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RATE OF CONVERGENCE IN BOOTSTRAP
APPROXIMATIONS WITH RANDOM SAMPLE SIZE

NGUYEN VAN TOAN

ABSTRACT. We give the convergence rates of the random sample size

bootstrap approximations of the distribution of the sample mean. Using
2
the quantity o?=FE [(%— ) ], where N,, is the random sample size, we

1 1
obtain a convergence rate O(n~ 2 (loglogn)?2) if a,=0 (ni 2 (loglogn)2 )

1. INTRODUCTION

Efron [2] introduced a very general resampling procedure, called the
bootstrap, for estimating the distributions of statistics based on indepen-
dent observations. It may be explained briefly as follows: Let Xq,...,X,
be independent identically distributed (i.i.d.) observations with distribu-
tion F'; let § = O(F') be a parameter of interest, and let 0,, = ,,(X1,... , X,)
be an estimator of 6. The bootstrap prln(nple is to estimate the unknown
distribution of ,, by ,, where 6, is distributed as 6, (X?,,... , XZ*,) and

iy s X, are iid. from the empirical distribution of (Xl, e 7Xn).

In sufficiently regular cases, the bootstrap approximation to an un-
known distribution function has been established as an improvement over
the simpler normal approximation (see [1], [3-4]). In the case where the
bootstrap sample size N is in itself a random variable, Mammen [7] has
considered bootstrap with a Poisson random sample size which is inde-
pendent of the sample. Our work on this problem is limited to [8-11] and
[13-14]. In these references we find sufficient conditions for random sam-
ple size that random sample size bootstrap distribution can be used to
approximate the sampling distribution. The purpose of this paper is to
study the convergence rates to zero of the discrepancy between the actual
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distribution of the sample mean and the random sample size bootstrap
approximations of it.

We derive our results by studying the rates of convergence of the boot-
strap approximations with a random sample size. Before giving more
detail, it is necessary to introduce some notations. Let X, X1, X5,... be
i.i.d. random variables with finite variance. For any fixed natural num-
ber n, denote by F,, the empirical distribution of (Xi,...,X,) and by

r13Xpo, ... 1id. random variables with the distribution F;,. Let N,, be
a positive integer-valued random variable independent of X, X5,.... Set

1= EX is the expectation of X,
0 < 02 = DX is the variance of X,

n
X,=n""1 § X,
i=1
n
2 —1 v \2
s:i=n 5 (X; — Xn)5,
=1
Ny,
v*N, _ _—1 *
X, '"=mn E X,
=1
N,
vV —12 : *
XNn - Nn an
=1

In the case where N,, —, oo as n — oo, where —, denotes con-
vergence in probability, the random sample size bootstrap distribution of

_ _ VN,
VN (Xy, — Xp) and =

n

(X%, — Xn) can be used to approximate the

sampling distributions of \/n(X, — u) and @(X'n — 1), respectively (see
o
Ny :
9], [13]). When — —, 1 as n — oo, the random sample size bootstrap
n

_ N, - _ N, _
distribution of \/n (X — —2X,,) and \/—ﬁ (X:;N" — —X,,) can be used
n Sn n
as given in [8] and [14].
Singh [12] has studied the uniform convergence to zero of the discrep-
ancy between the actual distribution of \/n(X, — p) and the bootstrap

approximation of it. The same convergence problem for the distribution of

NG

~— (X, — ) was also studied by Singh in [12]. In this paper we extend the
o

results of Singh [12] to the random sample size bootstrap approximations.
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Namely, we study the uniform and non-uniform convergence rates to zero
of the discrepancy between the actual distribution of \/n(X,, — p) and its
random sample size bootstrap approximations. We also investigate the

same convergence problem for the distribution of \/—ﬁ()_(n — [b).
o

2. RESULTS

For simplicity we let

ATNN

— sw [PIVACE, - < o] - P [Va(X - SRR, ) <l
AN

= s [P <] - P [ (- D) <]
51N (z)

= (1+] 2] )| PIvact, - w < o] - P [va( - 2R, ) <l
55 ()

= (1 2P = < o] - o[ (22 - B2x,) <))

where P* denotes conditional probability P(...|Xq,...,X,), and let

o2 = E[(% = 1)2}, Bn =max(n” 2, ay),

Vn = max(n_% (loglogn) 7, ).

