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BOUNDARY VALUE CONJUGATION PROBLEMS
FOR ELLIPTIC EQUATIONS IN VARIABLE DOMAINS

HOANG QUOC TOAN

ABSTRACT. We study the behaviour of the solutions of boundary value conju-
gation problems for high order elliptic equations in variable domains (¢, G})
(0 <t < 1) which depend smoothly on a parameter ¢ in Krein’s sense. Con-
sidering the domain (o, Gj) as the limit of domains (Q:,G}) when ¢ tends
0, we prove the existence and the uniqueness of the solution of the boundary
value conjugation problem in (Qo, G).

1. INTRODUCTION

Let G be a bounded domain in the space R™ with sufficiently smooth boundary
Tg. Let Q¢ be a domain contained in Gy with sufficiently smooth boundary g
such that

ﬁo C Gy.

We will study elliptic differential operators of order 2m with smooth coefficients
Li(z,D) in Qy and La(x, D) in Gy and systems of linear differential expressions
with smooth coefficients in Gy {B}(z,D)}, {B(z,D)} (i =1,2,...,2m) of
order m; < 2m — 1, and {B?(x,D)} (j=1,2,...,m) of order mg’ <2m — 1.

Consider in the domain Gy a family of domains {Gt} whose boundaries {I‘t}
depend on a parameter ¢ € [0,1] and in the domain {2y a family of domains {Qt}
with boundaries {%} depending on the parameter . In the sequel we suppose
that the families {F t} and {’yt} depend smoothly on the parameter ¢ € [0, 1] in
the Krein’s sense (see [2] and [3]). Moreover, as t tends to 0,

(11) Gt — Go, Qt — Qo.

Therefore, when ¢ is sufficiently small i.e. t € [0,7] for some T, 0 < T < 1, we
have

(1.2) Q C Qo C Gy,
Qt—l—At C Qy, Gt+At C Gy (0 <t<t4+At< T)
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Let w1, ws be two domains in R". Let
C®(wi,wy) = {v = (v1,v2) 1 v1 € C®(w1),v9 € Coo(wg)},
Hé(wi,wy) = {v = (v1,v2) 1 v1 € H*(wy),v9 € HS(WQ)}, s>0,

ol s2e oy = Wl oy + Nl oy

Set
Gi=Gi\Q, AG =G\ Ginp A=\ Qya,,
where ¢ € (0,7], At > 0. Applying the results obtained in [1], [2] and [3] we
see that for all ¢(x) € C°(AQ:, AG}) which is equal to zero together with all
its partial derivatives on the boundary (y¢,I't) or on (vt+a¢, [trae), the following
estimate holds

(1.3) ) < ClAat[|o] .

|‘¢HH5*1(AQt,AGQ A, AGY)’

where s > 1 and C' is a constant.

Let u(x) € H*(S%, G}), where s > 0 and t € [0,1]. Then u(z) can be extended
to a function u(z) = Ryu(z) € H*(Qo, Gp) by an operator of extension R;. The
operators of extension R; can be chosen as linear operators from H*(§, G}) to
H?*(Q0, Go), uniformly bounded in the norm for all ¢t € [0, 1] and for 0 < s < N,
where N is a sufficiently large natural number such that the following estimate
holds

(1.4) | ReSeu — RS, < CJt—

“HHs—l(QO,GO 7| HUHHS(QO,GO)’

for 0 < s < N and all u € H*(Qp,Gp). Here S; are operators of restriction on
H*(Q4, G}) (see [1] and [2]).

Let (zo;n) = (a:é, m%, ... ,:cg_l; n) be a system of local coordinates in a neigh-
bourhood of the boundary I'; (respectively 7;) for ¢ € [0,1]. We assume that a
boundary I'y; a¢ (respectively yi1a;) with |At| sufficiently small is defined by the
equation n = x(zo; t, At), |x| < C-|At|, where xy = (:L‘(l),;rg, . ,:cg_l) is the local
coordinate on I'; (respectively 7;) (see [1], [2] and [3]). Let Aa; be an operator
defined on C*°(Gy) (respectively C*°(£g)) by the formula

(1.5) (Aatd)(zo;n) = ¢(wo; x (w03 t, At)) — ¢(x0,0).

