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ON THE LOCALLY UNIFORM OPENNESS OF
POLYHEDRAL SETS

HUYNH THE PHUNG

ABSTRACT. The paper is concerned with a geometrical property of poly-
hedral sets. Specifically, we shall prove that every polyhedral set (denoted
by M) is locally uniformly opening. As a consequence, we show that for
any set-valued map F defined on a polyhedral set M, F is locally Lipschitz
on M iff it is locally Lipschitz on each component of M.

1. INTRODUCTION

This paper deals with a geometrical property of a class of subsets in R™
which we call polyhedral sets. They are unions of finitely many polyhedral
convex sets called components. Such subsets are usually encountered in
theory of optimization. For example, polyhedral multifunctions studied by
Robinson [4], Gowda and Sznajder [1] are set-valued maps whose graphs
are polyhedral sets. Also, it is well known [2] that the effective domain
of the solution map in linear complementarity problems is always a set of
this type. We say a subset M C R" to be locally uniformly opening if
there exists 6 > 0 such that for every z € M there is a neighbourhood U
around Z for which we can find v € M satisfying [u,h] C M, [u,k] C M
and

lh — k| > o0(||h — ul| + ||k —ul||) forallh, ke M NU,

where [z, y] denotes the closed segment co{x,y}.

We shall prove that every polyhedral set is locally uniformly opening.
As a consequence, we show that for any set-valued map F' defined on a
polyhedral set M, F' is locally Lipschitz on M iff it is locally Lipschitz on
each component of M. Recall that a set-valued map F' is said to be locally
Lipschitz on a set M if for every x € M there exist a positive number L
and a neighbourhood U of x such that for all 1,25 € M NU we have

H(F(21), F(x2)) < L1 — 22,
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where ‘H stands for the Hausdorff distance.
The following example show that the conclusions mentioned above may
not hold when M is not a polyhedral set.

Example 1.1. Let M = M; U M, C R?, where

M = {(z,y) € Rz >0,y > 2°},
M, = {(z,y) € R*;z > 0,y < 0}.

M is not locally uniformly opening. Indeed, for any § > 0 and any neigh-
1 1
bourhood B(O,r) around O = (0,0) € M we can choose h = (— —),

n’ n?
1 11
k = (—,0), where n > Qmax{g,—}. Then h,k € B(O,r) N M and
n r
u = 0O € M is the unique point such that [u,h] C M, [u,k] C M. How-

ever, it is easy to verify that
[ =kl < d(llh = Ol + [|k = O]
Now we consider the function F' defined on M by

0 if (x,y) € M,

Flay) = { x if (x,y) € M.

Then F is locally Lipschitz on M; and Ms but F' is not locally Lipschitz
on M.

The next section gives some basic lemmas and the main result will be
presented in the last section.

2. Basic LEMMAS

Lemma 2.1. Let c,ul,u?,..., u" € R, c#0and \; >0,i=1,...,m,
such that

(2.1) c= i i’
=1

Then there are linearly independent vectors {u', ... u*} C {ul,... u™}
and numbers p1; >0, j =1,...,k satisfying

k

(2.2) c= Z,ujuij.

j=1
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Proof. Tt suffices to prove that if (2.1) holds and u?,...,u™ are linearly

dependent then there exist pu; > 0,7 =1,..., m, with at least one number
equals zero, such that

(2.3) c= i it
i=1

The situation is trivial if \; = 0 for some ¢. So, we may assume that
A\i >0,i=1,...,m. Since u',...,u™ are linearly dependent, there exist

Qa1,Qa,...,0,, not all zero, such that
m

(2.4) ZcxiuZ =0.
i=1

Suppose that

25 ol {120 1) o,

o
By setting u; := \; — 0 i —1,...,m we have wi, = 0 and
a

10

,Ui:)\i<1_ O‘i/Af ) 2)\1-<1—%) >0, i=1,....m.