Our main result are presented in the next two theorems. In Theorem
2.%\} we study the convergence rates to zero of ATV §7N» (), A" and

Theorem 2.1. Suppose that the sequence N,, of positive integer-valued
random variables satisfies the condition
(a) ap — 0 asn — oo.

A) If EX* < oo, then
(2.1) AN = O(v,) a.s.,
(2.2) oV () = O(7n) a.s..
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B) If E|X3| < oo, then

(2.3) AN = 0(B,) a.s.,
(2.4) 3N (2) = O(B) a.s..

In particular, we have the following theorem which is analogous to
Theorem 2.1 of [10].

Theorem 2.1°.
A) If EX* < oo and if the sequence N, of positive integer-valued random
variables satisfies the condition

(b) oy, = O(n~ 2 (loglogn)?), then

N
D=

(2.1°) AN = O(n~
(2.27) SN (z) = O(n~

(loglogn)?) a.s.,

(loglogn)

[N
[N

) a.s..

B) If E|X?3| < oo and if the sequence N,, of positive integer-valued random
variables satisfies the condition
(¢) oy = O(n™2), then

(2.3") AN = O(n~?) a.s.,
(2.47) 3N (z) = O(n_%) a.s..
Let
Ry = sup ’P[\/ﬁ()_(n —p) <z — P* [\/Nn(Xj{,n - X,) < :1:] ,
—oo<z<{+00
RY = sup ‘P[@(Xn—,u) <:c] —P*[ Nn(X}i,n—Xn) <gc”,
—oo<r <400 o Sn

P (@) = (1+1al*) |P[VR(Z0 - 1) < 2] = P*[v/Na

X
0= 14 P[0 o] - [ (5, - 2o <]

and

=

N = E[Nyp 2], ¢, = max(n_%,nn), 0, = max(n_%(loglogn)%,nn).




RATE OF CONVERGENCE 165

The result on the same convergence problem for R}k\,ln, rj‘\}n (z), R}k\?n and
T}"Vzn (x) is the following theorem.

Theorem 2.2.
A) If EX* < oo, then

(2.5) Ry =0(b,) as.,
(2.6) r}k\,ln () =0(0,) a.s..

B) If E|X3| < oo, then

(2.7) RY. =0(¢) as.,
(2.8) ryv. (z) = 0(() as.

In particular, we have the following theorem which is analogous to
Theorem 2.2 of [10].

Theorem 2.2°. Suppose that E[N,; 1] = O(n™1).
A) If EX* < oo, then

1 1 D[(X — p)?
(2.57) hran—i%p nf(loglogn)_fR}kvln < ZEQWM) ]
(2.67) ry. (@) = O(n_%(log log n)%) a.s..
B) If E|X3| < oo, then
(2.7) R? =0(n"?) as.,
(2.87) rav (z) = O(n_%) a.s..
3. PROOFs

In this section we give the proofs of the above theorems. Towards the
end some remarks concerning these conclusions will be given.

For the simplicity of the proofs we state some facts and easily derived
results will be given.
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Lemma 3.1. For every ¢ > 0 we have

1
3.1 su zo(cx)| = ,
(3.1) mqgﬁ@l dlex)| = ——

1 2v/2
(3.2) 700212%01(1 + |2*)zo(cx)| < o + A
(3.3) |®(z) — ®(cz)| < min{l, |z|p(min(1, c)z)|1 — c|},

where ®(x) and ¢(x) are the standard normal distribution function and
density, respectively.

By the proof of Theorem 1 of [12] we have

Lemma 3.2. Let X, X1, Xo,... be i.i.d. random variables. If EX* < oo,

then
(3.4) lim sup n%(loglogn)_%LSf1 — 02| = +/2D[(X — 1)?] a.s.,
(3.5)
T T 1 1 x 1
s [o()—e(0) - (5 )we(;)| = o oglogm) s,

We will also need the following results of Kruglov and Korolev [6].

