; is of the form

0 if y =0,

1) ciy+d; ity >0,
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where ¢, d; are given positive numbers.

Problem (P) has some applications in scheduling theory and was studied in
[2], [6], [8] for the case f;(y) =y for all j € N. A polynomial-time algorithm
is described in [6], which reduces problem (P) with f;(y) = y to solving a finite
number of maximum flow problems. Its running time is O(logy n x Opr), where
Oprr is the running time of any polynomial-time maximum flow algorithm. For
instance, for Edmonds-Karp’s (1969) algorithm, Oy/r is O(pg?) and for Dinic’s
(1970) algorithm it is O(p?q), where p is the number of nodes and ¢ the number
of arcs in the network (see [1], [3] for more details). Another class of minimax
problems has also been investigated in [7]. To our knowledge, a number of other
polynomial-time algorithms for various versions of the convex cost flow problem
have been developed, including those of Minoux [4] and [5].

The purpose of this paper is to show that the algorithm developed in [2] for
the case fj(y) = y for all j € N can be modified to solve (P) with f; satisfying
(5). Basically, the proposed method proceeds according to the same scheme as
that presented in [2] with, however, a major improvement in the definition of the
full and deficient columns and in the proofs of the main propositions. Moreover,
the present method can also be directly applied to problems with f; being either
increasing or decreasing in [0, m)].

2. MAIN RESULTS

As usual a matrix « = {x;;} whose entries satisfy (3) and (4) is called a
feasible solution of (P), a feasible solution achieving the minimum of (1) is called
an optimal solution of (P).

Let
n m m
ai:Zaij,ieM, bjzzaij,jEN, pzzpi>0.
j=1 i=1 i=1
As has been proved in [6], a necessary and sufficient condition for the existence
of an optimal solution of (P) is that

(6) a; > p; for all i € M.

Condition (6) is very simple and easy to check. So, in the sequel we assume
that (P) satisfies this condition. It is also natural to suppose that b; > 0 for all
jEN.

Since y; defined by (2) is integral and

m m
OSyjzzl‘ijSZaijzbj, JEN,
i=1 i=1
all the function values f;(y;) can be listed as

(1) £100), fr(1), o, f1(b1), £2(0), fo(1), ooy fa(b2), - s fn(0), (1), o fr(br)-

Let fi = max{f;(0) : j € N}. Suppose that there are ¢ distinct values in
(7) which are greater than or equal to f; and these values are arranged in the
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increasing order as

(8) fi<fo<--- < fo=max{f;j(bj):j€ N}

We first observe that the optimal function value of (P), say f*, is one of the ¢
values in (8).

For the sake of convenience, we associate with each feasible solution z = {z;;}
of (P) a table consisting of m rows and n columns. The cell at the intersection
of row ¢ and column j is denoted by (7,7). Then, z = {z;;} will correspond to a
table consisting of zeros and ones in its cells. A cell (¢, 7) is called black if a;; = 0
(xi; = 0 for all black cells (7,7)). The remaining cells will be divided into two
categories: white cells if x;; = 0 and blue cells if z;; = 1.

Remark 1. A feasible solution of (P) satisfying (6) can be obtained as follows.
For each row i, from 1 to m, we write 1 in the non black cells of the row from
left to right until a total of p; ones have been assigned, then we write 0 in the
remaining cells of the row.

Consider now a feasible solution x = {z;;} of (P). According to (2) we have

(9) Sy=> Y wp=> > wj=» pi=p
j=1 j=1i=1 i=1 j=1 i=1
Column j is called full if f;(y;) = f(x) and deficient if y;+1 < b; and f;(y; +1) <
f(z). The degree of column j with respect to z, denoted by p;(x), is defined to
be the number of integers ¢ such that 0 < ¢ < y; and f;(i) = f(z). Obviously,
0 < pj(x) <bj+1forall j €N, and pj(zx) > 1 if column j is full and p;(z) =0
otherwise. We define p(z) to be ) pj;(x) and call p(x) the degree of x. Clearly,
JEN

p(z) > 1 for every feasible solution z, as at least one full column exists. It should
be noted that the notions of blue cells, white cells, full columns, deficient columns
and degree of a column relate to a given feasible solution.

The following proposition gives a simple criterion for an optimal solution of
(P).

Proposition 1. Let x be a feasible solution of (P). If x has no deficient column,
then x s optimal.

