ACTA MATHEMATICA VIETNAMICA 181
Volume 25, Number 2, 2000, pp. 181-193

AN INVARIANT PROPERTY OF INVEX
FUNCTIONS AND APPLICATIONS

DO VAN LUU! AND NGUYEN XUAN HA?

ABSTRACT. Under directional differentiability assumptions, we prove that
the minimum or the maximum of a finite family of invex functions is
again an invex function. This invariant property of the invex functions is
used to obtain first-order optimality conditions for a class of optimization
problems.

1. INTRODUCTION

Hanson’s paper [10] is the starting point of the theory of invex func-
tions. The terms invex and cone-invex were introduced by Craven [3] who
proved that the composition g o f, where g is a convex function and f is
differentiable with f’ having full rank, is an invex function.

The theory of invex functions have been extensively studied by many
authors (see e.g. [1], [3]-[8], [10]-[14]). Craven and Glover [4] characterized
invexity for quasidifferentiable functions in terms of Lagrange multipliers,
and presented a number of classes of invex functions. Noted that Gateaux
differentiable functions satisfying Slater’s condition are invex (see [4]).

In this paper we shall prove that the minimum (or the maximum) of a
finite family of invex functions is an invex function. We shall show some
applications of this invariant property to mathematical programming.

The above-mentioned property of invex functions is proved in Section
2. In Section 3, it is used to obtain first-order optimality conditions for a
class of optimization problems.

2. A PROPERTY OF INVEX FUNCTIONS

Let f be a real-valued function defined on a Banach space X.
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Recall that the directional derivative of f at xg, with respect to d, is
defined to be the limit

Y

if it exists.
The function f is called invex at x( if there exist a neighbourhood U
of g and a function w(.,xg) : U — X such that

(1) f(x) = f(z0) > f'(wo;w(z, 20)).
Note that a convex function f on a convex subset A in X is invex at each
point zp € A with w(z,z9) = x — xo (see e.g. [4]).

Following [2], a locally Lipschitz function at xq is called regular at z
if the directional derivative f’(xo;.) exists and

f'(@o; ) = fO(z0; ),
where f0(zo;.) denotes Clarke’s generalized derivative of f at x.

If the function f is locally Lipschitz and regular at o then (1) can be
replaced by the condition

(@) = f(zo) > [ (wosw(x, x0))

or for every ¢ € df(xo),

flx) = f(xo) = (G w(z, 20)),

where 0f(xg) stands for Clarke’s generalized gradient of f at xg.

Let f1, fo,..., fr be real-valued functions defined on a Banach space
X. Define
2 = min f;(x).
@) f(a) = min fi(x)
Note that when fy, fo, ..., fr are convex functions, the function f may be
nonconvex.

For example, we consider the two functions

filz)=(x4+1)% fo=(x—-1)* (z€R).
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It is obvious that fi(x) and f2(x) are convex functions while the following
function is nonconvex:

(x4 1)2, if x <0,
(x—1)2, ifz>0.

ﬂw:mmwmmhm»:{

However, the function f is invex at each point xy € R with respect to the
function w(x,z¢) = = — x¢.
Motivated by this example we shall prove the following result.

Theorem 1. Assume that the functions f1, fo, ..., fr are continuous, and
directionally differentiable at xo. Suppose, in addition, that the functions
fi, fa, ..., fr are invex at xo with respect to a function w. Then the func-
tion f defined by (2) is invex at xo with respect to the function w.

Proof. In order to prove the function f defined by (2) is invex at zy we
shall begin by showing that

(3) f(xo;d) = min  fi(xo;d),
i€I(xo)

where

I(z0) == {z € {12, k) ¢ filwo) = min, fj(xo)}.
Note that the formula (3) war proved for finite-dimensional case in [9].
Here it is proved for the infinite case.
Indeed, for i € I(x) one has

fi(zo) < fij(wo) (Vi & I(x0)).