Lemma 3.3 [6, Lemma 6.3.1]. Let X, X1, Xo,... be i.i.d. random vari-
ables with EX = 0. If E|X3| < oo, then

(1+ |z[*)|P(S,, < xov/n) — ®(x)| < Jfgﬁ’

where S, = >_ X;, p = E|X3| and c is absolute constant, ¢ < 30.5378.
=1

(2

Theorem 3.1 [6, Theorem 6.2.1]. Let N, X, X1, Xo,... be independent
random variables, where N takes values among the natural numbers and
X, X1, Xo,... are identically distributed with EX = 0. If E|X3| < oo,
then for all a € (0,1)
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T Kp N
su P(S <£L‘—<I><—>‘§—+ aE‘——l’,
L, NP <) =S S avaey TR BN
where K is the universal appearing in the Berry-FEsseen bound,
N 1 1 1
Sy = X; and Q(a :max{ , , }
=2 Q@) I —a Vamea' 1+ a

Theorem 3.2 [6, Theorem 6.3.1]. With N, X, Xy, Xa,... as in Theorem
3.1, if E|X3| < 0o and EN? < oo, then for all a € (0,1), b € (1,00)

(1+ 2| P(Sy < 2) — @(U\/Z_N)’ <

N
P +K2(a,b,3)max{E‘E——

Ki(a,3)———
ia )03\/EN

Y

(DN)i
(EN)3 }

where

Ki(a,3) = c+0.76550"2, ¢ < 30.5378,

Ks(a,b,3) = max{w(b’ 3) @) }+ (b2“(3) " 1

at++va’' 1—a b—1)2 1-a’
w(b,3) = su ‘ 1+ |z|?)xd| —
0.3)= s |0+ fa)es( 7)),
v(3) = sup ‘(l—l—m mm{ () }‘ < 1.2936,
—oco<r<+0o
3) = (1+ 3) mi 1,[ﬁ ‘<25958
u@=__swp |+ e )min {125

Proof of Theorem 2.1. We first note that
(3.6) EN, ~n asn — oo,

by the inequality
(3.7)

|EN,, — n| < E|N,, — n| < \/E[(N,, —n)?] (by Liapounov’s inequality),

and condition (a).
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Part A. Tt is worth noting that

AN <Ay Ay + Az + Ay + As,

where
A= sup |P[Vn(X,—p) <z —<I><£>‘,
—oco<z <400 g
Ay = sup @(tn£> — (I><£> ‘,
—oo<z <400 o o
T x 1 1 T
Az = sup @(tn—> —<I><tn— —tn<———)x¢<tn—) ,
—oco<x <400 Sn o Sn o o
1 1
A4 = sup tn<_ - _>x¢(tn£> ‘7
—oo<x <400 Sn o o
* v V. NTL v xz
b= (s -2 <] ofuZ)
—co<x <400 n Sn
and
b n
" VEN,
Firstly, due to the Berry-Esseen bound, we have
Kp
3.8 A < ——
(3.8) L= 73/

where K is defined as in Theorem 3.1. By Theorem 3.1,

Kpn
3.9 A < ——— 2
(3.9) N

)

N,
E‘—"—l
+Q@E| e

1 < .
here p, = — Y |X; — X, |°.
where p - ; | |
The condition EX* < oo implies s2 — 02 and p,, — p a.s., and hence
Kpy, _1
3.10 ————=0(n"?) a.s,,
(3.10) KN (n™2)

because of (3.6). Further, by (3.1), (3.6) and Lemma 3.2 we see that under
the condition EX* < oo we get

D[(X — 1)
(3.11) 1i£nﬁs;pn%(1oglogn)‘%z44 = 2[(52 \/ﬁu) ]

(3.12) Az = O(n tloglogn) a.s..

a.s.,
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Now, by Lemma 3.1 we see that

[tn — 1]

3.13 Ay < .
(3.13) 2= V2memin(1,t,)

But we have

|n — EN,|
EN,

(3.14) ty — 1] < [t2 — 1] =
Therefore, (2.1) follows from (3.6)-(3.14) and the inequality
(3.15) E|N, — EN,| < 2E|N, —n|.

To show (2.2) we note that

0" (x) < Bi(z) + Bz() + Bs(z) + Ba(),

where
Bi(z) = (1+ g 3) PlVn(X, — p) < 2] —@(%) ,
B = (14 7] )e(n7) - ()]
B = (147 e ) ~2 (0l
Bya) = (1+]% 3) Pr[va( XN - %XQ <a| —o(t, )|

Since FX* < oo, Lemma 3.3 implies

cp

(3.16) Bi(z) < s

We now apply Lemma 3.1 to get

011 2072 (142 i .ot 021 )
1 2v/2
= [\/ﬁmin(l,tn) + e2y/m[min(1,¢,)]*

[ =t

169
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and

(318) Bs(a) < (1+ Ef) min {1, )tng‘gb(min (L)t )1 =

Sn’ O

1+ 2]
< G:L’ 3 ! o + 2\/§ 1— = :
1+ ‘tng| Vv 2me min (1, o

n) ezﬁ[min (1,%)}4 .