Proof. Assume to the contrary that there exists a feasible solution 2’ of (P) better
than z, i.e. such that

(10)  f(z') = mex fily;) < f(z) = mex fi(y;) = fio(yj,) for some jo € N,

where y; and y; are defined by (2) with respect to z and z’, respectively. From
(10) we have fj,(y;,) < fjo(yj,). It follows from (5) that y} < yj,. Since
n

n

Y. yj = > y; =p by (9), there exists j1 € N \ {jo} such that y;, <y < bj,

j=1 j=1

which implies y;, + 1 <y <bj,, as y;, and y; are integral. Also, from (5)
Fin(yi +1) < fiuy;,) < f(2)) < fla),
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and so column j; is deficient, contrary to the assumption. U

Let S be an alternating chain of white and blue cells with respect to x joining
column jy to column j; of the form

(11) S = {(i0,Jo); (i05J1)s - - » (Ik—1, Jk—1)s (ik—1, k) }, (k> 1),

where (it,j:), t = 0,1,...,k — 1, are white cells (z;,;, = 0), while (i, ji11),
t=0,1,...,k — 1, blue cells (x;,5,,, = 1). Here all the row indices 4o, ..., i1
and all the column indices jo, ..., ji are distinct. Let us introduce the following

transformation of x in such a chain.

Transformation A. Change every white cell in the chain to blue one and every
blue cell to white one. That is, we set

x;tjt =1, a:;tth =0,t=0,1,...,k—1, x;j = x5, V(i,j) ¢ S.
Since in each of the rows i; (t = 0,1,...,k—1) there are just one white cell and

one blue cell of S, 2’ = {x};} satisfies (3), (4), i.e. 2’ is also a feasible solution of
(P).

Proposition 2. Let x be a feasible solution of (P). If there exists an alternating
chain of white and blue cells joining a deficient column to a full column, then x
can be changed to a new feasible solution x' which is either better or has smaller
degree than x.

Proof. Let S be a chain of the form (11) joining a deficient column jy to a full
column ji. Applying Transformation A in S yields a new feasible solution a’.
Let y; and y; be defined by (2) with respect to x and 2’ respectively. Since in

each of the columns j; (t =1,2,...,k — 1) there are just one white cell and one
blue cell of S, we have
(12) y; =yj, forall j € N\ {jo,j}

On the other hand, as column jy has only one cell of S (white cell (g, jo)), it
is clear that

(13) Yie = Yio T 1,
and as column jj has only one cell of S (blue cell (ix_1,jx)), it is clear that
(14) y;-k = Y5 — 1.

As column jj is deficient, from (12)-(14) it follows that if p(z) = 1 (equivalently,
if j is a unique full column with respect to z and pj, (x) = 1), then we have

fity;) = fiy;) < f(z) for all j € N\{jo, jx},

fjo(yg'o) = fio(yjo +1) < f(2),

FinW5) = Fi(yi, — 1) < fi,.(y5,) = f(@).
This shows that 2’ is better than the current solution x. In the opposite case, we
have f(2') = f(z), i.e. 2’ is no worse than z, but 2/ has a lower degree than z

(as pj, (2') = pj. (x) — 1 and pj(z’) = pj(x) for all j € N\ {ji}). O
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We have another criterion for optimality.

Proposition 3. Let x be a feasible solution of (P). If there is no alternating
chain of white and blue cells joining a deficient column to a full column, then x
is an optimal solution of (P).

Proof. Suppose to the contrary that there is a feasible solution z’ = {j,} of (P)
better than z = {x;;}, i.e.

(15)  f(a') = max f;(4) < f (@) = max f;(y;) = fo (o) for some jo € N,

where y;, y; are defined by (2) with respect to = and 2’ respectively. We show
that this leads to a contradiction. Indeed, from (15) we have fj,(vj,) < fjo(¥j,)-
It follows from (5) that yj < yj,. Hence, by (2) there exists one row ig € N such
that z; ; =0, i,5 = 1 (i.e. (io,jo) is a blue cell with respect to x). Moreover,
as both z and 2’ satisfy (3) with ¢ = i, there is one column j; € N \ {jo} such
that z} ;, = 1, zi;, = 0 (i.e. (io,j1) is a white cell with respect to z). If we
still have y;, >y’ , there exists i1 € M \ {ip} such that z} ;, =0, z;,5, =1 (i.e.
(i1, 1) is a blue cell with respect to x), and also by (3) there must be one column
j2 € N\ {j1} such that z} ;, =1, ;5 = 0 (ie. (i1,j2) is a white cell with
respect to x). If jo # jo, we continue this process until either of the following
cases Occurs.