By setting
E= ’min fj(CL'()) — fz(1'0> (Z € I(CL‘()))
J€1(wo)
we get € > 0. Since f;(zg) = f(xg) for every i € I(xg), € does not depend
on the choice of 1.
Since the functions fi, fo,..., fr are continuous, there is a neighbour-
hood U of 0 such that for every x € U, i € I(z¢), j € I(xo),

3

filwo + @) < filan) + 3 < fi(wo) = 5 < fieo + ),
which implies that
(4) min f;(xg+2x)= min fi(zo+z) Vzel).

1<i<k i€l(xo)
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On the other hand, it follows from (4) that

min f;(xg + td) — 112‘121@ fi(zo)

reon e 1<i<k
fi(zo;d) = 1t11r8 ;
min f;(xg +td) — min f;(x
:hmz‘el(mo)f( 0 ) iel(mo)f( 0)
t10 t
min i(ro +td) — min f;(x
t10 t
~ lim min filzo + td) — fi(zo)
t10 i€l(zo) t

Since for each i € I(xg), the function

fi(zo +td) — fi(xo)
t

wi(t) ==

(with ¢;(0) = f/(Z;d)) is continuous at ¢t = 0, the function n?(m : wi(t) is
1€1(xo

also continuous at 0. Hence

f'(zo;d) = min lim fi(zo 4 td) — fi(xo)
i€l(wo) t10 t

= min f/(x9;d).
iG[(wo)fZ( 0 )

By the hypotheses, the functions fi, fo,..., fir are invex with respect
to the same function w. Hence, for some neighbourhood U of 0 and for
each i € I(xg), we have

fi(x) = fi(xo) > fi(wo;w(x,20)) (Vo € 20 +U),
whence

fi(z) — fi(zo) > min fl(zo;w(z,x0)) (Vz € 20+ U).

iEI(wo)
Therefore, for every x € xg + U and i € I(x),

fi(z) — min fi(zg) > min f!(xo;w(z,z0)).
ie[(aio) ie[(l‘o)
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Hence

5 min f;(r) — min f;(xo) > min f;(zo;w(x,x0)).
(5) Z,el(mo)f() iel(mo)f( 0)_i61(m0)f( 0;w(T, o))

Substituting (3) and (4) into (5) yields

12’2& fi(x) — 1212& fi(xo) > fl(wo;w(w,m)) (Vx € 2o + U).

Consequently, f is a invex function at xy. This completes the proof. [

Corollary 1. Assume that f1, fa, ..., fx are convex, locally Lipschitz func-
tions at xo. Then, the function f(x) defined by (2) is invex at xg, with
respect to the function w(x,xy) = = — xg.

Proof. By the hypotheses the functions fi, fa,..., fx are directionally
differentiable at xy and invex with respect to the same function w(zx, zg) =
z — xg. The conclusion follows from Theorem 1. [

Let g1, 9o, ..., g be real-valued functions defined on X. Let us consider
the function

6 = ().

(6) g(x) = max gi(z)

By an argument analogous to that used for the proof of Theorem 1 we get
the following.

Theorem 2. Assume that the function g1, gs,...,gr are continuous, and
directionally differentiable at xo. Suppose, furthermore, that the functions
91,92, ..., gk are inver at xg, with respect to a function w. Then, the
function g defined by (6) is invex at xq, with respect to the function w.

3. APPLICATIONS IN MATHEMATICAL PROGRAMMING

Let ¢1,09, ..., 0k, ¥1,V2, ...,y be real-valued functions defined on
a Banach space X. Let C' be a nonempty subset of X. In this section we
shall be concerned with the following problem

min @;(x) — min
1§i§k%( ) ’
s.t.

in 1, (z) <0
i 9;(z) <0,

x e,

(P)
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Denote by M the feasible set of Problem (P).
Recall that Clarke’s tangent cone to C' at xg is defined as follows

Te(zo) == {v € X : d&(zo;v) = 0},

where d2(zo;v) denotes Clarke’s directional derivative of the distance
function de(.) at z¢ with respect to the direction v.
Clarke’s normal cone to C' at xq is defined by

Ne(xg) := {§ € X*:(,v) <0, Yve Tc(ato)},

where X™* is the set of all continuous linear functionals defined on X.
We begin by establishing a necessary condition of the Kuhn-Tucker
type for Problem (P).