Then Aa; can be extended to a continuous operator from H 87%“"“((}0) (re-
spectively H¥"27H1(Qq)) to HS~1+(T,) (respectively H5~1+%(v,)) for all s > 1,
0 < a < 1, and the following inequality holds

(1.6) HAAtQZ)HHs—H-a(Ft) < C-|At HQZ)H

or, respectively,

1
H57§+o¢+1(G0)7

HAAtQSHHs—Ha(%) < C‘At‘ H@bH

1 .
Hs—7+a+1(QO)

Our aim in this paper is to study the boundary value conjugation problem in
the domain (Qp,Gj). In Section 2 we consider the behaviour of the solutions
u(t, z) of boundary value conjugation problems in variable domains (¢, G}), 0 <
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t < 1, and obtain the asymptotic estimate for the solutions u(¢,z) when t — 0.
In Section 3, we prove the existence and the uniqueness of the solution wug(x) of
the boundary value conjugation problem in the domain (€, Gf)) as the limit (in
some sense) when ¢t — 0 of the solutions u(¢, x).

2. CONJUGATION PROBLEMS IN VARIABLE DOMAINS

For ¢ € [0,T] we consider the following boundary value conjugation problem

Lj(z, Dyu' () = fi(z) in Q,

(2.1) Lo(x, D)u?(x) = fo(x) in G} =G\ Qy,
[Bi(z, D)u(x)] = B (z, D)u' (z) + B} (z, D)u*(x)
(2.2) =gj(z) ony (i=1,2,...,2m),

Bj?»’(x,D)u2(ac) =hj(z) only (j=1,2,...,m),

where fi(x) is a function defined in Qq, f2(x) is a function defined in Go and
gi(z), hj(z) (i=1,2,...,2m; j=1,2,...,m) are functions defined in Gy. Let

u(x) = (ul(a:),u2(m)) and Lu= (Ll(x,D)ul,Lg(x,D)UQ).

We now state the essential asumptions for our latter proofs.

In the domain (¢, G}), t € (0,7], if the Sapiro-Lopatinsky condition (the
coercive condition) for the problem (2.1)-(2.2) is satisfied, then the operator of
the problem

P, :u(z) — Pyu= {Lu, [Bl-u]%,B;-’u2|pt}, (i=1,2,...,2m, j=1,2,...,m)
2m 1 m 9 2 1

from H2™F(Qy, GY) to H(Qy, G4) x ] H*™T57™i=2(y,) x [[ H*™ " 2(TY)
i=1 j=1

is Noether in the appropriate spaces for all s > 0. In addition, the following a

priori estimate holds

(2.3) HUHH2m+s(Qt,G;) =

2m m
O ol XIS i [ 2 RSN
i=1 j=1

for all s > 0 and all functions u(z) € H*™(Qy, G}), where C(t) is a function
of t € [0,T]. So it is easily seen that under this assumption the problem (2.1)-
(2.2) has a unique solution. In the case where C(t) is a constant the problem
(2.1)-(2.2) has been investigated by L. Ivanov [1]. The aim of this article is to
study the behaviour of the solutions of boundary value conjugation problems in
the variable domains (2, G}), 0 < t < T, under the assumption that the function
C(t) in the a priori estimate (2.3) is unbounded as ¢t — 0 so that the asymptotic
estimate

(2.4) C(t) = 0(t™),
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holds for some 0 < a < 1. It is necessary to remark that the behaviour of
C(t) as t — 0 depends completely on the behaviour of coefficients of the op-
erators Li(z, D), La(x,D) and the expressions B} (z,D), B%(z, D), B3($,D)
(i=1,2,...,2m;7 = 1,2,...,m) in a neighbourhood of boundary (v, I'g). More-
over, the boundary Value conjugatlon problem in (g, Gy)) (for t = 0) is considered
as the limit (in some meaning) of the problem (2.1)-(2. 2) in (Q, G}) when t — 0.
Therefore the problem in (g, G)) can be called the boundary value conjugation
problem in the limit domain. Furthermore, the results obtained in this paper
may be seen as an extension of the ones obtained in [4], [5] and [6] on boundary
value elliptic problems to the boundary value conjugation problem in variable
domains.