Case A. A column j, € N\ {jo,...,jr—1} With y;, <y is reached. This gives
yj, +1 <y < bj,, as y;, and y; are integral. Also, from (5) fj,(y;, +1) <
fi.(¥;) < f(2') < f(z), and so column j, is deficient. Thus, in this case we
obtain an alternating chain of white and blue cells of the form

(/L‘Tflyj?“)a (Z.Tflajrfl)7 sy (/i07j1)7 (i07j0)7 (T Z 1)

that joins the deficient column j,. to the full column jgy, contrary to the hypothesis
of the proposition.

Case B. We obtain a cycle of cells of the form

C= {(i87j8)7 (i87j8+1)7 ) (it,jt), (itvjs)v (2.87].8)}7
(0<s<t,t>1)or

C - {(/isujs+1)7 (is+17j8+1)7 sy (Z.tflmjt)u (isujt)u (i87js+1)}7
(0<s<tt>2),

where x;u =0, =1(s<u<t), 2., =1or xgsjt = 0. Setting

ju itjs

jiuju = ]‘7 ‘/Eiu—lju = 0 (S < U S t)7 j7;tj5 = 0 or

Tigj, = 1, Tyj = J:gjv v(i,j) ¢ C,
m
we get a new feasible solution  with f(z) = f(z') (because y; = _ 7;; = yj for
i=1

all j € N).
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If Z still differs from z, the above process will be repeated with 2’ replaced by z.
As the number of components of Z different from the corresponding components
of x decreases by at least four units when Case B occurs, after a finite number
of repetitions we must have & = x and, at the same time, f(z) = f(2'), ie.
f(z) = f(&) = f(2'), which contradicts (15). O

One question now to elucidate is whether there exists an alternating chain of
white and blue cells joining a deficient column to a full column, as mentioned
in Propositions 2 and 3. In answer to this question, we consider the following
procedure for rows and columns labeling.

The rows and columns labeling procedure. First of all, we assign label 0 to each
column j which is full (f;(y;) = f(x)). If column j is labeled, we assign label
J to each row i which has not yet been labeled and has x;; = 1 ((¢,7) is a blue
cell). Then, if row i is labeled, we assign label i to each column j which has not
yet been labeled and has a;; — x;; = 1 (this is equivalent to a;; = 1, z;; = 0, i.e.
(i,7) is a white cell) and so on. The above procedure must stop after at most
m + n labelings.

Proposition 4. An alternating chain of white and blue cells joining a deficient
column to a full column exists if and only if there is at least one deficient column
that is labeled.

Proof. Suppose there exists a chain of the form (11) joining deficient column j
to full column j;. We claim that jo will be labeled using the above labeling
procedure. Indeed, if column jj is not labeled row iy cannot be labeled either, as
(0, jo) is a white cell. Then j; cannot be labeled either as (ig, ji) is a blue cell,
and so on. In the end, j; cannot be labeled, contrary to the fact that full column
Jx was first assigned label 0.

Turning to the proof of sufficiency, suppose that a deficient column, say jo,
is assigned label ig ((ig,jo) is a white cell) and row iy is assigned label 71 # jo
((i9,71) is a blue cell). Let column j; be assigned a label not equal to 0, for
instance, i1 # ig ((i1,71) is a white cell), and row i; be assigned label js # jo, j1
((41,72) is a blue cell). If column js is assigned a label not equal to 0, we continue
searching. As the number of columns is finite (equal to n), eventually we must
determine a column ji # j:,t = 0,1,...,k — 1, assigned label 0, i.e. ji is a full
column, and the required chain is

S= {(i0>j0)> (ioujl)v SRR (ikflvjkfl)v (ikflvjk)h (k > 1)7

where (i, j;), t = 0,1,...,k—1, are white cells, while (i, ji4+1), t =0,1,...,k—1,
are blue cells. O

3. THE POLYNOMIAL TIME ALGORITHM FOR (P)

From the above results we are now in a position to derive an algorithm for
solving (P). The algorithm consists of the following steps.
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Step 1 (Initialization). Find an initial feasible solution x! of (P) (see Remark 1).
Set k =1 and go to Step 2.

