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SOME COLLECTIONS OF FUNCTIONS
DENSE IN AN ORLICZ SPACE

TRUONG VAN THUONG

ABSTRACT. This paper presents sufficient conditions for a translation
invariant subspace of L;(R")NLg(R™) to be dense in the Orlicz space
La(R™).

INTRODUCTION

Let ¢ be a function defined on R™ and a be a function defined on Z™.
Their semi-discrete convolution [7] is defined by, for any = € R",

o¥ al@)= 3 oz —aala),

aEZ™

for which the series converges absolutely. Denote by ¢o(Z™) the space
of all finitely supported functions on Z™ and Sy(p) the image of ¢o(Z™)
under px'. If ¢ € C(IR™) then ¢ %" a € C(IR™).

A collection F of functions on IR™ is called shift invariant [7] if for each
feF acZ" f(.+a) € F. Then Sy(p) is a linear span of the integer
translates of ¢ and is shift invariant. A set F'is called translation invariant
if

i f S+ 1)

maps F' into F' for each t € IR™ and F' is dilation invariant if
on: f — f(R7L)

maps F' into itself for each h > 0. Denote
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Un = | o1.S0(¢).
j=1

The problem of finding sufficient conditions on a collection of functions
generated by translations of a single function to be dense in L,(IR™) or
Co(IR™) was studied by Kang Zhao in [7]. He showed that for a subspace
which is generated by U}, where ¢ satisfies some certain conditions, the
spanlUy}, is dense in L,(IR™) or Cp(IR™). This leads to the natural question
under what conditions on the collection U}, and function ¢, the linear span
of Uy, is dense in the Orlicz space Lg(IR™)?

In this paper, modifying the method of [7] we give some sufficient con-
ditions for a collection of functions generated by translations of a single
function in L;(IR™) N Ly (IR™), to be dense in Lg(IR™). We have to over-
come some difficulties because C§°(IR™) is dense in L,(IR™) but C5°(IR™)
is not generally dense in Lg(IR™). Moreover, the results of this paper are
generalizations of the ones given by Kang Zhao in [7].

RESULTS

Let ®(t) : [0,+00) — [0, +00] be an arbitrary Young function, i.e.,

®(0) =0, (t) > 0, ¢(t) # 0 and P(¢) is convex. We denote by ®(t) the
Young conjugate function of ®(t), i.e.,

d(t) = §1>118 {ts — ®(s)}

and by Lg(IR™), the space of measurable functions f(z) on IR™ such that

‘/f(x)g(m)dx‘ < 00
Rn

for all g(x) with p(g, ) < oo, where

p(9,3) = / B(|g(x)))dz.

R?L

Then Lg(IR™) is a Banach space with respect to the Orlicz norm

I£le =sup {| [ falgads]: plo.®) <1},
i
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A Young function @ is said to satisfy the As-condition if
®(2z) < K®(z), x>0 for some absolute constant K > 0 [see 5].

We first recall some results on Orlicz spaces [5,4,1]. We have:

L1 fllo =sup { [ If@g(@)ds s plg.B) <1},
2

2. Le(R™) C S’, where S is the dual of the space S of rapidly decreas-
ing test functions.

3. If f € Le(R™) then || f(. +t)||le = || f]|e for each t € R".
4. Let f € Ls(R™), h € Li(IR") and g € Lz(IR™). Then | f * hlle <
£ lle[lA]ly and

‘/UQMWWMSHNMMM-
J

Lemma 1. Let ® be a Young function satisfying As-condition. Then for
each f € Lo(IR™), one has

M lim [£(.+1)— fla =0, teR"
Proof. We first prove that f € Lj .(R"). For any m = 1,2,3..., put
K,, = [-m,m]". It follows from the convexity of ® that

¢ [ @) < ——— [ e(f@)ds
K, K

Since f € Lg(IR"), we have [, ®(|f(z)|)dz < oo. From the above in-
equality and the hypothesis of @, it follows that [, |f(z)|dz < co. Hence

feLl (R

Loc
To prove the lemma, it suffices to show that for any sequence {t;} C

IR™, if t;, — 0, as k — oo, then
tim (£ + t5) — fllo = 0.
k—o0
Assume to the contrary that there exists {t} C R", t; — 0 such that