Let fl(l‘) S Coo(ﬁo), fg(x) € Coo(ao) Then f(x) S C”(ﬁo,ﬁo) and gz(x) S
C>®(Q), hj(z) € C=(Gy) (i =1,2,...,2m; j=1,2,...,m). We define u(t, )
to be the unique solution of problem (2.1)-(2.2), where t € (0,T]. Then u(t,z) €
C>* (4, G}). Now put

u(t,z) = Ryu(t,z) = (Ryu' (¢, 2), Ryu®(t,2)),

where R; is the operator of extension defined in the introduction. Then w;(t, z) €
H?™%5(Qg, Go), 2m + s < N. Let Auy = ugpar — ug, (At > 0). It is easily seen
that

if QN

(2.5) LAl = 0 1 ?3:6 t M8 At
L1Ut+At —fi ifze A,

LoAu? = 0 ) 1fx€G’()Gt+At

Then LAu; = (LlAu%, LgAuf).
Using a similar approach as for Proposition 1 in [6], we get the following
proposition.

Proposition 2.1. For s > 1 and 2m + s < N the following estimate holds

=
<

H2m+s—1 (QMG/) -

C(t)C(t + At) {HfHH (Q0,Go0) +ZHQZHH2’"+S mi (Q) +ZHh [ gt (GO)}’

=1

(2.6)

where C(t) = 0(t™%) and C(t + At) = 0((t + At)™).

Proof. Applying the a priori estimate (2.3) for ¢ € (0,7] we have
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(2.7) HA“t

< C(t){HLMtHHs 1.6

A’U,t Aut
O3 | [ ol 5 IR

121 (9,,G7)

A 1
We observe that the expression LT?? = ELAut defined by (2.5) is equal

to zero together with all its partial derivatives on the boundary (yi1at, ['i+at)-
Applying the estimate (1.3), we have

(2.8) HLA“t H

Hs=1(Qy GY) AtHLAutHHS l(AQt,AG/)

— mHLuHAt - fHHs—l(AQt,AGQ)
< C||Lugyar — fHHs(AQt,AGQ)

< C{lluts sl gamssa ey + 1 Loy b

A Auy
Moreover, for the expressions [Bj Tlit} nd B3— we have

7oAt
Auy 1 _Angi — Ane[Biugadl
[BZE] At ([Biuesat] — i) |,Yt = AL ;
gAuf (B3u h)l,. = Aath; — Ane|Bjui, a)] .
TAE T Ap I TAr T At

1 1
Then for s > 1, 2m+s < N, 2m—|—s—mi—§—1 >0, 2m+s—m§—§—1 >0,
applying inequality (1.6) we get that

o (5571

1
< TAf { | Aat[Bjuirad) HH2m+5717mr% o+ | Aacg: HH2m+sf1fmf% (%)}

H2m+9 mz—l—— ('Yt)

< C{ H [Biut—f—At] HH2m+S*mi (Q0,Go) + ng HH?’mA’sfmi (Q0) }

< Cfllur all groes oy + 1960 g2y |
Similarly we have

Au?
HB]3 Att H 2m—4s— m;’ 17%(1_}) < C{Hut-l—AtHH2m+s(G0 + H JH 2m+9 me (GO)}

(2.10) < {llwes atl g oy + Wl ot g
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After obtaining (2.8), (2.9) and (2.10) we return to (2.7) and get

A’U,t
H HH2m+5 Q0,6 < C(t){Hut+AtHH2m+S(QO,G0)

35 Mol + 3 sll s gy + 1 e )
i=1 j=1

Using the uniform boundeness of operators R; and applying the a priori estimate
(2.3) to Hut+AtHH2m+5(QO,GO) we obtain (2.6). O

A
The following corollary allows us to estimate Tut in H>™T571(Qg, Go).

Corollary 2.1. For s > 1 the following estimate holds

(2.11) HAUtH

<
H2m+s I(QO GO)

00 Clt+ 80l + 3o [0y + 3o sl et
i=1 j=1

where C(t) = 0(t™%) and C(t + At) = 0((t + At)™).