Step 2 (Test for optimality). Determine the full columns and the deficient columns
with respect to 2*. If no deficient column exists, z* is an optimal solution of
(P) (by Proposition 1). Otherwise, perform the rows and columns labeling as
described in Section 2. If there is no deficient column that is labeled then z* is
also optimal (by Propositions 3 and 4). If a deficient column is labeled, a chain
of the form (11) is discovered, joining a deficient column to a full column (by
Proposition 4). Go to Step 3.

Step 3 (Solution improvement). By applying Transformation A in the chain found
in Step 2, obtain a new feasible solution x’ which is better or has a lower degree
than z* (by Proposition 2). Set z¥*! = 2/ and k < k + 1, then return to Step 2.

Proposition 5. The above algorithm terminates after a finite number of steps.

Proof. After each improvement in Step 3, either a better feasible solution or a
solution with a lower degree than the previous one is obtained. Since the objective
function of the problem can take on only a finite number of values (see (7), (8))
while the degree of each feasible solution of the problem is positive and bounded
by m x n, the algorithm cannot be infinite. ]

Complezity of the algorithm. In order to bound the running time of the algo-
rithm, we evaluate the number of arithmetic operations needed in each step of
the algorithm in the worst case.

Step 1. An initial feasible solution and the corresponding values y} (j € N) can
be computed in O(m x n) arithmetic operations.

Step 2. As shown in (12)-(14), the time needed to update yf (j € N) and f(aF)
is at most O(m + n). Determining the full columns and the deficient columns
requires O(n) arithmetic operations. Row and column labeling can be performed
in O(m x n) arithmetic operations. The operation of searching for an alternating
chain of white and blue cells joining a deficient column to a full column requires
O(m + n) arithmetic operations (using labels assigned to the rows and columns).
In all, Step 2 requires O(m x n) arithmetic operations in the worst case.

Step 3. The solution improvement in a chain obtained in Step 2 requires O(m+n)
arithmetic operations, because there are at most (m + n) cells in such a chain.

Steps 2 and 3 are repeated several times. After each repetition either the
objective value or the degree of the current feasible solution is reduced. Since the
objective function (1) can take on at most m x n different values and the degree
of a feasible solution is bounded by m x n, the number of repetitions is bounded
by O(m? x n?). Consequently, the algorithm requires O((m x n)(m? x n?)) or
O(m?3n3) arithmetic operations.

As for the time needed to compute the function values f;, after having z! we
need 2n evaluations of f; to obtain f; (y]l) and f; (y]1 +1) forall j € N. In order to



24 TRAN VU THIEU AND TRAN THI HUE

perform Step 2 we have to compute only two new function values fj,(y;, +2) and
fi.(y;, — 1). Since Step 2 is repeated at most O(m?n?) times, the total number
of evaluations of f; is about O(m?n?).

We have thus established the following result.

Proposition 6. Problem (P) can be solved in O(m3n3) arithmetic operations
and O(m?n?) evaluations of the function f;.

Assuming that an evaluation of the function f; can be done in a unit time, the
running time of the algorithm is O(m3n?®). When m =~ n it is O(n®).

Example. Solve problem (P) with m =4, n =5, p1 =2, po =3, p3 = 3, pgy = 2
and

A=

—= O = =
== O =
_ = =0
O = = =
O~ = =

The functions f;(.) are given by
fily) = =1.2+ 0.6y, fo(y) = 1.8 + 0.2y, f3(y) = —0.5 + 0.8y,
faly) = 1.5+ 04y, f5(y) = 1.3+ 0.7y.
Summing up the elements of A in each row and each column yields
a1 =ay=a3=4,a4=3;bp =by =03 =0y =b5 =3 and p = 10.
Stepl. Since 0 <y; <b; =3 forall j =1,...,5, we have
(k= 0 1 2 3

f1(k) ~1.2 —06 0.0 0.6
fa(k) 1.8 20 22 24
fs(k) = —05 03 11 19
fuk) = 15 19 23 27
| fs(k) = 13 20 27 34

At the completion of Step 1 of the algorithm, we obtain an initial feasible
solution of (P)

1 1 x 0 0\ 2
1 x 1 1 0
zZl=|x 1 1 1 of 2
1 1 0 x x 2
0 1 1

(black cells are marked by x, the last column indicates the labels assigned to the
rows and the last row the labels assigned to the columns).

