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NOETHER PROPERTIES OF LINEAR OPERATORS
INDUCED BY ALGEBRAIC ELEMENTS

NGUYEN VAN MAU AND NGUYEN TAN HOA

ABSTRACT. In this paper we give some algebraic characterizations of an
algebraic element with the characteristic polynomial having single roots
and then inverstigate the Noether properties of bounded linear operators
of the form
(1) K=Y AunTW,
(i)er

where

P={(§)=(ir iz, sim) | 0<ir <ni—1, k=1,...m},
A(Z):A1112’Lm7 T(i):TflTSQ...T;m,

Ty are the commutative algebraic elements of order ny, respectively.

INTRODUCTION

The Noether theory of singular integral operators with a Carleman shift
was considered by several authors (see, e.g. [1], [3]). In 1973, the Noether
properties of bounded linear operators with involution in the Banach space
were considered by Gokhberg and Krupnic [2].

In this paper we give some algebraic characterizations of an algebraic
element with the characteristic polynomial having single roots and then
inverstigate the Noether properties of bounded linear operators of the form
(1) by means of algebraic methods

1. CHARACTERIZATION OF AN ALGEBRAIC ELEMENT
WITH SINGLE ROOTS

Let X be a Banach space over the field C of complex numbers. Denote
by Lo(X) a Banach algebra of bounded linear operators acting in X and
by J(X) the two-sided ideal of all compact operators belonging to Ly(X).
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Suppose that there exists a subalgebra £(X) belonging to Ly(X) such
that AB — BA € J(X) for all A, B € L(X).

In the sequel, we assume that J(X) C L(X).

Let T € Lo(X) be an algebraic operator of order n with characteristic
polynomial having single roots, i.e.,

n

(2) Pr(t)=[J(t—t:), ti#t; for i#j.

i=1
Denote by P; (j =1,...,n) the projectors associated with 7", we have (see
[5])

P;P; = 6;;P; (6;5 is the Kronecker symbol),

n
TF = Zt?Pj (where t? def 1, j=1,...n),

Jj=1
n
T—t,1
P, =
! H t; —t,
v=1
v
In particular, if 7" is an involution of order n, i.e.t; =¢; (j = 1,...,n),

where £, = exp(2mi/n), €; = 1, then

n

T'—e)d 1n_1 n—vmv
Pj:ng—ggyzﬁVZ_ogj T".

v=1

v#j

Definition 1.1. We say that an algebraic element T' € Ly(X) with the
characteristic polynomial (2) is right £(X)-linearly independent with re-
spect to J(X) if

k=1

implies Ay = 0 (mod J(X)), k= 1,...,n. (Similarly, if > Py Ar =0
k=1

(mod) J(X)), A € L(X) implies Ay, = 0 (mod J(X)) (k=1,...,n), then

T is said to be left £(X)-linearly independent with respect to J(X)).

Definition 1.2. An algebraic element 7' € L,(X) with the characteristic
polynomial (2) is said to be L£(X)-linearly independent with respect to
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J(X) if it is right and left £(X)-linearly independent with respect to
J(X).

Lemma 1.1. FEvery algebraic element of order n with the characteristic
polynomial having single roots can be written in the form of the polynomial
of the involution of order n.

Proof. Let T be an algebraic element with the characteristic polynomial
of the form (2). Putting

(3) S=Q(T), Q;= , J=1.0n,
v=1 63 6’/
V]
where
Q) =3 [[elt
- : g Ztl — tu,
1=1 n=1
n#L
we obtain
n n—1 1 n
(4) T=3"t0,=3 (5D e )s"
j=1 v=0 j=1

n

Since PT(t) = 1;[1(75 - ti) and Q(tz) =& 7é Q(tj) =E£&j if ¢ 7& j, we have
(see [4], [3])

n n

Ps(t) = Pory(t) = [[(t = Qt:)) = [t — &) =t — 1.

i=1 i=1
Hence S is an involution of order n. The lemma is proved.