Finally,

m m )\ m

g piu' = g Aut — =2 E o;u = c,
; ; (077

=1 =1 o

i=1
and the proof is complete. [

Lemma 2.2. Let U = {u!,u?,...,u™} C R™. Then there erists v > 0
such that for any class of linearly independent vectors {vl,... v*} C U

k
and any numbers A; >0, i =1,...,k, with Y \; = 1, we have
i=1

> 7.

k
(2.6) H S A
=1




276 HUYNH THE PHUNG

Proof. For each class of linearly independent vectors V = {v!,... v*} C

0T}
U, coV is compact and disjoints from O. Hence there exists v(V) > 0

k
such that for any A\; > 0,7 =1,...,k, with > A\; =1, we have
i=1

(2.7) Hi}wiZ%V)
=1

To complete the proof we can choose

v :=min{y(V)| V is a class of linearly independent vectors in U}.

Lemma 2.3. Let h, k, u be distinct vectors in R™ and denote

(2.8) p :=min{|[h —ul], [k — ull},

7 p 7 p
(2.9) h:=u+ (h—u), k:=u+ (k —u),
[P = ul] [k — ull

(2.10) @:E%E.

Then for all d € R™ such that

(2.11) (u—5,d) <0

there exists t € (0,1) satisfying

(2.12) lu+td — Rl +||Ju+td — k|| < ||lu—h| + ||lu—EKl.

Proof. By the definition of 5 we have

(2.13) §=u+p(llu—=Fkl(h—u)+|u—hlk-u),

P 1
2

> 0. If (2.11) holds, then from (2.13) we
lw = hl[lju = k|

where 1 =

have

(2.14) lu — K| (w — h,d) + |lu— h[{u — k,d) < 0.
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On the other hand,

(2.15) |w+td — h||* = |ju — h||* + t2||d||* + 2t{u — h,d),

(2.16) |u+td —K||? = ||u— k[|* + £2||d||* + 2t{u — k, d).
Combining (2.15) and (2.16) one gets

lu— k| - Ju+td = h||* + [|u—h| - [|u+td — Kk|?
= |lu— k| - lu—n| - (lu— "]+ |lu— k)
+O(t?) + 2t (|lu — k|| - (u — h,d) + ||u—hl| - (u—k,d)).

Thus, by (2.14) there exists t € (0,1) so that

lu = K[l [lu+td = 2|* + lu = h|| - lu+td - K|]*
< lw = K[| - lu = Rl - ([lw = Al + [Ju = F[])-

(lu = Al + v = E)
(lw = Allflw = K]

we obtain

Multiplying both sides of the inequality by

(||u—|—td—hH2 |u + td — k||

T e RUCSU R U

(2.17)
< (lu=hll + lJu—El)*.

Besides, by Bunhiakovskii inequality we have

(||u+td—hH2 lu + td — k||?
lu — Al |u — k||
> (||u + td — h|| + |Ju + td — k|))?,

)+ (lu = Rl + llu— &])

which together with (2.17) implies (2.12). The proof is complete. [

3. THE MAIN RESULT

We first recall [3] that a subset D C R™ is a polyhedral convex set if
there exist vectors a',a?,...,a” € R" and numbers c;, ca, . . ., ¢, such that

(3.1) D={zeR"(d"z)<¢,i=1,...,1}.
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Then, for each k € D, one has
(3.2) Np(k) = conco{a’li € J(k)},

where J(k) = {j|(a’,k) = ¢;} and Np(k) = {u € R"[{u,v — k) <
0 for all v € D}, the normal cone of D at k.
The following proposition is crucial in the sequel.

Proposition 3.1. Let H and K be polyhedral convex sets in R™ with
HNK #0. Then there exists € > 0 such that for all h € H and k € K
there exists u € H N K satisfying

(3.3) (h—u,k—u)y < (1—¢)-||h—ul-|k—ul
Proof. Assume that

H={zeR"|(d"z) <¢ica:={1...1}},
K={zeR"(V,z)<dj,jeB:={1,...,m}},

where a' € R, i € o, ¥ € R", j € 3. Without loss of generality we may
assume that |a’| = ||o/]| = 1 for all nonzero vectors a’, b’.