Step 2. Summing up the elements in each column of z! yields
yi=v:=3, yz=vui=2 u5=0
1 =max{0.6, 2.4, 1.1, 2.3, 1.3} = 2.4.
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Column 2 is full. Columns 3, 5 are deficient. Column 2 is first labeled with a
0. We search column 2 in 2 for a 1 (blue cell) and find it in rows 1, 3, 4, so these
rows are labeled with a 2 (subscript of column 2). We now search labeled row
1 for a 0 (white cell) and find it in columns 4 and 5 (not yet labeled), so these
columns are labeled with a 1 (subscript of row 1). At this point, deficient column
5 is labeled with a 1 (row 1), row 1 is labeled with a 2 (column 2). Column 2 is
full. Thus, we obtain the chain of cells: (1,5)-(1,2) joining deficient column 5 to
full column 2.

Step 8. Changing 2! in the chain just found in Step 2 gives a new feasible solution

1 0 x 0 1\ 5
1 x 1 1 0| 4
22=|x 1 1 1 0| 4
1 1 0 x x/ 2

1 4 0 2

First return to Step 2. Summing up the elements in each column of x? yields

vi=3, yi=yi=yi=2 ¢i=1and
f? =max{0.6, 2.2, 1.1, 2.3, 2.0} = 2.3.
Column 4 is full. Column 3 is deficient. The labeling procedure now gives the

chain of cells: (4,3)—(4,2)—(1,2)—(1,5)—(2,5) —(2,4) joining deficient column
3 to full column 4.

Step 3. Changing 22 in this new chain gives a new feasible solution

0

SO = X =
— = = X
X = O O

1
0
X

— X = =

Second return to Step 2. Summing up the elements in each column of 22 yields
=3 y=2 y3=3 yi=y3=1and
3 =max{0.6, 2.2, 1.9, 1.9, 2.0} = 2.2,
Now column 2 is full, but there is no deficient column, so x® (with 0 instead
of x) is an optimal solution. The optimal function value is f* = f3 = 2.2.

Remark 2. Direct computation shows that one of the optimal continuous solu-
tions of (P) (0 < x;; <1) is

Lopt =

— O =
SO = O
)
O~ O~
OO
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with the optimal value

fopt = max {f1(3)7 f2(142)7 f3(3)7 f4(146)7 f5(112)}
= max {0.6, 2.084, 1.9, 2.084, 2.084}
= 2084 < f* = 22

Remark 3. The above algorithm can also be extended to the case where f; is
either increasing or decreasing in [0,m]. The details are left to the reader.

ACKNOWLEDGEMENT

The authors wish to thank the anonymous referee for many suggestions that
have helped to substantially improve the paper.

REFERENCES

[1] R. K. Ahuja, T. L. Magnanti and J. B. Orlin, Network Flows: Theory, Algorithms and
Applications, Prentice Hall, 1993.

[2] V. V. T. Dung and T. V. Thieu, A finite algorithm for a class of nonlinear optimization
problems, VNU. Journal of Science Nat. Sci. 15 (1) (1999), 6-15.

[3] S. Khuller, Y. J. Sussman and W. Gasarch, Advanced Algorithms, Lectures CMSC 858K,
1997.

[4] M. Minoux, A polynomial algorithm for minimum quadratic cost flow problems, European
J. Oper. Res. 18 (1984), 377-387.

[5] M. Minoux, Solving integer minimum cost flows with separable convez cost objective poly-
nomially, Math. Proc. Study 26 (1986), 237-239.

[6] N.D. Nghia and V. V. T. Dung, 4 polynomial-time algorithm for solving a class of discrete
optimization problems, Journal of Computer Science and Cybernetics 15 (1) (1999), 8-13
(in Vietnamese).

[7] H. Tuy, On a class of minimaz problems, Kibernetika 2 (1971), 115-118 (in Russian).

[8] N. H. Xuong. Mathematiques Discretes et Informatiques, Masson, Paris 1992.

HANOI INSTITUTE OF MATHEMATICS
P.O. Box 631, Bouno, HaNO1, VIETNAM

DEPARTEMENT OF MATHEMATHICS
FAcULTY OF SCIENCE, UNIVERSITY OF HUE
HUE, VIETNAM