Proof. Putting P, = R;S;, where R; is the operator of extension and .S5; is the
operator of restriction introduced in the introduction, we have

|15
H2m+s=1(Qq,Go)
Iy T
a Hpt% ‘H2m+571(QO,G0) + HKt(PHAt B Pt)uHAt‘ H2m+s=1(Q0,Go)
<O s * P = P

H2m+s—1(QO7GO)‘
Applying the inequalities (1.4), (2.6) and (2.3) successively we obtain

= <3|

H2me+s=1(Q, GY) + [ HNHH?W“(QO,GO)

<C{C(t)-C(t+ At)+ C(t + At)} - {HfHH2m+s(Qo,Go)

2m m
+ Z HgiHH2m+87mi (QO) + Z Hh] HI{Q"LJ"S_MJ3 (Go)}'
i=1 j=1

H2m+5 1 (QO ,GO

This implies (2.11). O
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Proposition 2.2. For s > 1 the solution u(t,x) of the problem (2.1)-(2.2) satis-
fies the following estimate

2m
HutHH2m+s—1(Qt,G;) = Cl(t){HfHHS(QmGo) + ; HgiHHmHimi(QO)
(2.12) + ; thHHQm“‘m? (GO)}’
where
0(t1-22) if1-2a<0
(2.13) Ci(t) = 0(1 N B(a)ln%) if1—2a>0,

and f(a) =0 z‘foz;é% and ﬁ(%) =1.

Proof. For t € (0,T] we divide the interval [t,T] into k equal parts by the points
t = to,t1,ta,...,tp =T, and put At = t;, —ty_q, £ = 1,2,..., k. Then u; =

k

> (uté_1 — Ut@) + wp. Applying the estimate (2.11) to (Ut[ — Ut@,l)/At and the
l=1
estimate (2.3) to up we obtain

k
H“tHH2m+s—1(Qt,G;) < Z ‘ Utpy — “teHH2m+s—1(Qt,G;) + HUTHHQW*'S—l(Qt,GQ)

(=1
k

<D ety =l gm0y N0l o .o
/=1

k
< (Z C(te—1)C(ty) At + C(T)) { HfHHs(Qo,Go)
=1
2m m
+ Z HgiHH2m+S—mi (Q0) + Z HhJHHQ’”“*m?(GO)}
i=1 j=1
At
< {ZZl T + 1}{HfHHs(QO,Go)
2m m
+ Z HgiHH2m+S—mi (Q0) + Z HhJHHQ’”“*m?(GO)}
i=1 =1
FOAt ] S
< { Z t%—a + 1}{HfHHS(Qo,G0) + Z HgiHH2m+57mi(QO)

=1 £-1 i=1

m
3 sl et
j=1

] =
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koAt
It is easily seen that when k tends to infinity, the sum ) 2 tends to the

=1"r—1
integral
T 1 1—2a 1—2a : 1
/da: 1_2a(T —t ) 1fa7é§7
2o 1
) = ln? if o = 37

kAt
Therefore, for k sufficiently large, the sum ) %0 + 1 can not exceed
(=1 2Q

C{1+t1_2°‘+5<% _a)ln(b}’
where §(3 —a) = 0if a # 5 and 6(5 —a) = 1ifa = . Hence
=it -l

and we obtain (2.12) with C(t) satisfying (2.13). The proof of Proposition 2.2
is complete. O

We now consider the case where 1 — 2o < 0. Firstly, we observe that for all

A
s > 2, by applying the a priori estimate (2.3) to Tlit we have

|15 {51
H2m+s=2(Q,.G) H5=2(Q4,G)

e A“t]uw SRS 3| &i P

Using the reasoning in the proof of Proposition 2.1 we obtain

By

H5=2(Q4,G)) < C{Hut‘FAtHHQWHS*l(Qt,G;) - Hf||H571(Qt,G;)’

53| F—

H 3Au§
I At

Therefore,

IA

C{Hut‘f'AtHHQ’n“*l(Qo,Go) + ng‘HH2m+s—1—m (QO)}’

IN

g2t =2 mg_%(n) C{Hut+AtHH2m+s—l(QO7GO) + thHH2m+sfm§>(GO)}.

Au
H i HH2m+9 2(04,G1) < C(t){Hut-f'AtHH2m+sfl(Qo7Go) + HfHHsfl(Qth)

2m m
+ Z HgiHHzm+s—1—mi (Q0) + Z HhJHH%ﬂ*l*m? (Go)}'
i=1 Jj=1
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Hence, under the uniformly bounded condition of operators Ry, we can apply the
estimate (2.12) to HuHAtHHQ,n“,l(QO Go) to obtain

AUt 2m
|58 om0, < COOE S 8041 s )+ 3 Nl
m
.11 LD Y 31/ S ¥
j=1

Using inequality (2.14) and applying the argument in the proof of Corollary
A
2.1 we obtain the following estimate in (€2, Go) for A_Zt with s > 2:

Aut
HEHHQW“*?(QO,GO) s GG+ At){HfHHS(Qo,Go)
2m m
(2.15) + Z HgiHHQm-‘—s—mi(QO) + Z thHH2m+5,m:]3_ (Go)}.
1=1 j=1

Thus, estimate (2.15) yields the following proposition.