Applying Lemma 2.2 for the class U = {a%,b’; i € a,j € B} we can
find v > 0 such that for any subclass of linearly independent vectors
{aljieaca;b,je€BCB}and any \; >0, € a, p; >0, j € 3, with

(3.4) SN+ pi=1

€@ jeﬁ
we have
(3.5) H}:&J+§:MNHZ%
1EQ jEB

Clearly, v € (0,1). We shall prove that the assertion of the proposition is
true with

(3.6) e =72

Take k € K, h € H. If h € K (respectively, k € H) then (3.3) holds
immediately by choosing u = h (respectively, u = k). Now suppose that
he H\ K and k € K\ H. Consider a functional ¢ defined on R" by

(3.7) é(v) = ||h—v| + ||k —v|, veR"
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It is easy to verify that ¢ is convex, continuous and

(3.8) lim ¢(v) = +oo.

o]l =00

On the other hand, H N K is a nonempty closed convex subset in R™.
It follows that there exists u € H N K such that

(3.9) ¢(v) > ¢(u) forall ve HNK.

If (h—u, k—u) < 0 then (3.3) holds. So, we may assume that (h—u, k—u) >
0 and we denote by v € [0,1) the number with the property

(3.10) (h—u,k—u)y=(1-v)-||h—ul-||k—ul

Now choose p, h, k, 5 as in Lemma 2.3. It is easy to see that

(3.11) heluhlCH, keluk]cCK,

and from (2.9), (3.10) we get

(3.12) (h—uk—u) = (1—=v) [h—ull Ik —ull = (1-v)p”
We shall prove that

(3.13) (u—8v—u)y>0 forall ve HNK.

Indeed, otherwise there is v € H N K such that (u — 5,0 —u) < 0. Then,
by virtue of Lemma 2.3 there exists t € (0, 1) satisfying

(3.14)  JJu+t(o—u) —h| + lu+t(v —u) — k|| <||lu—~h| + ||lu—EKl.
But from u,v € HN K we get u+t(v —u) = (1 —t)u+tv € HN K.
Therefore, (3.14) conflicts with (3.9).

Since H N K = {z € R"|(a",z) < ¢;, 1 € a; (W, z) < dj,j € B}. It fol-
lows from (3.13) that
(3.15) 5—u € Nyng(u) = conco{a’, ¥/; i € ay,j € 51},

where

(3.16) oy = {i € al{a’,u) = ¢;}, Bi:={j € B|(¥,u) =d,}.
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If 5—u = 0 then h — u = —(k — u), which contradicts (3.12). So
5§ —u # 0. Now, by Lemma 2.1 there exists & C a1, B C B1 and \; > 0,
i €@, p; >0, j € B, such that the class {a’, b/; i € a,j € B} is linearly
independent and

(317) S—u= Z/\iai+z,ujbj-
1EQ JER
Since 5 — u # 0, one gets
(3.18) ni=Y A+ > p >0,
i€EQ jeB

and hence (5—u)/n € co{a’, V/; i € @,j € B}. By the choice of v we have
(s —u)/n|| >~ or, equlvalently,

(3.19) Is — ull = n7.

Besides, it follows from (3.12) that

I8 —ull? = I+ F — 20l = 7 (IF — ul® + F —ul]® + 205 — . )

P (1)

1
4
1
:Z(Qp +2(1—v)p?) =
and
1A — kI = [Ih = ull® + |k — ull* = 2(h — u, k —u)
=2p* —2(1 — v)p? = 2uvp?.

These imply

(3.20) |5 —u|| =py/1—1r/2
and
(3.21) |h — k|| = pv2v.

On the other hand, ||5 — u||? can be rewritten as follows

15 — ul2 = <§ —u, > Nal o+ Zujbj>.

1EQ jeB
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Since h € H, k € K so that (a’,h —u) <0, (t/,k —u) <0 for all i € &,
J € B, we have

1/, - . .
Hg—mﬁz§@HwFa%§:&w+§:ww>

1€EQ JEB

1 . _ .
:§< /\i(al,k—h)+22)\i(az,h—u)
1EQ 1EQ
D =Ry 23 0k - )
jes jep
1 . _ . _
< SNt k= by + Y h =)
1EQ JGB
1.- - i .
< S =R (D Adlla’ |+ 3 157
1EQ JEB
(3.22) = 2lh =Rl
Combining (3.19)-(3.22) we obtain
TpvVar = Zh =kl = |5 = ul® = mpy/T— /2