By (3.7) and (3.14) we get
(3.19) Bs(z) = O(aw,).

Since s2 — o2 a.s. and because of (3.6), a repeated application of Lemma

3.2 enables us to write
(3.20) Bs(z) = O(n~ 2 (loglogn)?) a.s..

Theorem 3.2 now shows that

(3.21)
3
1—|—’E R,
B a {K 3)—Pn
4(:1:)_1+ ERE W3 G BN,
Sn
N, (DN,,)3
K»(a,b,3 {E( . —}}
+ Ks(a ) max BN, (EN)%

for all a € (0,1), b € (1,00). From (3.7), (3.10), (3.15) and the inequality
(3.22) DN,, < E [(N, —n)?],

it follows that

(3.23) By(z) = O(B,) as..

Combining (3.16),(3.19),(3.20) and (3.23) we obtain (2.2).
Part B. In order to prove (2.3) we note that

AN < A+ Ay + As,



RATE OF CONVERGENCE 171

where A1, A, and Ay are defined as in Part A, and if EX* < oo is replaced
by E|X3| < co. Then (3.8)-(3.10), (3.13)-(3.15) also hold. Hence (2.3)
follows from (3.7).

To derive (2.4) note that

(SSNn (.CC) S Cl (CL’) + CQ(CL‘) + C3<£L‘),

where

Ci(x)=(1+ |x|3)‘P<M < m) — ®(x)

Ca(z) = (1+ [2f) [D(tnz) — @(2)],

Y

/i (x;;Nn _Nag

n

Cs(z) :(1+]:1:|3)’P*[ ) <x} —q)(tnzr;)’.

Sn
Since E|X3| < oo, by Lemma 3.3 we immediately have

cp

Ci(z) < B

and by applying Theorem 3.2,

N, 1’ (DNn)i}
EN, I'(EN,)?
for all @ € (0,1), b € (1,00). From (3.7), (3.10), (3.15) and (3.22), we
deduce that

Pn

C < Ki(a,3) 7=
$(0) < Ka(a3) 5 e

+ Ks(a, b, 3) max {E)

Cs(z) = O(B,) as..
Finally, applying Lemma 3.1, Cy(x) is bounded above by the right-hand
side of (3.17), and hence, by (3.7), it follows that
02(93) = O(an).
This with the previous estimates prove (2.4). The proof of Theorem 2.1
is now complete.

Proof of Theorem 2.1°.
Part A. If condition (b) holds, then

[ SIS

Yo = O(n_%(log logn)2).
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Therefore, (2.1) and (2.2’) immediately follow from (2.1) and (2.2), re-
spectively.
Part B. In the case where condition (c) holds, we have

Bn = O(n_%)7

and hence, by (2.3) and (2.4), we get (2.3’) and (2.4’), respectively.
Proof of Theorem 2.2.
Part A. 1t is easy to check that

RN < Ay +As+ Ay + AL

where Ay, Az and A, are defined as in the proof of Theorem 2.1, and

A= s [PV (Xy, - %) <a] - o2,

—oco<x <400 Sn

Because of EX* < oo one gets (3.8), (3.11) and (3.12). By the law of total
probability and the fact that N,, and X, X5,... are independent, we get

AL < Z P[N,, =m]  sup ‘P* [Vm (X, — X,) <z] - <I><£>‘
1 —oo<z<+00 Sn
< f: P[N,, = m)| Kpn (by the Berry-Esseen bound)
a m=1 " 8%\/%

Kpn 1
= 2P piNT A,

3
Sn

Note that if EX* < oo, s2 — 02 and p,, — p a.s., and hence

n

(3.24) AL = O0(n,) as.

Combining theses results we obtain (2.5).