(2) NfC+1te) — fllo > € for some & > 0.
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As shown above, f € L}, .(R"). For each K,,, we obtain

/U@+MFW@W%%Q a5 b oo,
Ky,

Therefore, by [2, p.93, Theorem D], there exists a subsequence {tx,} C
{tr} such that f(. + tx,) — f almost everywhere on K,,. Therefore,
there exists a subsequence such that {f(. +t, )} — f a.e. on R". For
simplicity, we still denote it by {f(. +tx,)} .

Since ® is a convex function and satisfies As-condition, we have

O(|f (2 + tr;) = f(0)]) < B[ f(x + i) + | f(2)])

< S[BIf( + ta,)) + B2 (2)
< S 18 + ) + 2 f )]
Hence
0< g[@(f(x 1)) + B(f(2))] — (| f(x + ti,) — f@)]), Ve R™

Applying Fatou’s lemma to the subsequence {®(f(. +1;))} and using the
equality

Jj—o0

R™ R"

lim [ ®(f(x+ty,))dr = /@(f(x))dx,

we obtain

K / B(f(2))dz
Rn

<t inf [ [S0((+0,)+ (f@)] - (7 + ) — f(a))]do

R

:jl'ggoﬁ /[(I)(f(ill—l-tkj))—F(I)(f(x))]dx

R

— lim sup/q)(f(.r—i—tkj) — f(z))dx

J—00
Rn

(3)
:K/q)(f(x))dx— lim sup/@(f(m+tkj)—f(x))da:.
]Rn

Jj—oo
R
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By inequality (3),

/@(f(m+tkj)—f(ac))daj—>0, as j — oo.
Rn

By [5, Theorem 12], || f(. + tx,;) — fll& — 0, which contradicts (2). O

The subsequent two lemmas can be proved in a manner similar to
that of Lemmas 2.1 and 2.2 of [7]. We include their proofs for the sake of
completeness. They will be helpful for the understanding of the arguments
that will be used in the sequel.

Denote by IR* the abelian group of all nonzero real numbers with the
operation of ordinary multiplication and

dist(¢, S)e = min{llp — flle, f €S}

Lemma 2. Let ® be a Young function satisfying As-condition and ¢ €
1 I
Le(IR™). Assume that 7 is an integer larger than 1. If ¢ € spanUy,, where
oo . —_—
Un = U 0750(¢), then spanly, is translation invariant.
=1

Proof. By the definition of dilatation, for each A > 0, we have
Ujhf(m) = f(h7x) for all j>1.

Let f be an arbitrary in O'%SO(QO), ie. f= Jflg with g € Sp(p). For any
o€ Z", we get

flx+a) = a‘,ig(m +a)=gh 7 (z+a))
=g(h 7z +ha)= Y  ph Iz - B)a(B).

Bez™

Since g € So(i), we have g(. + a) € So(p). Hence f(. + ) € ] So ().
This proves that o7 So(¢) is shift invariant. Therefore Uy, is shift invariant

and so is spanUy,.
For each g € Z™, by Result 3, we have

le(- = 8) = f(. = B)lle = llp = flle,  forall f € spanUs.
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Since spanUy}, is shift invariant, we have
dist(o(. — B),spanlUy)e = dist(p, spanlUy)¢.
By virtue of ¢ € spanlUj, it follows that (. — 3) € spanUj, for every 3 €

Z™. This implies that So(¢) C spanUy,. Note that Uy J So(p) = o ' Up.
Then

(4) spanUy;, = m.

On the other hand, we have

(5) okspanly, = spano iUy, = o M 'spana, 1Uy,.

Combining (4) and (5), we conclude that
m:m, for any k£ > 1.