Lemma 1.2. Let T' € Lo(X) be an algebraic element with the charac-
teristic polynomial (2) and S = Q(T) be defined by (3). The following
statements are equivalent

a) T is right L(X)-linearly independent with respect to J(X);

n—1
b) 3 ApS* =0 (mod J(X)), Ax € L(X) implies
k=0

(5) A =0 (mod J(X)) (k=0,...,n—1);
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c) S is right L(X) - linearly independent with respect to J(X).

Proof. a) = b): Suppose that T is right £(X)-linearly independent with
respect to J(X) and

n—1
> ApS* =0(mod J(X)), A€ L(X), k=0,..,n— 1,
k=0
i.e.
n—1 —t I n—1
Sa(S a5 7)) = a(Xen)
=0 v=1
v#£i

n

_Z (Zf?kAk) 0 (mod J(X)).

n—1
Since Y. e¥A, € L(X) foralli=1,...,n, we get
k=0

n—1
ZEfAk =0(mod J(X)), i=1,...,n.
k=0

Hence

n—1
> eFA] =0, i=1,....n

where [A] is the coset defined by an element A € Lo(X) in the quotient
algebra Lo(X)/J(X). It is easy to see that the determinant of this system
is the Vandermonde determinant of the numbers 1,e1,¢9,...,6,-1. This
implies

[Ar] =0 ie., Ap=0(mod J(X)), k=0,...,n—1.

b) = a): Suppose that (5) is satisfied and

> AP, =0(mod J(X)), A; € L(X), i=1,..,n.
=1
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This implies
ApPr, =0(mod J(X))), k=1,...,n,

i.e.

(6) A1 Z——ti — 0 (mod J(X)).

From (4) and (6), we obtain

n thij_tiI n n " "
ATTES gy ( L) ‘
kz—Hl tk — b kz Htk_ti @i
itk j=1 itk
1 n—1 o
= AxQx = ~ z;)AkeZ_jSJ =0(mod J(X)), k=1,...,n.
J:

Since £} 7 Ay € L(X), we get
eI A = 0(mod J(X)), k,j=1,...,n.

Thus
A =0(mod J(X)), k=1,...,n.

Hence T is right £(X)-linearly independent with respect to J(X). In the
same way, we can prove b) is equivalent to ¢). [

By similar argument, we obtain the following result

Lemma 1.3. Let T € Lo(X) be an algebraic element with the charac-
teristic polynomial (2) and S = Q(T) be defined by (3). The following
statements are equivalent:

a) T is left L(X)-linearly independent with respect to J(X);

n—1
b) Y S*A, = 0(mod J(X)), A € L(X), implies
k=0

Ak =0(mod J(X)), (k=0,....n—1);

c) S is left L(X)-linearly independent with respect to J(X).
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Lemma 1.4. Let T € Lo(X) be an algebraic element with the character-
istic polynomial (2) and S = Q(T) be defined by (3). If

(7) SIAS"™I € L(X) forall AcL(X) (j=1,...,n),
then the following statements are equivalent:

n—1
a) ApS¥ =0 (mod J(X)), Ay € L(X), implies
k=0

(8) A =0 (mod J(X)) (k=0,...,n—1);
b) nf SkAp =0(mod J(X)), Ay € L(X), implies
k=0
(9) A =0 (modJ(X)), (k=0,...,n—1).

Proof. Suppose that (8) is satisfied and

n—1

> SFA, =0(mod J(X)), Ax € L(X),
k=0
ni(S’“AkS“_k)Sk = 0 (mod J(X)).
k=0

Since SkARS"F € L(X), k=0,...,n—1, we get
S*ALS"F =0 (mod J(X)), k=0,...,n—1.