Proposition 2.3. For s > 2 and 2m+ s < N, the solution of the problem (2.1)-
(2.2) satisfies the following estimate

2m
HutHHQW“*?(Qt,G;) = C2(t){HfHHS(QO,G0) + Z U%Hmws—mi (Q0)
i=1

(2.16) # 31l
where

o($2-3 if2—3a<0
(2.17) Ca(t) = - f

0(1—1—5(%—&)17%) if2—3a>0

withé(%—a):0ifa7é§;5<§—a>:1ifa:

2
3
Proof. The estimate (2.16) can be proved in a similar manner as it was done for

k
Proposition 2.1 except for one thing that the sum ) C(t;—1) - C(t))At + C(T)
(=1

k
can be replaced by > C(ty—1)- Ci(tg)At+ C(T) for which the following estimate
(=1
holds
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k k
ZC(tgfl)Cl(tg)At + C(T) < C{ Z L + 1}
(=1

2a—1
/=1 t? 1t£a
k
At
S C{ Z t3a—1 + 1}
(=1 "t-1
P koAt .
Note that when ¢ tends to infinity the sum ) BT tends to the integral
=1t
T 1 .
T2—3a o t2—3a fo_—
/ ) 3a ( ) i 3a #0
mBa 1 .
y ln— if 2—3a=0.
t

k
Therefore, for k sufficiently large, the sum > C(t;—1) - C1(t¢)At + C(T') cannot
(=1
exceed C{1+ 1?73 + §(2/3 — a)In(1/t) }. Now, putting
Co(t) = {1+ 7% +6(2/3 — a)In(1/t)

we obtain the estimate (2.16) with Ca(t) satisfying (2.17). The proof of Proposi-
tion 2.3 is complete. O

If 2 — 3« is not positive, using the above reasoning for s > 3, s > 4,..., we
obtain after k steps the following estimate for u.(t,x) for s > k, 2m + s < N.

2m

H“tHH2m+s—k(Qt,G;) = Ck(t){ HfHHs(QO,GO) + Z HgiHHQM“'S_mi (Q)
=1

m
.19 #2 Wl e,
where
O(tkf(kﬂ)a) fa>-——,
(2.19) Ci(t) = k 1 b
0<1 + 5(16——1-1 — a)ln;) if a < Frl
and
) k
(5( i _a)_ 0 1fa75k217
k+1 i
1 fa=——
k+1

Observe that the behaviour of the solutions of the boundary value problems
(2.1)-(2.2) in the variable domains (€, G}) are presented by the estimate (2.18)
which is essentially better than that obtained in [4].
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3. CONJUGATION PROBLEM IN LIMIT DOMAIN

Consider the following boundary value conjugation problem
Li(z, D)ul(z) = fi(z) in Q,
(3.1) Lo(x, D)u?(z) = fo(z) in Gf = Go\ Qo,

(Bi(e, Dyu(z)] = B, Dyl () + B(z, D) () = gi(r) on 70,
(3.2) BJ?-)(.I‘,D)U2(JL‘) =hj(x)onTy (1=1,2,...2m, j=1,2,...,m).

In the sequel, the solution ug(x) of the problem (3.1)-(3.2) will be considered as
the limit (in some sense) of the solutions wu (¢, z) of problem (2.1)-(2.2) in (Q¢, G})
for t € (0,7] when t — 0. Firstly, as 0 < o < 1, we can find the least positive
integer ko such that.

ko
ko+1

Based on the estimates (2.18), (2.19) and (3.3) for s > ko we find that there
exists a constant C' such that the solution of the problems (2.1)-(2.2) satisfies the
following condition

(3.3) 0<a<

2m
HutHH2m+s—ko(Qt,G;) < C{HfHHS(QO,GO) + Z HgiHH2m+S*mi(Qo)
i=1

(3.4) + le [ GO)}7

where 2m + s < N, s > ko. Using the estimate (3.4) and the reasoning used in
the proof of Proposition 2.1 and Corollary 2.1 we get the following estimate for
Auy/At in the domain (0, Go):