Therefore

(6) spanlUj, = ﬂ spanaiUh.
j=1

For each o € Z™, o So(¢p) is h*a-translation invariant and so is spancfUy,.
From (6) it follows that spanU,, is h*a-translation invariant.

oo .
Since |J R?Z™ is dense in R™, for each k& > 1, we have, by using
j=k
Lemma 1,

}in(lj lg(. +t) —glle =0, for all g € spanUy,.
Hence spanUy, is translation invariant. [

Lemma 3. Let ® be a Young function satisfying Ao-condition. Assume
that ¢ € Le(IR™) and G is a subgroup of R*. If

hegn}?_)o dist(¢, orS0(¥))e = 0,
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oo .
then |J o7.S0(p) is a translation invariant subspace of Le(IR™), for any
j=1
sequence {h;} C G with lim h; = 0.
j—o0

Proof. For any 3 € Z", h # 0 then h™ '3 = o + £, with a € Z",
¢ €[0,1)". Fix a function a € £y(Z™). We have

(7) lo(- = B) = on(e ¥ a)lle = |lo(. — h&) —an(p + b)|e,

with a(8) = b(8 — «). From (1) and the hypothesis
lim dist (e, o.50(¢))@ = 0,

it follows that
lim [l¢(. = h) = on(p +" b)lle = 0.

From (7) we conclude that ¢(. — 8) € U on,;S0(p), for all 3 € Z™.
j=1

Therefore
(8) So(p) C U oh;S0(p)-
j=1

On the other hand, we have
diSt(Uhq f’ Oh,; 80(90))‘1’ < diSt(fa Uhjhl—lso(go))@a f S SO(QO)'

Therefore

on, So(e) € | on, So(e).
j=2

From the hypothesis that G is a subgroup and (8), we get

So(yp) C U Oh, /1y, So(9)

j=m

for every m > k > 1. By an argument similar to the previous one, we
obtain

9) i S0(#) € | on,So(¢)
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for every m > k > 1. Hence

(10) U an,So(e) = [ | on,So(9).

k=1 j=k

For each a € Z"™, oy, So(¢) is hra-translation invariant and so is

[e.e] o0
U on,;So(e) for every m > k > 1. From (10) it follows that |J ox,S0()
j=m j=1
is hpa-translation invariant. For any sequence {h;} C G, h; — 0 and
t € R there exists a point a € Z" such that ||t — ah;|| (the ordinary

norm on IR™) is sufficiently small, for some j > 1 .

oo
Let f € U on,;5(p) and € > 0. Then there exists a function g €
j=1

o0

U on,;So(¢) such that
j=1

(11) 1f(+1) =g +D)]e <e.

Clearly g € o3, S0(p), for some k > 1. From (9) we conclude that g €

U on,;So(ep) for every integer m larger than 1. From (1) we have
j=m

(12) lg(+ ) = g(. + e < e.

A combination of (11) and (12) yields f(. +t) € |J on,;So(¢). Thus
j=1
U on,;S0(¢p) is translation invariant.
j=1
Let f,g € So(g), r,t > 1. We have

dist(on, f + on, 9, 0050 (¥)) e
< dist(f, ,-150(p)) @ + dist(g, 0y,,-1.50(#)) @

This implies that if f,g € |J on,;So(¢) and A,y € R, then A\f + vg €
j=1

oo
U on,S0(¢). Hence |J op;So(y) is a translation invariant subspace. [J
=1 =1
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The spectrum of a function g, denoted by sp(g), is defined to be the
support of g, the Fourier transform of g [1].

Lemma 4. [1] Let ®(t) > 0 fort >0, f € Ls(R™), f(z) £ 0 and &° €
sp(f) be an arbitrary point. Then the restriction of f on any neighbourhood
of €9 cannot concentrate on any finite number of hyperplanes.

The following lemma, which will be used in the sequel, is the analog
for Orlicz spaces of [6, Theorem 9.3], and has a similar proof.

Lemma 5. Let (®,®) be a complementary pair of Young functions. As-
sume that f € L1(IR") N Lo(R™) and g € Lg(IR™). If f+x g =0 then

sp(9) C Z(f)=={teR" : J(t)=0}.