Hence Ay =0(modJ(X)), k=0,...,n—1.
Conversely, suppose that (9) is satisfied and

n—1
> ApS* = 0(mod J(X)),
k=0

i.e.
n—1

> SF(S T ARS*) =0 (mod J(X)).
k=0



NOETHER PROPERTIES OF LINEAR OPERATORS 373

Since S"FA,S* € L(X), k=0,...,n—1, we get
Sk ALS* =0 (mod J(X)), k=0,...,n— 1.
Hence Ay, = 0 (mod J(X)), k=0,...,n—1. The Lemma is proved. [
Lemmas 1.2, 1.3 and 1.4 together imply the following result.

Theorem 1.1. Let T € L,(X) be an algebraic element with the char-
acteristic polynomial (2) and S = Q(T') be defined by (3). Suppose that
the condition (7) is satisfied. Then T is L(X)-linearly independent with
respect to J(X) if and only if S is L(X)-linearly independent with respect
to J(X).

2. NOETHER PROPERTIES AND THE INDEX FORMULA OF
LINEAR OPERATORS INDUCED BY AN ALGEBRAIC ELEMENT

Consider the following operators
n—1
(10) Ko=) _ AT"
k=0
where Ay, € L(X) (k = 0,...,n—1) and T € Lo(X) is an algebraic
operator with the characteristic polynomial of the form (2).
We assume that S7AS"7 € L(X) for all A € L(X) (j = 1,...,n),

where S = Q(T) is defined by (3).
Then K, can be written in the form

n—1
(11) Ko=) _ BiSk,
k=0
where

n n—1
1 .
(12) Bk:—§j5y—’f(§ tgAj), k=0,...,n—1.
n
i=1 j=0

Indeed, from Lemma 1.1 we have

n—1 n nnr
Ko = ZAka _ ZAk<Z Htﬂ'j__z’[)k
k=0 T
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where Q); (j =1,...,n) are the projectors associated with S.
Denote

n—1
K, = ZgﬁBkSk, p=1...,n—1,
k=0

where By (k=0,...,n—1) are defined by (12).
Consider the operator E(Ky) belonging to Ly(X")

Boo Bio ... Bn-1o
n—1 B,-11 Byt ... By_21

(13) E(KO) - [Cij]ij:o - : : .. : ’
Bln—l B2n—1 s BOn—l

where for 7,7 =0,...,n — 1,
Bij = S'B;S" € L(X),

Cij = { By %fjizzi’
Bn+j—i i lfj < 1.

The matrix F(Kj) is said to be the symbol over £(X) of the operator
K of the form (10).

Lemma 2.1. Suppose that Ky is defined by (10) and

n—1
Ky=Y ATF A eLl(X) (k=0,...,n—1).
k=0

Then

a) E()\Ko) = )\E(Ko), PN OF

b) E(Ko+ Kp) = E(Ko) + E(Kjp);

c) E(KoKg) = E(Ko)E(Kjp).
Proof. Evidently, E(AKy) = AE(Ky) and E(Ko+K|)) = E(Ky)+E(K)).
We have

n—1 n—1 n—1 n—1

Kok =S A 4 =3 5t Y B
k=0 j=0 k=0 j=0
n—1n—1

n—1
=Y BB St =>"D;97,
j=0

k=0 j=0
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Where D_] — BOB;O + B1B§_11 + P + Bn—lB;+1n_1, j = 0, e ,n — 1,
D; € L(X). Hence

n—1

E(KoKp) = [Py]

i’j:O’

where for 7,7 =0,1,... ,n — 1,

= BoiBj_; i + BubBj_;_yis1t .-+ Buo1iBj_iy1 i1,

{Dj—ii if j >4,

Dj_;i = .
/ Dn—|—j—i ,if g <.

On the other hand, if

E(Ko)E(Kj) = [Qz’j}z;o

then
n—1

(15) Qij = Z By—i iBj_j, k-
k=0

From (14) and (15), we get P;; = Qij, i, = 0,... ,n — 1. The lemma is
proved. [

It is easy to prove that the set (X)) of all operators Ky of the form (10)
and the set H(X™) of all operators E(K) of the form (13) form algebras.