Aut 2m
HEHH%“%ICOH)(QO,G@ = C{HfHHS(QO,Go) + ; HgiHHW“*mi (Qo)

3 Il et g
j=1

for all s > kg + 1 and 2m + s < N. Therefore, for s > ky + 1 we have

2m
[[A| goma o1y (00 i) < C - 1A {HfHHs(QO,GO) + [ Pree————
i=1

m
(3.5) + Z thHH?rrH'.sfm?(Go)}‘
j=1

The inequality (3.5) shows that the function w(¢,x) can be considered as an
abstract function of value in the space H 2’”JFS*(’“OJ”L)(QO, Gyp) for s > ko + 1 and
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2m + s < N, which is uniformly continuous in ¢ € (0,7]. Hence there exists the
limit
(3.6) %in% ug(t, ) = up(x),
in H2m+s_(k0+1) (Qo, Go)
Theorem 3.1. Suppose that
fi(z) € H* (), fa(z) € H(Go),
gi(z) € H*™H5~mi(Qq) (i =1,2,...,m),
hj(x) € H*™7™(Gy) (j=1,2,...m)

for all s > ko + 1, where ko is the least integer that satisfies (3.3). Then the
function up(x) defined in (3.6) is a solution of the boundary value conjugation
problem (3.1)-(3.2) and the following estimate holds

2m

HuoHHQm“'S—(’“O“'l)(QO,G6) = C{HfHHS(QO,Go) + Z HgiHHQ’”“*mi(QO)
i=1

(3.7) + le sl o .
for all s > ko + 1.
Proof. For t € (0,T] and s > ko + 1 we have

1216 = fill oo 0y

< 14t~ 21 sy + 100 = il

S CIHU(I) - Ut1HH2m+sf(kO+l)(Qo) + HLlutl - leHsf(kOJrl)(Qo\Qt)/

where
[ L1ug — leHsf(koH)(Qo\Qt)
S HLlutl - Llu(l)HHS*(ko“)(Qo\Qt) + HLW(I) - leHS*(’“OH)(QO\Qt)
< CZHU% - U(I)HH%"JFS*(’“OH)(QO) + HLW(lJ - leHS*(’“O“)(QO\Qt)'
Then

HLlU(l) - leHS*(k0+l)(Qo) S CH’LL% — U(1)HH2m+sf(k0+l)(QO)
+ HLlu(l) - leHHkoH)(QO\Qt)'
Applying a similar argument to Lou3 — fo we have
HL2U(2) - fQHHS—(kO“'l)(Gé) < CHU? — U(Z)HHzm-t,-s—(ko-&-l)(C;é)

+ (| L2 = Fol gre-eoror 1)
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where s > kg + 1. Finally we obtain the estimate
HLUO - f”Hs—(kO+l)(QO7G6) < CHut - u()HH2m+sf(kO+l)(Qo7G0)

+ HLuo - fHHS*UVO+1)(QO\Qt,G6\G;)

for all s > ky + 1 and 2m + s < N. If ¢t tends to 0, then the first term in
the right hand side of the above expression tends to 0 by (3.6) and the sec-
ond term also tends to 0 because Lug — f € H*~*o+t1)(Qq Gf). Therefore
HLuO — fHHs—(k0+1)(QO’G6) =0, ie. Lup = f in (R0, Gp). We now verify that

up(x) satisfies the boundary condition (3.2). First of all, the following estimate
holds for s > kg + 1,

[Bivio] = Gill o e mi—cro-3

= H [BZUO] — Y HHQM-*-S—mi—(ko-H)—% (v¢) + HAt ([BZUO] o gi) HH2M+S—mi—(ko+1)—% (v¢)

< H[BZUO] - [Biitt]HHzm.s_s_mi—(koﬂ)_%(%) + HAt([BiUO] - gi) HHQm-i,-s—mi—(ko-‘—l)—%(,YO)

S CHut - UOHH2m+57(kO+1)(Qo,G0) + HAt([BZuO] - gl) |{H2m+57mi7(k0+1)7%(’}/0)’
where A; is the operator Aa; defined in (1.5) for the case At =¢ — 0. By (1.6)

the second term in the last sum tends to 0 as ¢ — 0, while the first term tends
to 0 by (3.6). Therefore, when ¢ — 0 we have

|| [Biuo] =0, (i=1,2,...,m).