Proof. For each t in the complement of Z(f), we have f(t) # 0. Without
loss of generality, we may assume that f(t) = 1. By Lemma 9.2 [6] there
exists h € Li(IR™) with ||A]l; < 1 such that h(s) = 1 — f(s) for all s in
some neighbourhood V' of t.

To prove the lemma, it suffices to show that g = 0 in V, i.e., for every
¥ € S such that (the Fourier transform of 1) has its support in V,
one proves that /g\(zm = 0. By the definition of the Fourier transform of a
distribution g € S’ [3,6], we have

G() = g(d) = (g*)(0),

where 1) (z) = (—x).
We shall prove that (g % )(z) = 0 for all z € IR”. Fix a function v in
S. Put go =%, gj =hxgj_1,for j>1and G = ) g;. It is clear that
j=0
G € L1(R™). In fact, by Young’s inequality for convolution products, we
get .
lgsll < WAl llgs—llx < WAl

This implies that
IGI < DRIl < oo

j=1

~

Since ﬁ(s) =1— f(s) on the support of W, we have
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~

Therefore, QZ(S) = f(s)G(s) for all s € V. It is clear that
(13) b =JG=7F*G.

From (13) we get ¢ = G * f. Since f,G € L1(IR") and g € L(IR™), one
can see that

[ gllg = (G * ) x gllg < G+ fllillglls < Gl fllllglz < oe.

Since the convolution product is associative, we get

Vxg=(Gxf)xg=Gx*(fxg)=0.

-~

Hence g(¢) = 0. It is clear that g = 0 in the neighbourhood V. This
implies that ¢ in the complement of the spectrum of g. Therefore sp(g) C
Z(f). O

Theorem 1. Let (®,®) b_e a complementary pair of Young functions, ®
satisfy Aq-condition and ®(t) > 0 fort > 0. Assume that Y is a trans-
lation invariant subspace of Li(IR™) N Ly(R™). If for each § € Z(Y) =

N {teR": f(t) = 0} there is a neighbourhood V' of & such that VNZ(Y)
fey
is contained in a finite number of hyperplanes, then Y is dense in Ly (IR™).

Proof. Assume to the contrary that Y is not dense in Lg(IR™). Then, by
the Hahn-Banach theorem, there exists a nonzero functional g € Lz(IR™)
such that

f(z)g(z)dz =0, forall f €Y,
Rn

by [5, Corollary 6] (Ls(IR™))* = Lz(IR™). Since Y is a translation invari-
ant subspace, we have

/ fly —x)g(x)dx =0, for all f €Y.
RTL

In other words, f*xg =0 for all f € Y. By Lemma 5, we obtain

sp(g) C {t e R™: f(t) =0}, forall f€Y.
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Hence, sp(g) C Z(Y).

By hypothesis, it follows that for each £ € sp(g) there is a neighbour-
hood V' of £ such that V Nsp(g) is contained in a finite number of hyper-
planes. Applying Lemma 4, we have g = 0. This is impossible. [J

Corollary 1. Let (®,®) be a complementary pair of Young functions,
® satisfy Ag-condition and ®(t) > 0 for t > 0. Assume that Y is a
translation invariant subspace of L1(IR™) N Le(R™). If Z(Y') is contained
in a finite number of hyperplanes, then Y is dense in Lg(IR™).

Remark 1. In the previous theorem, the assumption ®(¢) > 0 for ¢t > 0
can be dropped when we replace the hypothesis that for each £ € Z(Y)
there is a neighbourhood V' of ¢ such that VNZ(Y) is contained in a finite
number of hyperplanes by the hypothesis that Z(Y") = ().

Theorem 2. Let (®,®) be a complementary pair of Young functions
and let ® satisfy Ag-condition. Assume that ¢ € L1(IR™) N Le(IR™) with
1 -

»(0) # 0 and 7 is an integer larger than 1. If ¢ € spanUy, where U =

o0

U 0%50(90), then spanUy, = Lg(IR™).