Using the argument leading to (2.2) and (3.24) and noting that

1| Ef
+ |2 .
i (2) < Bi(@) + —— 2By () + Bi(a),
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where Bj(z) and Bs(x) are defined as in the proof of Theorem 2.1, and

3 _ _
Bi(r) = (1+ [2]) [P [V (X5, - %) <] —0(=)],
o n
we obtain (2.6).
Part B. If E|X3| < 00, 52 — 02 and p,, — p a.s. Therefore, (2.7) follows
from the inequality
RY < A+ Aj,

and (3.8) and (3.24).
To obtain (2.8) notice that

N 1+ |z
12 (2) < Bi(om) + —— Bl (s,0),

14|22 ’

+ U:U

and arguing as in the proof of result (2.6). This completes the proof of
Theorem 2.2.

Proof of Theorem 2.2°. If E[N, '] = O(n™!), then by Liapounov’ inequal-
1

ity we have E[N, 2] = O(n~2). Using the proof of Theorem 2.2 we obtain
Theorem 2.2°.

Remark 3.1. Theorem 2.1 can be stated more precisely as follows: Sup-
pose that the sequence N,, of positive integer-valued random variables
satisfies the condition:

(a) ap = 0 asn — 0.

A) If EX* < 0o, then for all a € (0,1), b € (1,00)

. 1A D[(X — p)? 1
limsup 7, LAV < 2[;2%) ] + Jare +2Q(a) a.s.,
ez +4

: —1 ¢x N,
11211_>801<1)p Y 01 (@) < QGQ—W< D[(X — p)?]

2
+ §02> + 2K5(a,b,3) as..

B) If E|X3| < oo, then for all a € (0,1), b € (1,00)

(a? +1)Kp 1

limsup G, AN < - +2Q(a) as.,
n—>oop ﬁ 2 - CL%O'?’ V 8me Q( )
3
244
limsup G, 105V (z) < (c+ Kl(a,3))£ + el +2K5(a,b,3) as..

n—o0 o3 e2\/8r
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Remark 3.2. Theorem 2.2 can be stated more precisely as follows:
A) If EX* < 0o, then

VDIX = 7] | Kp

li - 1RY < S,
s T POV A<
3
: 1 cp | (2 +4)y/D[(X — p)?]
limsup 6, "ry, (@) < 75 + 2022 /7 as

B) If E|X3| < oo, then

2K
limsup ¢, 'Ry < 3'0 a.s.,
n—oo " g
2c
limsup ¢, 'riZ (z) < _3p a.s
n—00 " o

Remark 3.3. We can describe a general model that allows formulae such
as the expansion of Edgeworth type. Let X, Xi, Xs,... be independent
and identically distributed random variables with mean p, and put X,, =

1 n
— E X;. We assume that the parameter of interest has form 6y = g(u),
n

i=1

1=
where ¢ : IR — IR is a smooth function. The parameter estimate is

) _ o . o h(p)?
0 = g(X,), which is assumed to have asymptotic variance — = ———,

n n
where I is a known, smooth function. It is supposed that 0% # 0. The
sample estimate of 02 is 62 = h(X,)?.

A~

6—0 6—0
We wish to estimate the distribution of either 0 or - 0. Note
o

o _
that both these statistics may be written in the form A(X,,), where

(3.25) Al) = 9(x) —g(n)

in the former case and

(3.26) Az) = 9(@) = 9()

in the later. To construct the bootstrap distribution estimates, let X*;, ...,
X, denote a sample drawn randomly, with replacement, from Xj,...,
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_ 1 &
X,, and write X = — Z X% for the resample mean. Define
m <

i=1
O = 9(X0m),
Grim = W(X5)
Both ™ and % may be expressed as A(X*, ), where
o) o)
: 9(x) — 9(X)
3.27 A(g) = 2222 JV 1/
(3.27) (@) = LI,
1 9(x) — 9(Xa)
2 Ax) =
(3.25) (@) = 28

in the respective cases. The bootstrap estimate of the distribution of
A(X,,) is given by the distribution of A(X*, ), conditional on X1,... , X,,.