Lemma 2.2. Suppose that T is L(X)-linearly independent with respect to
J(X). Then Kq is a compact operator if and only if E(Ky) is a compact
operator.

Proof. Denote by J(X™) the two-side ideal of all compact operators be-
longing to Lo(X™). Evidently, if E(Ky) = 0 (modJ(X")) then Ky =
0 (modJ(X)).

Conversely, suppose that

(16) Ky = 0(mod J(X)).

The assumption and Theorem 1.1 together imply S is £(X)-linearly in-
denpendent with respect to J(X). According to Lemma 1.2, from (16) we
have

By =0(mod J(X)), k=0,...,n—1.
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Hence
E(Ky) =0 (modJ(X™")).

Denote
[K(X)] = K(X)/J(X), [HX")]=HX")/J(X").
Lemmas 2.1 and 2.2 together imply the following result

Theorem 2.1. Suppose that T is L(X)-linearly independent with respect
to J(X). Then [K(X)] and [H(X™)] are isomorphic.

Theorem 2.2. Suppose that there exists a Noether operator U belonging
to Lo(X) such that

UA, — AU € J(X) (k=0,...,n—1),
(17) US = £,SU,

where S = Q(T) is defined by (3). Then

a) Bither K,, (@ =0,...,n—1) are Noether operators or aren’t Noether
operators, simutaneously;

b) If K, (p=0,...,n—1) are Noether operators, simutaneously, then

Ind K, =Ind Ky (p=1,...,n—1);

c) Either Ko and E(Ky) are Noether operators or aren’t Noether oper-
ators, simutaneously. In the case Ky and E(Ky) are Noether operators,
the following equality holds

Ind Ko = = Ind E(Ko).
n

Proof. a) From (17), we have

(IBk——EﬁLIEQJCXL
Uisk =ekskur, k,j=1,2,...

Hence

n—1 n—1
U'Ky=U7Y ATF=U> " ByS*
k=0 k=0
n—1
- (Zg;?Bksk)Uj = K,;U7 (mod J(X)).
k=0
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Thus
U’Kog = K;U?(mod J(X)), i.e Ky= R K;U’(mod J(X)),
where R’ is a regularized of U’ to J(X). This implies Ky and K; are
Noether operators or aren’t Noether operators, simultaneously.

b) If K; (j=0,...,n—1) are Noether operators, we have

Ind (U’Ky) =Ind (K;U7).

Hence .
Ind U’ +Ind Ky = Ind K, + Ind U,
i.e.
Ind Ko =Ind K;, j=1,...,n—1.
c¢) Denote
I Sn—1 Sn—2 S
I €n_1Sn_l 8n_25n_2 . €18
A, =
[ enjsn—t gnoign=2 . lg
I I I I
S 515 62S N €n_1S
B, = ) ) . ) .
gn—t ghmlgn=l ghmlgn=1 = gnmign-l

Nn =N dlag (K(), Kl, c. 7Kn71)~
A direct check shows that the following equalities are satisfied

(18) AnB, =B, A, =n diag (I,1,...,1I),
(19) A E(Ky)B, = N,.

From (18), we have
Ind A,, =Ind B,, = 0.

This and (19) together imply that either F(Kj) and N, are Noether ope-
rators and Ind F(Ky) = ind N,, or E(Kj) and N,, aren’t Noether opera-
tors.
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On the other hand, it is easy to prove that N, is Noether operator if
and only if K; (j =0,...,n — 1) are Noether operators and

n—1
Ind N, =) Ind K.

Jj=0

Apply the results of a) and b), we obtain c). The theorem is proved. []

3. NOETHER PROPERTIES AND THE INDEX FORMULA OF
LINEAR OPERATORS INDUCED BY SEVERAL ALGEBRAIC ELEMENTS

Let Ty,T5, ... T, be commutative algebraic elements with the char-
acteristic roots t;,, (kj = 1,...,n4; j = 1,...,m) and let Py, (k; =
1,...,n;) be the projectors associated with 7}, j =1,...,m.