— gl |’H2m+s—mi—(k0+1)—% (’70)
By a similar reasoning we also obtain

HB;SU(Z) - gjHH2m+sfm?7(kO+l)7%(Fo) = 07 (] = 17 2> o 7m)‘

Hence ug(x) satisfies the boundary condition (3.2). Moreover, for s > ko + 1,
using (3.4) we have

HuoHHQ’”“*(’COH)(QO,C%) < HUO - utHH2m+5*(’co+1>(Qo,G6) + HutHHQ’”“*(’COH)(QO,G{))

< H“O - “tHH2m+5—<ko+1>(QO,G6) + C{HfHHs(QO,Gg))

2m m
3 oy + D sl oo g 1
i=1 Jj=1

Let ¢ to 0. Then we obtain the estimate (3.7). Theorem 3.1 is proved. O

Remark. By value of interpolation theorem we get from (3.4) and (3.5) the
following estimate for s > kg + 1 and 0 <e <1

2m
| At om0 ) < CIAHE 1 L2 20y + D 198l gz
i=1

(3.8) £ 3 sl et
j=1
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Therefore the solution uy(x) of boundary value conjugation problem (3.1)-(3.2)
in the domain (Qg, G)) belongs to H?"s=(ko+e)(Qq GY).

Theorem 3.2. Under the assumptions of Theorem 3.1, the solution of problem
(3.1)-(3.2) is unique.

Proof. Let u(x) € H?™+s=(kot1)(Qy GY4) be a solution of the boundary value
conjugation problem

Li(z, D)ul(z) =0 in Qo,
(3.9) Ly(xz, D)u?(z) =0 in Gj = Go \ Qo,
[Bi(z,D)u ()]—O onvy (i=1,2,...,2m),
(3.10) B}(z,D)u*(z) =0 onTy (j=1,2,...,m).

Applying the a prior estimate (2.3) to Rou(z), where Ry is the operator of
extension to (Qg, Gp), we have

HROUHH2m+s (k0+1)(Qt Gh) < C {HL ROU HHS*(}%*U(QMGD

2m "
+ ZZI H[BiRou]HH2m+5—(ko+1>—mr%(%) + ]21 HB?ROUZHHWrs (kg +1) —m - %(Ft)}

for s > kg + 1 and t € (0,7]. Observe that for ¢t € (0,7] and Q1 C €, under
condition (3.9) we have L;Rou! = 0 in ;. Moreover, Qo C Gy C Go. Hence
G, =G\ U = (G \ Q) U (0 \ Q). Under condition (3.9) we have

LR W2 = L2R0u2(az) if z € Qg \ Qy,
2T 0 if 2 € Gy \ Q.

Therefore, from (1.3) we deduce

HLROUHHS*(’VOH)(Q,S,G;) = HL2R0u2HHS*(koJrl)(QO\Qt)
<C- tHLQROUQHHS—kO(QO\Qt <C-: t‘

) Rou® HH2m+s—k0 (Q0)"

Applying the inequality (1.6) we get the estimates

|| [Bi Rou] HH2m+s (ko+D=mi=% (1) = ||[BiRoul,, — [BiROu]VOHHQ"“’S‘(I“OH)_MF%(%)
= HAt BZROU] HHQm-‘-s—(kO-‘-l)—mi_%('ﬁ)
<C- tH [BiRou]HH2m+Sf’v0*mi(Qo,GO)
< C - t|| Roul| o, (20,Go)’
HB?ROUZHH2m+5*(kO+1)7m?7%(Ft) = HAtB?ROUQ HH2m+S*(kO+1)7m?7%(Ft)

SCtHB;)ROU2H 2m+s—kg— mJ(G)

<C- tHR0“2HH2m+s—ko(GO)'



BOUNDARY VALUE CONJUGATION PROBLEMS 15

Then we have

HROUHH?ers—(kOJrl)(Qt’G;) <C(t)-t- HROUHH2m+s—kO (Q0,Go)"

Therefore, under the condition (2.4) we have

lim || Rou| ramm e 1) 0 1) = O-

Hence Rou = 0 in H?™+s=(ko+1) (04 GY), or in other words, u(z) = 0 in (Qp, Gb).
Theorem (3.2) is proved. O

(1]

(6]
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