Let N,, be a positive integer-valued random variable independent of
X1,Xo,.... The random sample size bootstrap estimate of the distribu-
tion of A(X,) is given by the distribution of A(X;Nn), conditional on
X1,..., X,

Theorem 2.2 of Hall [5] gave an Edgeworth expansion of the distribution
of A(X,), which may be stated as follows. Assume that for an integer
v > 1, the function A has v+ 2 continuous derivatives in a neighbourhood
of u, that A(u) = 0, that E|X|*2? < oo, that the characteristic function
@ of X satisfies

(3.29) limsup|e(t)| < 1,

|t]—o0
and that the asymptotic variance of \/nA(X,) equals 1. Then

v

P{VA(X,) <z} =)+ Y n imj(x)o(x) + o(n”¥)
j=1

uniformly in z, where 7; is a polynomial of degree of 35 — 1, odd for even
j and even for odd j, with coefficients depending on moments of X up to
order j + 2. The form of 7; depends very much on the form of A. We
denote 7; by p; if A is given by (3.25), and by g¢; if A is given by (3.26).
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The bootstrap version of this result is described in Theorem 5.1 of Hall
[5]. Let A be defined by either (27) or (28), put 7; = p; in the former case
and 7; = ¢; in the latter, and let 7; be the polynomial obtained from 7;
on replacing population moments by the corresponding sample moments.
Arguing as in the proof of Theorem 5.1 [5], we can show the following
result:

Let A > 0 be given, and let | = I(\) denote a sufficiently large positive
number (whose value we do not specify). Assume that g and h each have
v + 3 bounded derivatives in a neighbourhood of p, that E|X|' < oo, and
that Cramer’s condition (3.29) holds. Then there exists a constant C' > 0
such that

(3.30)

v

P{HP*{\/EA(X;‘, ) <2} — () = Y m iy (a)e(@)]| > OmF]
j=1

P{max sup (1+ |z) =G D|7,(x)] > C}=0(n?).

1<j<v_co<z<oo

If we take A > 1 in this result and apply the Borel-Cantelli lemma, we
may deduce from (3.30) that

(3.31) HP*{\/EA(X;'; ) <z} —B(x Zm bii(w )H—O(m—%“)

with probability one. And from (3.31) we deduce that

P{/N,AX:y ) <z} =0 +ZE ¢(x)+0(E[NJV;1]>

with probability one.
Remark 3.4. If N,, is a Poisson variable with EN,, = n, then
n+1 9 N,
DN, =n, E|N, — EN,|=2e""— ~ /2", E(
n! T EN,,
o(ty) -2(7) =0
o o

Therefore, if EX? < oo, applying results (3.8), (3.9), (3.11)-(3.14), we
obtain

2
™
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1 1 D[(X — p)?
limsup n2 (loglogn) =2 A™Vn < ( 1]

n—00 - 202%\/me
and from (3.16)-(3.18) and (3.21) we have

a.s.,

a.s.

lim sup n? (loglogn) _%51‘]\[" (z)

n—oo

IN

However, if E|X3| < oo, by the proof of Part B of Theorem 2.1 we only
have

1 K 1 2
h"l;n_?olip n§A*Nn < _p< \/—_) + Q(a)\/; a.sS. \V/a & (0, 1),

2
limsupn? (1 + z[3) 63N () < %(c—i— Ki(a,3)) + Ka(a, b, 3)\/; a.s.

n—oo

for all a € (0,1), b € (1,00).

Remark 3.5. Also, in the case where N,, is a Poisson random variable
with EN,, = n, we have

[&.9] m

BN, = Z ¢ (mn+ 1)!

/ l—e”

(where N, ! = 0 if N,, = 0). Hence, from the proof of Theorem 2.2 it
follows that

1—6_"

A) If EX} < oo, then

D[(X1 — p)?
limsupn%(loglogn) 2RN < (X1 — p)?]

n—00 202\/me
- 2\/5} D[(X — p)?]
V2ome e2\m 202

a.s.,

lim sup n%(log log n)’%r}“\}n (x) < [ a.s..

n—oo
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B) If E|X?3| < oo, then

. 1 2K
hmsupn?R}‘\?n < _3p a.s.,
n— 00 o
lim sup n? ri2 (x) < Zep a.s
p N, < —3 as.
n—oo

Remark 3.6. If the positive integer-valued random variable N,, has the
uniform distribution function on [1,n], then

1~ 1 1
EIN; ==Y =~ 20

Hence, from the proof of Theorem 2.2 we get

A) If EX* < 0o, then

K
limsupn? (Inn) 2Ryl < _3p a.s.,
n—oo " o
c
lim sup n? (lnn)_%r}‘\}n (x) < U—g a.s
n—oo
B) If E|X?3| < oo, then
K
limsupn? (Inn)~2 R < —:;0 a.s.,
n—oo " o
c
limsupn? (Inn) " 2ri2 (z)z < —g a.s..
n—oo " o
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