Jj=1

Proof. For any g € Lz(IR™) satisfying
[ 1@z =0,
Rn

for all f € spanUj,, we will prove that g = 0. By virtue of Lemma 2, we
get

/Uigo(y —x)g(x)de =0, Vj>1, forallyeR"
Rn

Since g € Lgz(R™) and o). ¢ € Ly (IR™), we have

(g o9)(y) = glogely —.)) =0,
for all y € IR"™. Note that the Fourier transform of o] ¢(z) is hi"(hIt).
It follows from Lemma 5 that

oo

(14) sp(9) C ({t € R™: p(W1) = 0} = Z(»).

j=1
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Since ¢ € L1(R™) and $(0) # 0, we have p(ht) # 0 for each t €
R™ and j sufficiently large. This shows that Z(p) = 0. From (14) we
conclude that g = 0. Hence g = 0. By the Hahn-Banach theorem, we have
spanUh = L@(]Rn) O

Theorem 3. Let (®,®) be a complementary pair of Young functions,
_ 1

& satisfy Ag-condition and ®(t) > 0 for t > 0. Assume that 7 is an

integer > 1. Suppose ¢ € L1(IR™) N Ly(IR™) and ¢ € spanUy, where

oo

U,= U aflSO(go). If for each & € Z(p) there is a neighbourhood V' of &
j=1

such that VN Z(p) is contained in a finite number of hyperplanes, then

spanlUy, is dense in Le(IR™).

Proof. Assume to the contrary that then there exists a nonzero functional
g € (Ls(IR™))* such that

/ f(z)g(z)dz =0, for all f € spanUy,.
]Rn

Then g € Lz(IR™) = (Ls(IR™))* by a result of [5]. By virtue of Lemma 2,
spanlUj, is translation invariant, and hence,

(15) /U%@(y —z)g(x)dr =0, Vj>1, VyeR"
R

Since ¢ € Li(R") and g € Lgz(R"), from (15) we get (g * ol o) (y) =
0 for all y € R™. The Fourier transform of (g * o7 ¢)(x) is K™ H(h/t)g(t).
Therefore

—

16 ocloxg)=h"3(W.)G=0, Vj> 1.
h

Lemma 5 and (16) imply that
sp(g) C [{t € R™: @(W7t) = 0} = Z(p).
j=1

By the hypothesis and Lemma 4, we get g = 0. This leads to a contradic-
tion. Therefore spanU;, = Lg(IR™). [
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Corollary 2. Let (®,®) be a complementary pair of Young functions,
_ 1

O satisfy Ag-condition and ®(t) > 0 for t > 0. Assume that 7 is an

integer > 1. Suppose ¢ € Li(R™) N Ly(IR™) and ¢ € spanUy, where

Un = U aSo(w). If Z(y) is contained in a finite number of hyperplanes,
j=1
then spanUy, is dense in Lg(IR™).

Remark 2. The conclusions of Theorem 2, Theorem 3 and Corollary 2
remain valid if the condition ¢ € spanUj, is replaced by the condition
li dist S =0.
,Héf}lleG ist(e, onS0(¢))@
Using the same argument as in the proof of [7, Proposition 6.1], we
obtain the following two corollaries:

Corollary 3. Let (®,®) be a complementary pair of Young functions and
O satisfy Ag-condition. Assume that ¢ € L1(IR™)N Lg(IR™) with $(0) # 0
and % is an integer larger than 1. If ¢ € o,S0(p), then

lim dist(f,07S0(¢))e =0,  Vf € Lo(R").

Jj—0o0

Corollary 4. Let (®,®) ﬁe a complementary pair of Young functions, ®
satisfy Aq-condition and ®(t) > 0, for t > 0. Assume that ¢ € L1(IR™) N
Lo(R™) and + is an integer larger than 1. If Z(y) is contained in a finite

number of hyperplanes and ¢ € o,So(p), then

lim dist(f, ] S0(¢))e =0,  Vf € La(R™).

J—00
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