Theorem 3. Let xg be a local minimum of Problem (P). Assume that

the set C' is closed, and the functions @p1,@2,... Pk, V1, V2, ... Yy are

locally Lipschitz at xo. Then, there exist numbers ¥ > 0, a > 0, A >0

(Z S Il(x())) with Z Xl =1 and s >0 (j S IQ(.T())) with Z Hi =
i€l (x0) j€Ix(xo)

1, ¥ and & are not both equal to zero such that

(1) 0ey D Ndpi(wo)+a Y ow;(xo) + No(xo),

i€l (xo) j€I2(z0)
(8) a min (o) =0,
where
I(zg) == {z e{1,2,... ,k}: ¢i(xg) = llgnjlélk goj(xo)},
Io(wo) = {3 € (L2 m} : vy(w0) = max wie(a )}.
Proof. By virtue of Theorem 6.1.1 of [2] there exist numbers ¥ > 0, @ > 0,

not both zero, such that

9) 0e 78( lléliiélk goi)(xo) + @8< min zp]) (x0) + Ne (o),

1<5<m
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o min Yi(xo) = 0.

It is clear that

I(xg) := {2 €{1,2,... ,k}: —pi(xg) = 1I£flg}ck(_¢j(x0))}’

In(x0) == {j €{1,2,...,m}: —;(zg) = max (—wg(x()))}.

1<t<m

Taking account of Proposition 2.3.12 of [2] one gets

8( min goz-)(xo) = 8( — max (—p;))(zo)

1<i<k 1<i<k

= —8< max (—¢;))(xo)

1<i<k
C —co{@(—%‘)(ﬂ?o) NS 11(5130)}
= co{d(i) (o) : i € I1(x0)},

where co indicates the convex hull.
Hence

(10) 8( min gpi>(ac0) C{ Z Ai0pi(xo), Ai >0, Z Ai = 1}

1<i<k .
ie[l(wo) 2611({)30)

By an argument similar to the previous one, we get

(11) (9( min 1/1j>(a;0)c{ Z ;O (o), p; >0, Z ,ujzl}

1<j<m ) .
j€I2(x0) j€I2(z0)

Combining (9), (10), and (11) yields the existence of numbers A; >0 (i €

Ii(wg)) with > XN =1and g; >0 (j € I2(wo)) with > 5 =1
i€l (x0) Jj€I2(z0)

such that

0exy Z Xiatpi(l'o)—f—@ Z ﬂja@bj(x())—f—Nc(Io).

i€l (zo) j€I2(z0)

The proof is now complete. [
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Remark 1. Let us consider the following problem
min, ¢i(x) — max,
s.t.

.
 in () 20,

x € C,

(P1)

where ©1,..., 0k, U1,...,%mn, C are as in Problem (P).

Under the hypotheses stated in Theorem 3, we obtain the following
Kuhn-Tucker necessary conditions:

(12) 0e—y Y, Ndgiwo)—a D 00;(w) + Nel(w),

iGIl(ato) jelz(l‘o)

(13) a min ;(xg) = 0.

1<j<m

Remark 2. If a condition of Slater type or a condition of Mangasarian-
Fromowitz type is satisfied, then we get ¥ > 0 in (7) and (12), and we
may assume that ¥ = 1.

Now we shall deal with a sufficient condition for optimality.