It follows that g > 72 (1 — g), and hence ¢ = 72 < QL < v. This
—v
together with (3.10) gives
(h—u,k—u) < (L=e)[[h—ul - [[k—ul.
The proof is complete. [

Corollary 3.2. Let H and K be polyhedral convex sets in R™ with HNK #
(). Then there exizts 6 > 0 such that for all h € H, k € K there exists
u e HN K satisfying

(3.23) 1= K|l = 6([[7 = ull + Ik = u])-
Proof. Indeed, from (3.3) we have
1h = ElI* = [Ih = wl® + |k = ull® = 2(h — u, k — u)
> [|h = ul® + [k = ul® = 2(1 = )llh — ull ||k — ul|
= (L=e)(lh —ull = Ik = ul)* +e(lh — wl® + [k = ul*)

> S (Ih = ull + [k = ul))>.

DN | ™
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This implies that (3.23) holds with 6 = /¢/2, and the proof is complete.
O
The following theorem is a generalization of Corollary 3.2.
Theorem 3.3. All polyhedral sets in R™ are locally uniformly opening.

Proof. Let M be an arbitrary polyhedral set, whose components are K,
i=1,...,s. By virtue of Corollary 3.2 for each pair K;, K; with i;NK; #
() there exists d;; > 0 such that for all k; € K;, k; € K; there exists
u € K; N K; satisfying

[k — Kl = 6i ([[ki — ull + [|k; — ul])-
We set
5:m1n{5”ISZSJSS,KZHKJ#@}
Since K;, ¢ = 1,...,s are closed, for every x € M we can choose r > 0
small enough such that

(3.24) B(xz,r)NK; =0 whenever K; ¥ .

Now take arbitrary h,k € M N B(z,r). It follows that h € K; N B(x,r)
and k € K; N B(z,r) for some 4, j. From (3.24) we have z € K;, v € K;
and then K; N K; # 0. Hence, there exists u € K; N K; C M such that

(3:25) A=kl = di;(Ilh = ull + Ik = ull) = 6([lh — ull + |k = ul]).
Besides, it is obvious that [h,u] C K; C M and [k,u] C K; C M. The
proof is complete. [

Corollary 3.4. Let F be a set-valued map from a polyhedral set M C R™
into R™, locally Lipschitz on each component of M. Then F 1is locally
Lipschitz on M.

Proof. Assume that M = -QlKi with K; being polyhedral convex sets. For

each © € M we set I(z) ::_{z'\x € K;}. Since F is local Lipschitz on each
K;, there exists L; > 0, r; > 0, i € I(x) such that Vzq,29 € K; N B(x,7;)
we have
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Besides, from the proof of Theorem 3.3 there exixts § > 0, r > 0 such that
for all h, k € M N B(z,r), there exists u € M satisfying

(3.27) [u,h] C K;, [u,k] C K; for some i,j € I(z)
and
(3.28) 1P = Kl = 6([lu — Al + [lu — K[]).
One sets
(3.29) T = 0 min {r, min{r;,i € I(x)}}

. L 5_|_1 ) (2
and

1 :

(3.30) L:= 5 max{L;, i € I(z)}.

Now for all h,k € B(x,7) N M there exists u € M satisfying (3.27) and
(3.28). Hence

2lu — | < [lu—hl + ||h— x| + [[u— K[ + ||k -z
1 +5)

1
< 5||h—k:|| +27 < 2?(

This together with (3.27) and (3.29) imply that u € B(z,r;) N K;. On the
other hand, h € B(x,7) N K; C B(x,r;) N K;. From (3.26) we get

H(F(u), F(h)) < Lillu = hl,

and, analogously,
H(F(u), F(k)) < Ljllu — k|-

Finally, one gets
H(F(h), F(k)) < H(F(h), F(u)) + H(F(u), F(k))

< Lillu — bl + Lllu — k|| < SL(I[u — bl + [lu— k])
< Lk~ k.

Since h, k are taken arbitrarily in M N B(x,7) it implies that F' is locally
Lipschitz on M and the corollary is proved. [
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