Denote

U= {(i) = (i1 iz,..oim) [0S ip S — 1, k=1,...,m},
T=TTs...Tp,
T =TPTy . T,
(20) PGy = Prjy Pojy - - - P
tG) = tijntajs - tmjns
10 =t 5, g (0).() €T
A={(j) €T : Py #0}.

In the sequel, we assume that

(21) ta) # ) if (1) # (), (@), (J) € A
where (i) = (j) < ix = jr Yk =1,...,m. Consider the following opera-
tors
(22) Ko= Y AuT®,
(i)er
where

Ay = Aiyiy.i, € L(X), (i) €T,

Lemma 3.1 [6]. The following equalities hold:
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a) (%AP@ =1,
0 if (1) # (J)
b) PuyPy = { Py if (i) = ()

Lemma 3.2 The following equalities hold:
a) Tk = Z tl(ﬁj)P(j), k= 0, 1,...;
(J)eA
b) TPy =t Py, () € A

Proof. We have

T= HTi =11 ( > tijiPiji>

i=1 i=1  j;=1

= E U1y t24n -t Prjy Pojs - - P,

ji=1,...,m;
i=1,...,m

Hence

(23) T= ) tyPu.
(4)en

From Lemma 3.1 and formula (23), we have

k k
=Y Py,
()eA

TPy = ( > t(z’)Pu'))P(j)
(i)eA
=ty Py, () €A

379

Lemma 3.3. T of the form (20) is an algebraic element with the charac-

teristic roots t(;), (j) € A.
Proof. Let P(t) = ][ (t —t@)), we have (see [4])
(i)eA

P(T) = ] (T —tuI)=o0.
(1)EA
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Let

)= [ @—tw), () eAn
(BeM\{0()}

we shall show that P;(T") # 0. Indeed,

P(T)= ) Il @-tohPu
(k)eA ()eA\{(U)}

= JI @-twDhPy

(HeEAL()}

= [I @—tyI+tgl—twmhPy
(HeAL()}

= I ¢u—te)Py
HeA{()}

Since t(;y # te, if (7) # (4) ((¢),(4) € A), we have Py(T') # 0. Thus

Pr(t) = P(t) = ] (t—te).

(1)eA

Remark. The deteminant of the system

k k
(24) " = >t Puy, k=0,...,N—1,
(1)eA

(where N is cardinality of A) with respect to the unknows Pp;) ((i) € A) is
the Vandermonde deteminant of the number ¢;) ((¢) € A). Since t;) # ()
if (i) # (j), the system (24) has a unique solution of the form

N-1
(25) Puy = Z C(i)ka, (1) € A,
k=0

where c(;);, are defined in terms of t(;) ((j) € A), 1€ A, k=0,...,N—1.
Ko can be written in the form

N—-1
(26) Ko=) BT*,
k=0
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where Bk = Z Z t(J)C(j)kA(i) Clik is defined by (25) Indeed,
()eA (el

(2)er
m ngk ix
= > An]] ( ) tkﬂkpkﬂk>
(G)er k=1 jr=1
m N
=3 Ap IT (Dt P
(i)er k=1 jr=1
= A(i)( >t ti?jmpljlpsz---ijm>
(©)er RSy
= > 40 (X t)Pn)
(¢)er (5)eA

= (Zt A(z))Pm

(J)eA (i)er

= > (X thAw) Z e
k=0

(e (el

N—-1
=D > ( . tEi%ch@)T

(YEA k=0  (i)el

N—-1
> ( > > tE%C(j)kAm)T

0 (j)eA(B)er
1

k=
N—
BLT".

o
o

The operator Ky of the form (26) is induced by an algebraic element
with the characteristic polynomial having single roots. Hence, applying
the results of §2, we shall obtain the Noether properties and the index
formula of Kj.
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