Theorem 4. Let xq be a feasible point of Problem (P). Let the functions
Olye ey Py W1y e ey Uy, be locally Lipschitz and reqular at xo; the functions

min @;(x) and min v.:(x) are reqular at xg. Assume that there are a
1§i§k¢l( ) 1<j<m¢j( ) q 0

neighbourhood V' of xo and a function w : M x M — Tec(xzg) such that the
functions @1,...,0k, %1, ..., 0m are invex at xog on M NV, with respect
to the function w. Suppose, furthermore, that there exist numbers a > 0,
Xi >0 (2 € Il(xo)) with Z Xz =1 and /Ij >0 (j € [2(1’0)) with
1€I1(z0)
> i =1 such that
Jj€l2(xo)

(14) 0e Y Nogi(zo)+a Y g;00;(w) + Nel(xo),

iE]l(xo) jEIQ(ZUo)

(15) &lglgrlmwj(xg) =0,
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Then, zq is a local minimum of Problem (P).

Proof. It follows from the condition (14) that there are {; € Oy;(x0)
(i € Ii(20)), nj € OY;j(w0) (j € I2(20)), 5 € No(x0), such that

(16) Yo oNG+a > gm+s5=0.

1€l (o) Jj€I2(xo)

We shall prove that for every x € M NV,

o) — i o) > 0.
min, @i(2) — min @i(vo) 2 0

According to Th 1, the functi in @, d mi ;
ccording to Theorem 1, the functions min wi(z) an ) g}glmm(xo) are

invex at xg with respect to w(z, xo). Henc_e,_taking 2 to be a feasible point
of Problem (P) and z € V, it follows from (15) that

min @i(2) — min gi(zo)

T T T
> | min gi(@) +@ min (@)] - | min eieo) +a min (o)

/ /
> in o, - +a i : : .
> <1r§nilgk<pz> (xo;w(x, x0)) a(@}?mwﬂ) (xo;w(x,z0))

By the regularity assumption we have

1213& pi(T) — 191& wi(z0) > (¢, w(z, o)) + a(n,w(z, x0))

for all ¢ € 8( m'nk cpi)(zl;o) and n € 3( min %) (zp). Taking

1<i< 1<j<m

NG € o min ) (o).

1<i<k

gy € O min 4;) (o)

1<j<m

¢= >
iell(mo)
=2
J€I2(z0)
and 5 € N¢(zg), by virtue of (16) one gets

min ,(z) — min @i (zo)

1<i<k 1<i<k

> S MGt Y (o) + (sl o)
iEIl(:Ilo) j€I2(x0)

=0.

This completes the proof. [
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In the case of convex functions we get the following

Theorem 5. Let x¢ be a feasible point of Problem (P) and C be a
closed convex subset of X . Let the functions ©1, 02, ..., O, V1, V2, ..., Um
be convex and locally Lipschitz at xy, and the functions 1r<m£1k vi(x) and
121113 Yj(x) are regular at xo. Assume that there are numbers a > 0,
AN >0 ('L € 11(1'0)) with Z A = 1 and ,u_j >0 (j € Ig(xo)) with
€I (o)

> i = 1 such that (14) and (15) are fulfilled. Then xq is a local
Jelz2 (o)
manimum of Problem (P).

Proof. Tt follows from proposition 2.2.7 of [2] that the functions 1, o, ...,
Pk, V1, W2, ..., Uy, are regular at zg. Moreover, these functions are invex
with respect to the same function w(z, zo) = x —x(. Because C is a convex
set, the normal cone N¢ () coincides with the one in the sense of convex
analysis:

Ne(zo) = {¢ € X : ((,x — 20)0, Vz € C}.

By an argument analogous to that used for the proof of Theorem 4, the
conclusion follows. [J

Now we turn back to Problem (P;) and establish the following sufficient
condition.

Theorem 6. Let xg be a feasible point of Problem (Py). Let the functions

—P1, =2, ...y, =Pk, =1, =2, ..., =y, be locally Lipschitz and reqular
at xo. Assume that there are a neighbourhood V of xoy and a function
w:Mx M — Tc(xg) such that the functions —p1, —pa, ..., —pk, —1,
—2, ..., =y, are invex at xy on M NV with respect to the same function

w. Suppose, in addition, that there erist numbers a > 0, N >0 (i€

Il(xo)) with Z A =1 and ,ljj >0 (] € Ig(ill‘o)) with Z /,Zj =1
i€l1(xo) J€Iz(z0)

such that

17)  0e— > XNopi(xo)—a Y j50%;(z0) + No(),

’iEIl(.To) jGIQ(QZo)

(18) alglélm Yi(zo) =0,

Then xq is a local mazimum of Problem (P).
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Proof. As in the proof of Theorem 4 it follows that there are (; € dy;(x0)
(¢t € I1 (o)), 7 € 0OY;(x0) (J € I2(xo)) and 5 € Ne(xp), such that

(19) - > NG-a ) mm+s=0.

i€1l1(z0) Jj€I2(z0)

To prove that z is a local maximum of Problem (P;) we shall prove that
for every x e M NV,

—p; - —; >
g%xk( wi)(x) g%xk( ©;)(zo) > 0,

that is the function 1I<na<xk(—cpi)(x) reaches a local minimum at x. Taking
7

z € MNV, it follows from (18) that

(20) max (—¢i) () — max (—¢i)(zo)
> | max (~¢)(2) ~a min ()]

- | max (ce0eo) —a min v(ao)]

= | max (~)(@) + & max (~v;)(2)]

- [gg%xk(—%)(xo) +a lgylsxm(—%)(wo)}

Since the functions —p1, —po, ..., —@r, =01, =2, ..., —1,, are regular at

xo, it follows from Proposition 2.3.12 of [2] that the functions 1121a<xk(—g02-)

and max (—1;) are regular at x, that is o
1<j<m

(mas (—00) o:) = (max (00 (207 ),

1<i<k 1<i<k
/ 0
(@%Xm(_%)) (x0;.) = (lgfisxm(—@!fj)) (zo3.).
Taking account of Theorem 2 we see that the functions lrgagk(—goi)(x)
and max (—1;)(x) are invex at xp on M NV with respect to the function

1<j<m
w(x,xp). From (20) it follows that

(21)  max (—pi)(z) — max (—¢i)(wo) 2 {C,w(z, z0)) + &, w(w, z0))
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<VC € 8( max( gpl)>(m0), Vn € 8( max (—Qﬁj))(xo))

1<j<m

For (; € Op;(xzo) (i € Ii(z0)) and n; € 0Y;(xo) (j € I2(x0)), observe

that o
Z )\CZE('?( Imn gpz)( 0)
i€l (xo)
Z IGUIEAS 6( mln ¢J>(x0)
J€l2(x0)

Then we have

(22) = Y NG e max (—ei) (@)

i€l (zo0)

(23) = > iy €9 max (<)) (o).

J€l2(x0)
Note that for every z € M NV, since w(z,xo) € Tc(xo) and 5§ € Ne(zo),
(24) (5,w(x,z0)) < 0.
Combining (19), (21) - (24) yields that for every x € M NV,

max (—;)(z) — max (—¢;)(zo)

1<i<k 1<i<k
> <_ Z Xi@,W($,$0)>+C_\4<— Z /Ij77_j7w<x7$0)>
iEIz(xo) iEIg(.TQ)
Z - Z Xi(@vw(aj7$0)> -« Z EJ <ﬁjaw(xvx0)> + <§,W(£C,il)'0)>
i€l (zo) j€Iz(z0)
=0.

The proof is now complete. [

Remark 3. From Theorem 6 we can see that if the functions @1, @9, ...,

Ok, P1,Ya, ..., Y, are convex and locally Lipschitz at a feasible point xg

of (Py), C'is a closed convex set, and there exist & > 0, \; > 0 (i € I;(zg))

with Z Xz =1and /Ij Z 0 (j c IQ(Z‘Q)) with Z ,u_j = 1 such that
1€I1(x0) j€Is(xop)

(17) and (18) hold, then x is a maximum of Problem (P;).
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